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Coulomb Scattering of Polarized Electrons* 


W. R. Jounson, T. A. WEBER, AND C. J. MULLIN 
University of Notre Dame, Notre Dame, Indiana 
(Received August 19, 1960) 


An approximate analytical expression for the spin-dependent cross section for Coulomb scattering, valid 
to order (aZ)‘, is developed. The development is based on a modification of the Sommerfeld-Maue wave 
function. The (@Z)? and (aZ)* terms in the resulting cross section are identical with the corresponding terms 
found by the second Born approximation. The (aZ)* term is verified by analytically summing the corre- 
sponding term in the Mott series. Graphs, comparing the approximate analytical expressions for both the 
cross section and asymmetry function with exact numerical results, are included. 


I. INTRODUCTION 


OTT,'? in his fundamental papers, gives the 
Coulomb scattering wave function as an infinite 
series. The asymptotic form of this function determines 
the scattering cross section exactly. Unfortunately, the 
resulting series for the cross section has not been 
summed analytically, and numerical techniques must be 
employed to obtain exact results. However, Mott de- 
rives an approximate formula for the cross section in 
which only the dominant term in a series in @Z is given. 
McKinley and Feshbach® expand the summands of 
the Mott series in powers of aZ, obtain the aZ correction 
to the Mott formula in closed form, and thus find a 
rather simple expression for the cross section, containing 
terms to order (a@Z)*. Numerical results for the (a@Z)# 
and (a@Z)® terms in the cross section are given, and 
numerical values for the cross section, useful for all but 
the heaviest elements, are computed. 

An analytical result identical with the (@Z)* cross 
section of McKinley and Feshbach was obtained in the 
second Born approximation by Dalitz.* Lewis® extended 
the Born approximation calculations to include scat- 
tering from a number of potentials. Mitter and Urban® 
considered the problem of Coulomb scattering in the 
third Born approximation ; their results, which are given 


* Supported in part by the U. S. Atomic Energy Commission. 
1N. F. Mott, Proc. Roy. Soc. (London) A124, 425 (1929). 
2.N. F. Mott, Proc. Roy. Soc. (London) A135, 429 (1932). 

3 W. A. McKinley and H. Feshbach, Phys. Rev. 74, 1759 (1948). 
*R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 
®R. R. Lewis, Phys. Rev. 102, 537 (1956). 

*H. Mitter and P. Urban, Acta Phys. Austriaca 7, 311 (1953). 


in integral form, do not seem to be in complete agree- 
ment with those presented in Sec. III. 

More recently, Doggett and Spencer’? have summed 
the Mott series numerically, and computed values for 
the spin-independent part of the cross section for a 
number of elements and a wide range of energies. 

A general expression for the cross section for scat- 
tering of electrons from a state of definite polarization to 
another such state is given by Tolhoek.* With the aid 
of Tolhoek’s work the spin dependent cross section can 
be obtained as an infinite series which is amenable to 
numerical calculation or to approximate analytical 
treatment. 

In particular, exact numerical calculations for the 
scattering asymmetry function are presented by Sher- 
man,’ and numerical values of the cross section for 
scattering of longitudinally polarized electrons have 
been given by Tassie.'® Analytical results for the spin 
dependent cross section, corresponding to the second 
Born approximation, are derived by Giirsey.™ 

Using a modification of the Sommerfeld-Maue wave 
function, valid to order (aZ)?, Johnson and Mullin” re- 
cently derived an approximate analytical expression for 
the spin-dependent cross section which agrees with that 
obtained by Giirsey. 

In Sec. II a further modification of the Sommerfeld- 


7J. A. Doggett and L. V. Spencer, Phys. Rev. 103, 1597 (1956). 
8H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956). 

® Noah Sherman, Phys. Rev. 103, 1601 (1956). 

1 L. J. Tassie, Phys. Rev. 107, 1452 (1957). 

1 F, Giirsey, Phys. Rev. 107, 1734 (1957). 

122 W. R. Johnson and C. J. Mullin, Phys. Rev. 119, 1270 (1960). 
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Maue wave function valid to order (aZ)’ is presented. 
It is possible to obtain from this wave function an 
analytical expression for the spin-dependent cross sec- 
tion valid to order (aZ)*. 

A general expression for the spin-dependent cross 
section, equivalent to that of Tolhoek, but more suitable 
for our analysis, is presented in Sec. III. This general 
expression together with the approximate wave function 
of Sec. II leads to a closed form expression for the spin- 
dependent cross section. The analytical results are 
compared graphically with the numerical results of 
Doggett and Spencer, and those of Sherman. 

The validity of the cross section obtained by use of 
the modified Sommerfeld-Maue wave function has been 
verified by an independent calculation. In this calcula- 
tion, which is presented in the Appendix, those terms in 
the Mott series which contribute to the (aZ)* part of the 
cross section are summed in analytical form. These re- 
sults are found to be identical with those derived by 
means of the modified Sommerfeld-Maue wave function. 


II. THE MODIFIED SOMMERFELD-MAUE 
SCATTERING WAVE FUNCTION 


We seek a solution of the Dirac equation 


(Ho—W —aZ/r)y(r)=0, 
where 
1 
Hy=-a:-¥+ 6m, 
1 


which behaves asymptotically like a plane wave and a 
spherical outgoing wave. Such a wave function is 
described, accurately to order aZ, by the Sommerfeld- 
Maue wave function'*'® 


i 
Yau=WNe'n*(1-——a-v ) 
2wW 


X iF (iv; 1;ipw—ipi-r)u(p:), (2) 


with 
N=F(1—iv)er™”. 


In the above formulas p; represents the incident mo- 
mentum vector, W the particle energy, and »=aZW/p. 
iF ;(a;6;x) is the confluent hypergeometric function. 
From the asymptotic form of the hypergeometric func- 
tion it is easily seen that 

¥sm — exp[ipi:r—iv In2pr sin?(6/2) }u(p:) 
exp(ipyr+iv In2pr) 


r 





+ [ Ho(p2) + W | T smu (p:) 
where 


Ts 


aZ I'(1—iv) 
ape sin?(/2) P(1+iv) 


Here p.= pr/r, cosé= pi: p2/p’, and Ho(p2)=a- p2t+fm. 


#8 A. Sommerfeld and A. W. Maue, Ann. Physik 22, 629 (1935). 

4H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954). 

18 A. Sommerfeld, Atombau und Spektrallinien (F. Vieweg und 
Sohn, Braunschweig, 1939), Vol. IT, p. 408. 





exp[iv In sin?(6/2)]. (4) 


WEBER, 


AND MULLIN 


Comparing Eq. (3) with the asymptotic form of the 
exact Coulomb wave function given by Mott,'® one sees 
immediately that ysm represents the incident plane 
wave exactly. It is therefore necessary to modify the 
spherical outgoing wave only. 

Writing Y=ysu+vx, Eq. (1) becomes an inhomogene- 
ous equation for x: 

(H\—W —aZ/1)x-= 


—R(r), (5) 


with 


taZ 
sonia” itlinalied iF (iv; 1;ipyr—ipi-r)u(pi). (6) 
2Wr 


The solution to Eq. (5) subject to the boundary con- 
dition that x represents, asymptotically, a spherical 
outgoing wave is 


x)= f Girr)R( Mar, (7) 


where G(r,r’) is the Green’s function'’ for the operator 
(Ho —W—aZ/r). Since we want x to be correct to third 
order in @Z, it is sufficient to replace G(r,r’) by Gi(r,r’), 
a Green’s function accurate to first order in aZ. Such a 
Green’s function has been constructed by Meixner." 
Using the asymptotic form of G,(r,r’) given by Meixner, 
we find 


eiprtiv In2pr 


x(t) — [Ho(p2)+W ]Tu(p:.)——————_, 
rn r 


(8) 


where 


i 
x| (1+<«-v) iF (iv; 1; ips tie) | 
2wW 


X[a-¥ iFi(iv; 1;ipw—ipi-r)], 


(9) 


with q= pi— Pp». 

To calculate 7 to third order in aZ, we represent the 
hypergeometric functions in Taylor series with respect 
to their first arguments and make use of the relations 


Vv iF (iv; 1 ; ipar+ ipa: r) 
= (p/r) V2 Wi (iv; 1 ; iper { ipa: r), 

Vv iF (iv; 1 ; ipir—ipi °F) 
=— (p/r)¥ v1 iF i (iv; 1 ; ipir—1pi e r). 


(10) 


16N. F. Mott, reference 2, p. 440. 

17 The Green’s function used here is the negative of that used in 
reference 12. 

18 J. Meixner, Ann. Physik 29, 97 (1937). 
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T may be written then as T= T®+T7,+T7,, where 


N?2 p® d 
T= —(aZ)— f du ao: lim—A(p1,4,0), (118) 
Sr Jo a0 da 


| zm W 
aZ)*— — 
167 p 


T,%=— 


ea) ad? 
x f du Wn lim —A(px9,¢), (1b) 
0 a0 dq? 


a) a? 
x| f dua-¥Yp; lim 2,4,0,b,u) 
0 a0, 6-0 dadb 


B(pi,P 
d 
[a f du a:Vp2e-Vr1 lim —— 
OW 0 ¥ 


o+0, 6-0 dadb 


XB (ps pss4a,bu) | (11c) 


The functions A and B occurring in Eq. (11) are spatial 
integrals involving the hypergeometric functions which 
have been evaluated by Sommerfeld.” In particular: 
dr . 
A -f — eto F(a; 1; ipr—ipi-r) 
r 
dn g@+u 


—— ). (12a) 
pre G+ue—2pi-q—2ipym 


dr 
B= f = oem shy a; 1s ipy inet) 
r 
iF (0; 1; ipor+ipe-r) 


dr (. ¢ tH ) 
Pte \¢? 2+ 2p: a—2ipu 


th b 
x(- | F(ab; 1; y), (12b) 
g+u?+2pe:-q— ipo 





with 


(?+u?+2p2- a—2ipa)(¢ +p?—2pi-q—2ipm) 





Aaa +4") (Pips + Pi P2)—2(pe-q—ipoy) (pr: qtipu) 
sil 


Making use of the Dirac equation, and the fact that 7 


occurs in Eq. (8) bracketed by the operator Ho(p.)+W 
and the plane wave spinor u(p,), we find 

19 A. Sommerfeld, reference 15, p. 503. It should be noted that A 
can be obtained from B by setting b= 
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dA 8xi(W—Bm) 
@: Vp; lim —= 3 
da p(g+u*)(u—2ip) 
16ni(W—Bm) tu? 


«aA | 
= n 

o~ da p(g+u*)(u—2ip) mw(u—2ip) 

82i(W—Bm) gt 





(13a) 





, (13b) 


@B 
a:yv lim In ’ (13 c) 
e.b0dadb pg +u')\(u—2ip) u(u—2ip) 


@B 





@:Vpoa- Vp; lim 
a—0, 


> dadb 
ene 2 


?? 





u(u?+-¢°) (u—2ip) 
1 w+¢g 
+ —om fe } (13d) 
G(u—2ip)> ow? 
Combining the results of Eqs. (11) and (13), we obtain 
the following relations: 





N? 
T® = —i(aZ)*—(W—Bm)I, 
pq 
T,® = (aZ)*—W (W—Bm)I2, 
PG 


(14a) 


(14b) 


T,? =T, (14c) 


Ne 
+ (aZ)*——-m(WB—m)I3. 
Pr? 


The integrals /;, Jz, and J; occurring in Eqs. (14) can be 
evaluated explicitly. Setting x=sin(@/2), we find 
0 g 


om green ae 
0 (u? siaaaias 
r(1—x) 
—|i — de 
2 2x 
we we 


 — ——— In 
(u?+-q") (u—2ip) u(u—2ip) 

2 jin2 (1—x) lie! 

= tr ——In(1+x) -——— In—— 

i-—+ 2| x 2x x 

| # (1 +x 2 

+- ——£.(1—2*) —In’x—-£,(1—~x) 
2 1—22| 2x x 


(15a) 


aw (1—2x) | 


, (15b) 
4 % } 


p(u— 259) (u?-+-¢?) 
1 w+¢_? 
—___—— n-—— 
(u—2ipP 


I; -f ivf i 
- dy sie os 

f Pe Nt 

, O-ip 


= {ix In(i+x)—32£2.(1—2°)+742°} 
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In Eqs. (15), £2(x) denotes Euler’s dilogarithm”:”* 
defined by 


o x” ZIn(i-— 
pen, pe f rants I 


n=l n? n 


(16) 


From Eqs. (3) and (8) it is clear that the third order 
Coulomb scattering wave function may be represented 
asymptotically by Eq. (3) with Ts replaced by 


T=T gsm tT®+T,9+T™. (17) 


One should note that the only matrices which occur in 
T are J and B=. 


Ill. THE FOURTH-ORDER COULOMB SCATTERING 
CROSS SECTION 


The differential cross section for scattering from a 
state of momentum pi, spin direction {, (in the elec- 
tron’s rest system), to a state of momentum pz, spin 
direction {2 (again in the electron’s rest system), is 
given by 


o(pi,f1; Po,2) 
=da/dQ=} Tr Tt (1—iszys) 
X (m—ips)ysT (1—isyys)(m—ipi)ys], (18) 


where T is determined from the asymptotic form of the 
scattering wave function as shown in Sec. IT. In Eq. (18) 
we have adopted the notation: g=q,7,, pi:= (pi,iW1), 
and 

Piel 


Pili 
= (4+, t ). 
m(W,+m) m 


Making use of the fact that T may be written in the 
form T=a+~7,6 and carrying out the trace in Eq. (18), 
we find 


o(pi,01; P2,€2) 
= ST(@)A+% -C2)— 5D(6)(n-Gi+n-%) 

+43F (@)n- (2X G1) —3G(6) (mX f1) - (m2), (19) 
where n= (p2X p:)/(| p2X p:| ) is the unit normal to the 
plane of scattering. The quantities 7(6), D(@), F(@), and 
G(@) occurring in Eq. (19) are functions of 6, inde- 
pendent of spin, given by 
1(6)=4{(W?— p sin?(6/2) }|a|? 

+[W?— p cos*(6/2) }|b|?+2Wm Re(ab*)}, (20a) 
D(6)=4p* sind Im(ad*), (20b) 
F (6) =2 sind (p?+ (W —m)?* cos@)(|a|?— ||?) 

—2(W —m)? cos@ Re(ad*) }, 

G(6)=2(W—m)? sin*6[_| a|?+ | b|?—2 Re(ad*) ]. 


(20c) 
(20d) 


Using Eqs. (19) and (20) together with the expression 


* Leonhardi Euleri Opera Omnia, edited by C. Boehm (B. G. 
Teubner, Basil, 1935), Ser. 1, Vol. 16, Sec. 2, p. 117. 

*1K. Mitchell [Phil. Mag. 40, 351 (1949)] gives nine place 
tables for £3(x), —1Sx31. 


WEBER, 


AND MULLIN 
for T given in Eq. (17) we may compute the spin-de- 
pendent cross section to order (a@Z)*. 

If we average over initial spins and sum over final 
spins in Eq. (19), we see that o(pi; p2)=J (6) is the cross 
section for scattering of unpolarized electrons. Summing 
over final spins only, we find S(6)= — D(6)/I(@), the so- 
called asymmetry function. F(@) and G(@) are functions 
which are important when both initial and final states 
are polarized. Such a case arises, for example, in the 
intermediate stage of a triple scattering. 

From Eqs. (4), (14), and (17) we may write 


T'(1—iv) ; 
Guten fa 4+-a2+4+a%), 
I'(1+iv) 


I'(1—iv) 


= [b+ 5 ]; 
I'(1+iv) 


where 


fs 


a) =—_, 


¢ 


(aZ)? W 
—{Inx?—1,], 
p 


(aZ)* ot 
g - 


(aZ)? m 
5?) = 4 —I, 


a?) =4 


(22b) 


g? = —2 In’x—ix],+2/.—- (22c) 


9 


(22d) 


(aZ)* Wm 


b® = —[inl,—21.+1;]. (22e) 
P* 


The expressions for a and 5” agree with the corre- 
sponding expressions from the Born approximation” 
except for a phase factor. The quantity d@porn™, however, 
has a divergent imaginary part of the form d@pom™ 
= 2iv In(2p/A)a™ +a™, where d is a screening parameter 
which is allowed to vanish after the cross section is 
computed. Since to order (aZ)* one may write dporn'” 
+ apom™ = (2p/r)?" (a +a™), it is clear that to second 
order in aZ the Born cross section will be identical to 
that computed from Eqs. (22). The value of Imd“ may 
be deduced from the Born five-denominator integral 
without great difficulty. It can be shown that 


Im (porn +bporn) = Im[(2p/d)?"" (6 +b) ], 


and that the expression for D(@) computed from the 
third Born approximation is identical with that given 
below. 

The calculation based on the Sommerfeld-Maue wave 
function has the obvious merit that divergent expres- 
sions are never encountered. 


Writing T(@) =op{ I (@)4+-I (@)+I™ (0) and D(@) 


* See for example Dalitz, reference 4 
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Z*13 
— (aZ)* Approximation 
~-- Doggett & Spencer 


, 
Phy 
lg: 


\ 





\ 
\X 











90 150 
6 (degrees) 
(a) 





at =50 
— (aZ)" Approximation 
~~~ Doggett & Spencer 

















90 6150 
8 (degrees) 
(b) 


=orLD” (0)+D@ (6) ], where crp=4(aZ)*W?/q' is the 
Rutherford cross section, we find 


I (6) = (1—B?x*), 
I (@)=2raZBx(1—x), 


(24a) 
(24b) 


I) (6) = (aZ)?x} [L2(1—2*) —4£2(1—x) +22 In?x 


+49? (1—x)+22°x | +6s| 20 — x?) 


intx wi—x “|| 
41itx 64) 


1-—x 


x3 


Inx, 


D® (0) = 2aZ8 (1-6) 
( 


‘1—2 
x3 In4 
D®(@)=2x(aZ)*(1—8"))— [ine +— 


x} x 


1 1 
-- (1+-) In(1 +) (24e) 
x x 


In Eqs. (24), «=sin(@/2) and B=p/W. The corre- 
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— (aZ)* Approximation 


--- Doggett & Spencer 
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- 











rn 





30 150 
@ (degrees) 
(c) 


lic. 1. Comparison between (aZ)* approximation and exact 
calculation of Doggett and Spencer for scattering of electrons and 
positrons of various kinetic energies. R=1(6)/or, the ratio of the 
scattering cross section to Rutherford scattering. 


sponding formulas for F(@) and G(@) may be written 
down directly from Eqs. (20) and (22). 
In the extreme relativistic limit, p=W, one finds 


(25a) 
(25b) 
(25c) 


D ER (@) = 0, 


F ER(@) sin6! gr(4), 


Ger(6)= (1—cos6)I er(A), 
where 


T er(0) =<n| (1—22)+maZx(1—x)+(aZ)? 


[1 +x) £2(1—a*)-4.£2(1—x) +2 In’x 


\n?x x? mx(1—x)° 
+—+—(1-—x)+— —| . (26) 
i-x 2 4(1+.2) 


The relations given in Eq. (25) are true to all orders of 
aZ, whereas the expression for Jgr(@) in Eq. (26) is 
valid to fourth order only. 

Figures 1(a), 1(b), and 1(c) compare the results of the 
fourth-order calculation with the exact numerical results 
of Doggett and Spencer. One can see the increase in 
error as aZ increases and similarly as 8 decreases. The 
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60 90 


@ (degrees) 


L i A. i. 1 
120 ISO 180 


Fic. 2. Comparison between (aZ)* approximation and ex- 
act calculation of Sherman for the asymmetry function, 
S=—D(6)/1(6). 


discrepancies between the fourth-order results and the 
exact results for positron scattering from aluminum, 
apparent in Fig. 1(a), are remarkable since an error of 
(aZ)’~0.1% is to be expected here. The function S(@) 
illustrated in Fig. 2 is seen to be substantially in 
agreement with the exact numerical calculations of 
Sherman. The agreement is not expected to be as good 
as that for J(@), however, since only the first two terms 
in the series for D(@) are available from this calculation. 

Note added in proof. Since submission of this article 
for publication our attention has been called to the 
work of B. Nagel [KI]. Tek. Hégskol. Handl. No. 157 
(1960) ] in which some of the results derived in our 
article have been obtained by somewhat different 
methods. 


APPENDIX 


The expressions for 7(@), D(6), F(@), and G(@) intro- 
duced in Eq. (19) can be written in terms of two 
functions (@) and G(@) introduced by Mott: 

1 (6) = v"*| F\? csc?(0/2)-4 


C |? sec?(6/2), (la) 


D(@) (1b) 


4v’ csc Re(F*S), 
F (6) = —2v”?| F|? cot(6/2)+2!G\? tan(6/2) 


+4y’ coté Im(*S), 


(Ic) 
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G(0) = 2v”*| F|? cot?(@/2)+2|G|? tan?(6/2) 


+4y’ Im(S*G), (1d) 


where v’=(m/p)aZ=(1—6*)'v. Following McKinley 

and Feshbach,’ § and G are written as F=So+S, and 

G=GotSi, where 

i T(1—iv) 

Fy=— ———, 

2pT(1+iv) 
i—s 


Go= —itv——, 
x2 


exp(iv Inx’), (2a) 


(2b) 


i 
Fi=— YS [RDi+(k4+1)Dii1 ](—1)* Px (cosd), (2c) 
2p k=0 


i 


aie 


DY [(BDi—(k+1)2Day1](—1)*Px(cosd), (2d) 
k=0 
with 
l'(k—iv) 
D,= (—1)*——_— 
I (k+1+iv) 


U(y.—iv) P(k+1+ iv) | , 
T'(k—iv) P(y,+1+iv) 





x| 1— e787 vk-*) 


and y.=[k*—(aZ)*]!. D; is expanded in a series in aZ 
to third order to give 


ir 1 
Di=(—1)*"| (az) +) 
2k? 2k? 
(aZ)§ /mpi(k) x 
een Corea | 
B k? 2k 


where 
d ... 
¥i(~4)=—InT'(x%) and yYo(x)=—y, (2). 


dx dx 


Since only the second order part of 5; and the third 
order part of G: are necessary for the fourth order cross 
section, we write 


$,(0)= (aZ)*Q(6), 
(aZ)* 


©,(6) = (aZ)*8 (6) -+——3¢(6). 


8 
It is apparent from McKinley and Feshbach* that 
lr i-—z 


5(0)=— E ——+1 in| 
4pl x 


T 

Re@(é)= —— In(1+2), 
) 
<p 
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xf (1-—x) 1 
Im3c (6) = “ly + -Inx 
2p x x 


~=in(—*)—ina+)| (9) 


From Eqs. (2), (3), and (4) it is found that 


1 » 1 
Im@(@)=— >> —(Pi-i— P,), 


(10) 
4p k=1 R? 


1 « vilk) 1 
pena (va) ; ——) (Pit Po). (11) 


Using the relations: 


2 1 
E —Pr1=$£2(2")— 2£2(2) 
k=1 


+Inx In(1—2*)+232", (12a) 


o | 
} i $£2(x*) —2L2(x) 
k=l 
—Inx In(1—2?) +24, 


(12b) 


0 1 
W2(k) Py1=—} 2£2(x) 
tl 2x 
1—*x 
—3£,(x?)+Inx In——}, (12c) 
i+<x 


Do ¥2(k)Pe= > ¥2(k) Pir +3 £2(2") 
k=1 k=1 


—2£.(x)—Inx In(1—x"), (12d) 
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EW Pei= —¥ 7 —+4 In?x—Inx In(1+-) 
—In(1+x) In(1i—x) 
+In2 In(1—x)— In?2 
— Lo(x®) +2Lo(x)—L2(3 +42), (12e) 
> ‘a(b)Pe=1 Inx(1+-x)+Inx In(1+«)+ 3 In?x 
Hi +3 In?2—1n2 In(i—x) 
+In(1+.) In(1—~x) 
—§r+L2(}+3x), (12f) 


where y denotes Euler’s constant, one can immediately 
show that 


(13) 


1 
Im@ (6) =—[L2(x?) +1n2? In(i—x*) ] 
4p 


and 
Bie 1—x 
Rese(0)=—| -| 203(1)—.0434)+Ine In —| 
2pix 1+ 
—42£.(x*)—32’—y Inv? 
—|n?x—Inx In(1—2?) ; (14) 
With the aid of Eqs. (7), (8), (9), (13), and (14) one 


finds expressions for J(@), D(@), F(@), and G(@) which are 
identical with those given in Sec. ITI. 
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Correction to the Debye-Hiickel Theory* 


Joun G. Truiio AND STEPHEN G. BrusH 
Lawrence Radiation Laboratory, University of California, Livermore, California 


(Received October 13, 1960) 


The correction to the equation of state of a classical electron gas is calculated by the method of Abe. The 
results are compared with those recently obtained by a different method by Bowers and Salpeter. 





N a recent paper, Bowers and Salpeter described a 

method for calculating the correlation energy of a 
classical one-component electron gas.' Their method 
employs the potential of mean force, and in first ap- 
proximation leads to the expression 


Evore/RT = —44—3d7L4 InA+ (y—34+4 In3)], (1) 


where the dimensionless parameter \ (denoted by e in 
reference 1) is equal to (49)!(q*p!/kT)!. 

The same problem has been considered by Meeron,’ 
Friedman,’ and Abe,‘ using methods involving the 
summation of certain infinite classes of diagrams. While 
the relation between these theories and that of Bowers 
and Salpeter is not yet clear, it is interesting to note that 
Abe obtained an expression equivalent to Eq. (1) by 
approximating an integral which he called So. 

We have calculated the contribution to the equation 
of state using Abe’s original expression for S:, and we 
found that Eq. (1) is valid only for values of \ less than 
about 0.1; for \20.4 it gives a correction of the wrong 
sign. On the other hand, our results are comparable to 
those which Bowers and Salpeter obtained from higher 
approximations which they denote by A—T 


A’—T". 


and 


PV/RT=1+4 (Eoorr/RT) =1—3A4+S’, 
where 


1 " he? 
S=—+ - f E ep(- ) 
16 4, 0 x 
Ae * 
+x exp(- x-—-— ) (2) 
x 


* This research was conducted under the auspices of the U. S. 
Atomic Energy Commission. 

1D. L. Bowers and E. E. Salpeter, Phys. Rev. 119, 1180 (1960). 

2 E. Meeron, J. Chem. Phys. 28, 630 (1958), Phys. Fluids 1, 139 
(1958), and later papers 

*H. L. Friedman, Mol. Phys. 2, 23 (1959). 

*R. Abe, Progr. Theoret. Phys. (Kyoto) 22, 213 (1959). 


TABLE I. Values of S’ calculated in four different ways. 








By Bowers and Salpeter 
ny From Abe’s Sz From Eq. (1) (A—T) (A’-—T’ 
0.000 030 7 
0.000 099 7 
0.000 1940 
0.000 306 6 
0.000 432 
0.000 568 
0.000 710 ; 
0.000 856 5 
0.001 004 6 
0.001 152 4 
0.002 299 1 
0.002 1320 


0.01 
0.02 
0.03 
0.04 
0.05 
0.06 





0.000 030 8 
0.000 103 1 
0.000 205 7 
0.000 332 8 
0.000 480 

0.000 647 5 
0.000 830 6 
0.001 028 6 
0.001 240 4 
0.001 464 9 
0.004 247 6 
0.007 7159 


1 


0.001 5s 0.001 6 


0.0090, 0.009 8 
—0.000 045 6 


0.011 639 2 
7 0.004 720 1 


0.015 893 

0.020 402 5 
0.025 113 4 
0.029 989 2 
0.035 002 4 
0.040 1318 
0.095 302 8 
0.153 996 6 
0.214 238 3 
0.275 3114 


0.0346; 0.0369; 


The term §A ‘is known as the Debye term; when this 
contribution is taken out of the correlation energy, the 
numbers given by Bowers and Salpeter retain only two 
significant figures, but they are still within about 10% 
of ours. 

Values of S’ are given in Table I for selected values 
of X up to 5.0. Contributions from more complicated 
diagrams (S3, S4, etc. in Abe’s scheme) will presumably 
become more important when J is greater than 1.0, but 
the relevant computations have not yet been performed. 
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Effect of Electron Exchange on the Dispersion Relation of Plasmons 


OLDWIG VON Roos AND Jonas S. ZMUIDZINAS 
Jet Prepeteten Laboratory, California Institute of Technology, Pasadena, California 
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A calculation of the influence of electron exchange on the dispersion relation of a high-density electron gas 
at 0°K is described. The result is compared with those obtained by various authors using different methods. 





HE influence of electron exchange on the disper- 
sion relation of collective oscillations of a high- 
density electron gas has been considered by a variety of 
authors.' They all concluded that exchange contributes 
a term ~ K? (K is the wave vector of a plasmon). The 
magnitude of this term, however, varies considerably 
with author. Recently, Kanazawa, Misawa, and Fujita? 
calculated the exchange correction again using a Green’s 
function approach and found the correction to be in 
agreement with the one obtained by Silin as well as by 
Noziéres and Pines.* We wish to report here a calcula- 
tion of the same effect using the transport theory re- 
cently developed by one of us.* The exchange contribu- 
tion we obtained is again the same as the one given by 
Kanazawa et al. and by Noziéres and Pines. In what 
follows we will sketch the derivation. 
Starting with the Fourier transform a(K,k,w) of the 
perturbed electron distribution function, the pertinent 
equation of motion is given by* 


h h 
(-0+—K-k+— 


m 2m 


Ke )a( Kk) 
m 1 

=o? — —[Fo(k+K)—Fo(k)] f aK k’ wo) 
h K? 


m 
ors f dt’ (k—k’)*{[Fo(k-+ K) — Fo(k)] 
f} 


Xa(K,k’w)—[Fo(k’ +K)—Fo(k’) Ja(K,kw)}. (1) 


Here k is the wave vector of the electron and Fo is the 
Fermi-Dirac distribution. The last term on the right- 
hand side of Eq. (1) is due to exchange. The factor 3 in 
front of it arises from the followlng consideration. In the 
derivation leading to Eq. (1), it was shown‘ that par- 
ticles with a symmetric (antisymmetric) wave function 
in configuration space are described by an equation in 
which the exchange term appears with a plus (minus) 
sign. For electrons, the two-particle wave function in- 


1D. Pines, Revs. Modern Phys. 28, 184 (1956); P. A. Wolff, 
Phys. Rev. 92, 18 (1953); R. A. Ferrell, Phys. Rev. 107, 450 
(1957); D. F. Dubois, Ann. Phys. 8, 24 (1959). 

2 H. Kanazawa, S. Misawa, and E. Fujita, Progr. Theoret. Phys. 
(Kyoto) 23, 426 (1960). 

3 P. Noziéres and D. Pines, Phys. Rev. 111, 442 (1958); V. P. 
Silin, J. Exptl. Theoret. Phys. U.S.S.R. 37, 273 (1959) (transla- 
tion: Soviet Phys.-JETP 37 (10), 192 (1960) ]. 

‘0. von Roos, Phys. Rev. 119, 1174 (1960). 


cluding spin must be antisymmetric. But this means 
that the configuration part of the wave function is 


antisymmetric in ? of all cases (triplet) and symmetric 


in } of all cases (singlet), so that the average in spin 
space leads to a factor }(—1)+}=—} for the exchange 
term in Eq. (1). Since the exchange contribution we 
wish to calculate is known to be small,’ we are applying 
a simple perturbation scheme to Eq. (1). 
Let 
a=aota, (2) 


w= wotw, (3) 


where ai<ap and wi<wo. We then have, with the 
abbreviations 

h h 
—wot+—K-k+— 2’, 


m 2m 


AF» <= Fo(k+ K)— Fo(k), 


D= 


the following set of equations: 
m 4F 0 
Dao(K,k,wo) =o ,” 


h 


Day ( K k,w;) —w a0(K,k,wo) 


m AF» 
r K2 


~ fouk, k’ wo)d*k’, (6) 


m 
= sw Fi fox | k— k’ | —2{ AF pao (K,k’ wo) 
1 


=_ AF o'ao( K,k,wo)}. (7) 


Equation (6) leads immediately to the well-known 
dispersion relation : 


F(k) 
1=wy fare — ~ (8) 
[wo— (h/m) )K: kP—[(h/ 2m) K* P 


Observing Eqs. (6), (7), and (8) the exchange correction 
w: is then determined by 


— wy f Dao Kk)" 


m AF pao — AF yao 
sedfigpidion f PTE —<nirccctianeas 
h D\k—k’ |? 


941 
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which may be written, with the help of Eq. (6): 


m 
ws [ D*aratt= 3H s— forae 
nh 
AF AFo / 1 1 . 
aoe 
lk—k’|*\DD’ D 
In the long-wavelength limit, an expansion of the 
terms in Eq. (10) in powers of K is allowed. Keeping 
only the lowest order terms, Eq. (10) goes over into 
w,* 
QOy= 


fowwcK: (k—k’)}|k—k’ |? 
SK 


XK-V.Fo(k)K-Ve-Fo(k’). (11) 
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The integral in Eq. (11) is easily evaluated at 0°K 
temperature and the result is: 


3 Ka, 
qe 


40 kr wo 


(12) 


where kf is the Fermi momentum. But since wo is given 
by the unperturbed plasma frequency w, plus small 
correction terms of order K?, etc., we see finally that 


w= (wots)? = we? + 2wow 


= wi?— (3/20)(K2/k*)o,?, 
identical with the result of Kanazawa el al.2 
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Analytic Properties of Single-Particle Propagators for Many-Fermion Systems* 


J. M. Lutrincer 
Columbia University, New York, New York 


(Received October 1, 1960) 


Certain general properties of single-particle propagators for a system of interacting fermions are derived. 
In addition, the properties of the proper self-energy part Gi(¢)"which were used in previous work on the 
ground-state energy and on the Fermi surface are established. In particular, the fact that to all orders of 
perturbation theory in the interaction, Im Gy(x—i0*) behaves like Cy(x—y)? (Cy>0) for x very near y, is 


proved. 


1. GENERAL DISCUSSION OF THE PROPAGATOR 


N some recent work! on the theory of a system of 

interacting fermions, certain analytical properties 
of the so-called “single-particle propagator” were made 
use of. No proof of those properties was given at that 
time. It is the purpose of this brief note to establish 
these properties. For simplicity we shall restrict our- 
selves to the case of spinless fermions interacting among 
themselves, but not moving in an external potential. 
The resulting simplification is mainly notational, and 
there is no difficulty in extending our results to the more 
complicated cases. 

The single-particle propagator as used in LW was 
defined as the sum (with appropriate coefficients) of all 
connected diagrams having a single line entering and 
leaving. For the purposes of general discussion it is 
often convenient to have an explicit closed expression 
for it. As is well known in field theory, such an ex- 
pression is given as follows.? Consider the quantity 


ka Si! (u,u’) =(T Cant (u)ax(u’) }). (1) 


* This work was supported in part by the Office of Naval 
Research. 

1 J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417 (1960). 
(We shall refer to this paper as LW.) J. M. Luttinger, Phys. Rev. 
119, 1153 (1960). We shall follow the notation of these papers as 
far as is practiced. 

2 The representation we shall use here is essentially the same 
as that of A. A. Abrikosov, L. P. Gorkov, and I. E. Dsyaloshinskii, 
Soviet Phys.-JETP 36 (9), 636 (1959), except for minor differences 
of notation and definition. 


In (1) the quantity a, is the destruction operator for 
a particle of momentum &, 


u’'H t/,) 


‘A a," ( 


a, (u’) =e" 2 aye 


H is the total Hamiltonian of the system and the 
angular bracket represents the average of the enclosed 
quantity with respect to the grand canonical distri- 
bution 


(A)=Tr (#92) A),  B=1/kT. (3) 


The operation TJ is the usual Wick chronological 
operator meaning 
T[ax' (u)ax(u’) |= ay" (u)ax(u’), u>u’ 
=—a,(u')a;,t(u), u<u’. 
Equation (1) provides an expression for the propa- 
gators in the “temperature” variables u,u’, which are 
constrained to vary between zero and #. From (1) 


we see that S,’(u,u’) is a function of u—u’ =» only: 


e*Ha,te-"4a,, B>v>0 


Sy! (v) = Tr A092») 
—aye ate, —B<v<0. 
Using (5), we see at once that the quantity 


S,' (ve (in/Bty)e 


is a periodic function of v of period @ in the interval 
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(—,8), and therefore may be taken as periodic every- 
where, since only this interval comes into our results. 
[To establish this we need only compare .S;’(v) at » and 
v--B (O<v<f), making use of the properties of de- 
struction operators and the cyclic invariance of the 
trace. | Therefore we may write 


1 «= 
S¥@=- DL Side, 
B ims 


where 
2ni ir 
$.=—l+—+uh. (7) 
B 8B 


The “Fourier coefficient” S,’(¢;) is exactly what we 
called the true single-particle propagator in LW. We 
want to investigate its analytic properties as a function 
of the complex variable ¢, in the limit of zero tempera- 
ture. From (6) we have 


8 
Sx (e0) -{ e~ €§,' (v) dv. (8) 


0 


To obtain a more useful expression for S;’(f1) we 
introduce the exact eigenstates of H: 

Il Na EnaWNa: (9) 
va is the exact eigenfunction of an \V-particle system ; 
a being all the other quantum numbers necessary to 
specify the state completely. Then, for v>0, we may 
write 


Si! (v)=E¥ 8 2-Enatun) (Na| e*#a,te-* a, | Na) 
Na 


eh (2 ~ENatuN) er (ENa—ENn “1.0 Byaa’*, 


Naa’ 
where 


> la , N\ lo 
Byaat® = | (Na! a,*| N—1a’) |? 


| (N—1a’| a! Na) 2 20. (11) 
Inserting (10) in (8) we obtain, after a little rearrange- 


ment, 


| Nee” Bnsta’a® | 
acne See le ME: 
ti— (Eva—En-1a’)  $1- (Eysta'— Ena) 


where 


Byyta'a®= | (N+1a’ | a,* | Na) |? >0. (13) 

In the limit of zero temperature, ¢; becomes a con- 
tinuous variable (which we shall denote by ¢ from now 
on). Further, for an -particle system only the ground 
state (denoted by a=0) will contribute to the sum in 


(12), the others being exponentially smaller. Therefore, 


SINGLE=PARTICLE 
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in the zero-temperature limit we may write (12) as 





a’ 


s¥@)=2 , 
a f— (En+1a'— Eno) 
(14) 


where Eno is the exact ground-state energy of the 
N-particle system. The expression (14) for S;,’(¢) may 
be written in another form, which is sometimes useful: 


1 
stoma! 
| t—EyotH 


1 | 
+a, —ai'|10). (15) 
S-H+Eno | 

Certain analytic properties of the propagator may be 
seen at once from (14). Since all the energy differences 
in the denominators are real numbers, the expression 
for S,’(¢) can only become singular if ¢ is on the real 
axis. Therefore S;(¢) is analylic everywhere in the complex 
¢ plane with the possible exception of the real axis. On the 
real axis, in the limit of an infinitely large system, each 
point is usually a limit point of poles, and therefore 
the real axis is in general a branch line. 

It is sometimes convenient to decompose S;’(¢) into 
two parts, 


S,'=S;t+Sr, (16) 


_ | (N+1a’ | ax*| NO) |? 
S.t()=)> aieewkion 


a = (Ens+1a’— Eno) 
_ |(N—1a" | a,| NO) |? 


$78] —— ee 
‘me (E vo En-1a') 


(17) 


(18) 


Since the ground-state energy of a system with V+1 
particles exceeds that of a system of NV particles by the 
chemical potential u, Enyia—Eno>u. Similarly Ewo 
—Ey-1a <u. Therefore the function S,+ is analytic 
everywhere except on the portion of the real axis 
between » and », while S,~ is analytic everywhere 
except on the portion of the real axis from —® tou. 

If we go over to an infinite system so that the energy 
levels become continuous, we may write 


(19) 


(20) 


where 


(21) 
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we may write 


* pe(£) 
si(Q)= f — 


px(€) >0. 


We call the expression (23) the spectral representation 
of the propagator and the quantity p,(£) the spectral 
density. For noninteracting particles pye=6(E—«). 

Another simple property that follows at once from 
(14) is that for |¢| very large 


1 

S:/()=- X(| (N— 14" | ax| NO) |? 
¢ @’ 

+|(N-+1a' |a,t| N0)|2) 
1 (24) 
-_ -(N0 a,'a,+a,a,*| NO) 
t 
=1/t. 


Equivalent to this is the result 


f pe(8)d¢=1, 


—x 


which we obtain from (23). 

The spectral density is related to the discontinuity 
of S,’(¢) as we cross the real axis. Consider {=x+7n as 
n approaches zero. 


. , = pe(€) 
lim Su'(«-+in)=lim f ——--df 
= rm J_. x—tE+in 


pr(é) 


2 n a 
-{ I rin f px(£)6(x—E)dE. 
—2 x—-§ i” 


—2@ 
Therefore 


Su! (x—i0*+) — Sy! (x +10*) = 2rip, (x). (26) 


That is, the real part of S;’ is continuous as we cross 
the real axis, while the imaginary part undergoes a 
jump which is proportional to the spectral density at 
that point. 

From the reality of everything but ¢ in (14), it 
follows that 

Sk’ (5) P= Se'(S*), (27) 
so that the values of the function in (say) the lower 
half plane are just the complex conjugates of those at 
the mirror image point in the upper half plane. 

Lastly we have 

oii is * — px(é) 
S;'(x+ty)= ——<d 
~» x—§E+1y 
f pe()(x—E) 


(28) 
= pe(&) 
pi 9 9 iy f 9 
~« (x—§&)P+y¥* —x (x—§)*+y" 


TTINGER 


Therefore 
2 pe(€) 


Im S;'(x+iy)= -yf ——dé. 
~« (x—&)*?+¥ 


Since the integrand in (29) is positive we have 


(29) 


Im S;’(x+iy)>0 if y<0 


sf (30) 
< i y>0. 


2. ANALYTIC PROPERTIES OF THE PROPER 
SELF-ENERGY PART 


In LW we wrote the propagator in the form 


1 
S,'(¢) =, 
f-a—G. (5) 


where ¢ is the unperturbed single-particle energy and 
G,(¢) was the proper self-energy part. G,(¢) had a very 
simple expression in terms of diagrams, and some of its 
properties played an essential role in the above-men- 
tioned work. 

Since 


(31) 


Gi(f)=f-e-LSOP, 


it follows that G.(¢) is regular at infinity, 
(24) 


(32) 
since from 


LS)" 
and therefore 

G.(¢) 
Further, since the imaginary part of S;,’(¢) never 
vanishes unless we are on the real axis [see (29) ], S;’(¢) 
can have no complex zeros. Therefore [.S;’(¢) }“' can 
have no complex poles. From the analyticity of S;,'(¢) 
it then follows that G,(¢) is analytic everywhere in the 
complex plane with the possible exception of the real axis. 

From (32) and (27) we also have at once that 


[Gi (¢) }*¥=Gi(¢*). 


(33) 


— (eax 


(34) 


(35) 


We now obtain a spectral representation for G;(¢) 
analogous to that of S;,’(¢). By means of (34) we see 
that for large |f|, Ge(f) becomes a constant g;, which 
is real from (35). Then the function 


Gi (5) =Gi(5) — gx (36) 


is analytic everywhere in the upper half plane and 
vanishes for large (¢). If we apply Cauchy’s theorem 
to a contour consisting of a line just above the real 
axis and closed by an infinite semicircle in the upper 
half plane, we obtain at once 


© gf 


dt, (37) 


—— 


- 1 
G,.G)=— 
2 


ri 
where we have put 


lim, G(§-+in)=Ke()—iJ (6). (38) 


If we apply (37) to a point ¢=£’+in’ immediately 
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above the real axis we get 


1 

Rue)—i(e)=— J R-i01 
1 
x(? = taste #) Jae, 

or 
= ? 1 ee, _ 1 
Rule)-ie)=— f (Ril -i Ol —ve. 

ri J. = 


(39) 


Equating real and imagina arts on both sides of 
] g : ginary pal 
(39) we get the “dispersion” relations 


‘ 1c? Jilé 
Rue)=—- f pa 
" 1 f° K,(é) 
Juey=- f Pat 


(40) 


(41) 


From (40) we have 


» K,(é’) 
f Sa 
«© ’—s 


1 oo « 
=-- f ae f dé’ 
T V_-w 2% 


(¢’ =) e 


We may write 


1 1 1 1 
p——=-lim ( - = 4+ ). 
f—-t! 29-0 \t—t’—in §E—#/—in 


Therefore 
Rule) | ) 1 ‘i ‘e 
~a'=-— [at Je 
2x J 
lim 


-- &-$ 





2 di’ 1 1 ) 
—o« &—$N\E— tin t—&’—in 


re Jalé) 
fee 
co s~§ 


(44) 


on closing below.’ Therefore (37) becomes 


7 1 pr? Ji(é) 
ouo=- f dé 
TV —w f—€ 


3 The relationship (44) may also be obtained by integrating 
Gi (¢’) | (& t—¢’) on ¢’, along a contour consisting of a line just 
below the real axis and closed by an infinite semicircle in the 
lower half plane. For ¢ in the upper half plane this gives zero, and 
leads at once to (44). 


(45) 
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Writing (45) in terms of the original proper self-energy 
part G;,(£), we get 


ox(&) 
Gi(€) “at f° ie (46) 
where 


1 
ox(€)=—J.(£), (47) 


G: (x+-710*) = K;,(x) —iJ,(x). (48) 


Equation (46) is the spectral representation of G;(¢) 
and o;(é) is its spectral density. 

The spectral density o;(£) is non-negative. To see 
this we specialize (32) for {=x-bin, as n> 0*, 


1 
lim -—[Gi(x—in) —G(x+in) ] 
n—0* 7 
1 1 


Sk "(x-+-19) Sx’ (n~w) | 4 


= lim 
0+ 


>0 


by (30). Therefore 
Ji (x) >0. (49) 


From (46) we then have o;() >0. 
Using the same argument that led to (30) from (23) 
we can extend (49), and obtain 


Im G,(¢)>9, 
Im G,;(¢) <9, 


Im ¢<0, 


50 
Im ¢>0. - 


3. BEHAVIOR OF J;,(x) NEAR x=u 


The analytic properties of G,(¢) which we have dis- 
cussed till now are in essence rather trivial, being direct 
consequences of the expression for the propagator 
at zero temperature as an average over the exact 
ground state of certain operator [see (15) ]. No use was 
made of perturbation theory, and all the results given 
in the previous section are independent of the nature 
of the interaction between the particles, it being 
assumed only that there is a lowest state. 

We now consider another property, of which extensive 
use was made in LW. This is that as x approaches yp, 


Ji (x) = C;, >0. (51) 


We have not succeeded in finding necessary and suf- 
ficient conditions on the interaction between the par- 
ticles for which (51) is valid. It certainly cannot be 
valid in general because one of its consequences! is the 
existence of a sharp Fermi surface, which is certainly not 
present for some systems of fermions with attractive 
forces between the particles.‘ 


Ci (x— M)’, 


¢ Examples are a crystal of molecular deuterium (the deuterium 
atoms being fermions) and the Bardeen, Schrieffer, Cooper 
ground state in the theory of superconductivity. 





LUTTINGER 


Fic. 1. A simple second order 
diagram contributing to the proper 
self-energy part. 





We shall now demonstrate (51) under the assumption 
that one can use perturbation theory on the strength 
of the interaction. According to LW(40), G,(¢) is given 
by 


G,(¢)=[all possible skeleton diagrams with the 
unperturbed propagator S; replaced by 
the true propagator S,’ 


4 


(52) 


The skeleton diagrams are all proper self-energy 
diagrams without self-energy parts inserted into any 
of the particle lines. Examples are found in Fig. 2(b) 
and Fig. 2(c) of LW, the last two diagrams of Fig. 2(c) 
not being allowed skeleton diagrams for G;(¢). 

To see what is involved in the proof let us first 
consider the simplest diagrams. The first order diagrams 
of Fig. 2(b) in LW give rise simply to real numbers 
independent of ¢ and therefore do not contribute to 
J,(x). The lowest order diagram which contributes is 
second order, the simplest one being illustrated in Fig. 
1. Its contribution G,°(¢) is proportional to 


1 2 
ica Xx | (ees| 0| Riko) |? 
2mris kikaks 


a+ Oo 


6(Sit$2—-f3—-$) 
x fats f ats fags ’ 
(¢1— €81) (S2— €82) ({3— 2s) 


pu 100 





(53) 


according to the general rules of LW. Doing the integral 
in (53) we obtain 


Gist(s)« SX | (eks|0| kike)|? 


kikoks 





6 (€21)0~ (€22)0* (e283) +6* (€21)6* (€n2)0- (€2) 
x 
o— (en1 + €82— €23) 


, 


x>p 

x<H, 

x<p 

x> yp. 
Therefore writing 


lim Gio (x— in) = K,°(x) +iJ,°(x), 


1—0* 


we get for J,*(x) 


Je (x) > | (RRs | 0| ike) |26(x— (en: + €82—€t3)) 


kikek3 


X {07 (€81)0-(€82)0* (ers) +0*(€21)0* (€x2)0-(en3)}. (57) 


Now consider the part of J;,* which arises from the first 
term in the curly bracket of (57). Because of the 6’s we 
have the inequality 

€ki + €kg— €k3 <u, (58) 
the equality sign only holding at the limits of the 
allowed values of €k1, ex2, ex3. Therefore, because of the 
5 function this term gives nothing if x is greater than u. 
For x<y but very close to it, this contribution to 
J.*(x) must be very small since €&:, €2, €k3 can only 
vary very slightly without making the argument of the 
é-function negative. If we introduce as integration 
variables 
ut+ts. (59) 


€ki=uU—h, e€kea=u—le, €k3= 


We may write the corresponding contribution to J,°(x) 
for 1—x very small and positive as proportional to 


wf f f dl dledts 6 (ty +-to+4;—1), 
Ss 9 0 


(60) 


where 


(61) 
Changing the integration variables by a factor u 


t;=ur; 


(62) 
(60) becomes 


oe 
wf f f dr\drodr38(4r1+72+73—1) « v2, 
0 %o Yo 


which is what we wanted to prove. Similarly the second 
term in the curly brackets of (57) vanishes for «<u 
and goes as (u—«x)? for x greater than u but very close 
to it. Therefore 


(63) 


J, « (x—p)? (64) 
for x very near u.° 

To complete the proof of (51) one has to do two 
things: generalize the treatment to include the true 
propagator rather than the unperturbed propagator 
used in (53) and generalize the treatment of (53) to 
arbitrary skeleton diagrams. The former is very simple. 

‘This result is not valid for one-dimensional systems. The 
reason is that in this case the momentum conservation implied 
by the matrix element (£%3|0| 12) is sufficient to determine the 
energy ek; in terms of ek; and eke, so that they no longer are 
independent variables. Having one less independent variable gives 


rise to one less factor of (u—x), and we find J, |u—x| instead 
of (64). 
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Instead of (53) we get 


1 2 
(—) .& |dehleieeo! 
2ri/  k,ke,ks 
B+ t2 


x f f f dt dtadts (hb —bs—-9) 


X Ser! (F1)S t2’ (F2)St3'(Fs). (65) 


Inserting the spectral representation (23) into (65) we 
obtain 


( 1 
2ri 


| (ees! 0 Riko) |? 


kikoks 


«fff d& dt sdEspri(E1) pro(E2) pes(Es) 


M+ too 


b(SitS2—f3s—$) 
x f f f dt dtdts— “ 
(1— &1) (S2— &2) S2— Es) 


u— io 





The ¢ integrations in (66) are exactly of the same form 
as those in (53), the e’s being replaced by the ?’s. 
Therefore the contribution of (66) to J,(x) is propor- 
tional to 


p ie | (Riks|v| kike) |? 


ki kek 
f f f d&,dExdésp1(€1) px2(€2) pes(Es) 


X {O- (E1)O- (E2)0* (Es) +0* (E1)0+ (E2)O™ (Es) } 
X5(x— (Ei +&2—&s)). (67) 


Now the identical reasoning that led to (64) when 
applied to the é variables instead of the e’s tells us once 
again that the only contribution to (67) comes from §; 
near uw. From (26) and (31) we have 


@) 1 Jx(€) 
aoe 


nema eN, (68) 
mw [té—ex.—K,(é) P+J 2 (8) 

For ¢ very near yw, assuming for the moment that J;(&) 
does obey (51), 


px(é)= 6(¢—e,— K;(é)). (69) 


For & very near y this has solutions in &, for k very 
near the Fermi surface.’ After doing the & integrations 
we are therefore left with an integration £;, which is of 
the same form as our previous integrations on the e’s. 
Therefore the same reasoning that led to (64) shows 
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+ an Ged 


rw 


kK 


+ O*(€k,)O7(€k,) 6 (Ek) 





Ek, + Eka €kg- 5 





O~ (€x,) 0 (€k2)O* (Exs) 


$+€xs-€K,— Eke 








Ky Ke i 





| (bo) 


Fic. 2. Ordered diagrams corresponding to the diagram of Fig. 1. 
rhe expressions to the right of a diagram are proportional to the 
contribution of this ordering to the proper self-energy part. 


that once again we obtain a contribution to J;,(x) pro- 
portional to (*—y)*. Equation (52) is actually an 
implicit equation for G;(f); what we have shown (at 
least for the simplest skeleton diagram) is that if we 
assume the property (51) we again obtain it, so that 
we have found a consistent solution. It is clear that this 
technique is general. That is, if we can show that for 
all skeleton diagrams with unperturbed propagators 
(51) is valid, then it is valid when the true propagators 
are used. 

We next have to investigate the ¢ dependence of the 
all skeleton diagram when the unperturbed propagators 
are used. This is actually well known and just corre- 
sponds to using the Goldstone type of time-dependent 
perturbation theory® for G,(¢), dropping all diagrams 
with self-energy parts. It is also very easy to obtain 
from our propagator formalism: essentially all one has 
to do is to write the 6 functions which represent 
“© conservation” in terms of the usual Fourier integral 
representation. In (53), for example, putting {;=u+iy,, 
the 6 function is equivalent to 6(y:1+-y2—¥vs—y), which 
may be written 

1 3) 
5(y1+-92—93— y) =— f di etutww-w)t, (70) 


LT “-» 


The ?’s which one introduces in this fashion are just 
the time variables of Goldstone perturbation theory. 
The result may be stated very simply. Draw a proper 
self-energy"diagram with all possible vertical orderings 
of the interactions (m! such orderings for a diagram of 
nth order), the incoming and outgoing & lines being 
drawn from below. Each ordering contributes a term 


§ J. Goldstone, Proc. Roy. Soc. (London) A293, 267 (1957). 





J. M. 


@~(1)8-(2)6-(3)9-(4)e*(5) 
(S$ +x. 6K, Ox, (Stns €xs- Ek, ) 














67 (1)@7(2)6 *(3)6*(4) @*(5) 
(S+eq.—€k EK, EKst engl, eke) 








6*(1)6*(2)07(3)6 (4) 7 (5) 
(Ext Eko Fk S) (Enna Ens fre) 











LUTTINGER 


@*(1)6*(2)6*(3)0%(4)07(5) 
(€n,+€n2-€ks- $) (Engst Ong ln g-$) 











67 (1)6~(2)0*(3)6T(4)07(5) 
(Enst€x En y~Ene) (Ens tena eke $) 








ot (1)6*(2)6~ (3107 (4)a*(5) 
(b+ Ens Ens-En4) (Cn, tng Engng) 











Fic. 3. A more complicated proper self-energy diagram, and all its possible orderings. The expressions to the right of an ordered diagram 
is proportional to the contribution of this ordering to the proper self-energy part. 


to G, which is proportional to (a) a factor of 6*+(«-) 
for each ascending line k’, and a factor 6-(«--) for each 
descending line k’’(6) a denominator which consists of a 
product of factors which represent the “energy” of the 
situation between all successive interactions. This 
“energy” is computed as follows: for each ascending 
line k’, we have an energy +e, for each descending 
line k”” and energy —«; for an ascending k (the ex- 
ternal momentum) an “energy” +¢, for a descending 
k and “energy” —f. These results are illustrated in 
Fig. 2 for the simple diagram of Fig. 1. In Fig. 3 they 
are given for a slightly more complicated diagram. 
The fact that we are not including self-energy 
diagrams attached to any internal line means that the 
same states are not repeated after some interactions, and 


therefore that we have no repeated denominators. The 
general form of a typical contribution is therefore 
(apart from numerical factors, matrix elements and 
sums on momenta) 


@; 
* loepaames (71) 


i [—€; 


In (71), €; is the difference in energy between a 
collection of descending lines and a collection of ascend- 
ing lines, and @; insures that the ascending lines have 
energies greater than yu, while the descending lines have 
energies less than u. That is, if 
€;= (eki teket+--- + €ky,) (72) 


— (€ki'+-€ko’ ++ +++ €km’), 
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then 
© ;=0 (€k1) - - -O- (ekn)O* (€k1’)- + -O(ekm’). (73) 


By means of the “reality” condition (35) we see at 
once that the coefficient of (71) must be real. Now we 
want the imaginary part of this for {=2— 70+. Since 


1 


————_-=P. +i (x—e;), 
x—€;—10* 


t— Es 


(74) 


the imaginary part of (71) must contain ai Jeast one 
factor of 6(x—e,). The number of lines in an ordered 
skeleton diagram (including the entering and leaving 
external line k) which are ascending is equal at any 
point to the number of lines which are descending. This 
is because an interaction either doesn’t change the 
direction of two lines entering it or if one line enters at 
one end then a line leaves at that end and ascending 
and descending lines are created at the other end. A 
diagram begins, of course, with equal number going up 
and down (the external & lines). Since each situation 
which corresponds to a denominator of the form {—e; 
has only one external & line present, the number of 
ascending and descending internal lines must differ by 
+1. [In (72), n—m=+1.] Take the case n—m=+1. 
Then by (73) 

€;< np—mp=up. (75) 
We get no contribution from such a term unless x<u. 
For x very close to, but less than, uw, we again get a 
contribution only when each of the e’s is very near u. 
Introducing 


ekj=p—l,, ek’ =ptt,’ (80) 
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the contribution to J,(x) has a factor 


f. ’ » fatet bt het ith’ + a +t’ —u) 


Xdty: + +dlmyidty’+ + +dtm’, (81) 

Changing variables to t;=ur;, t,’=ur,’, we sce at 
once that (81) is proportional to “?". Exactly the same 
argument also gives w?" when the number of ascending 
lines is m+1 and of descending lines m. Now m is at 
least unity, since m equal zero would correspond to 
having a diagram which just has a single internal line 
present at one point. Such a diagram is just what we 
exclude by considering the proper self-energy part G,(¢) 
rather than the total self-energy diagram. Therefore 
every single skeleton diagram contributes to J;,(x) an 
amount which, for x very near yu, behaves like 


(u=u—x). 


(u—x)?"™ m>1., 


Therefore we have shown (51) [the non-negativity 
of C; follows from (49) ] to arbitrary order in perturba- 
tion theory. 
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New forms of the linked cluster expansion for the ground-state energy of a normal spherical system are 
given in terms of the exact single-particle propagator and of the associated self-energy operator. These forms 
are shown to be stationary with respect to variations of the latter quantities. A new concise proof of the 
Hugenholtz-Van Hove theorem on single-particle energies is then possible. The variational principle also 
explains the insensitivity of recent binding energy calculations to the choice of single-particle energies. It is 
shown how all results may be extended to systems with anisotropic features. 





I. INTRODUCTION 


HIS paper is intended as an extension of the re- 

sults of a previous paper' with the same title. Its 
essential limitation is the same as that of the previous 
work, namely the restriction to normal systems at zero 
temperature. Most candidly, a system is to be defined 
as normal with respect to those properties which can be 
described adequately by a power series in the coupling 
strength or suitable partial resummation thereof. 
Though the experimental and theoretical evidence runs 
strongly counter to the existence of such systems, at 
least where the forces are suitably attractive,? the 
justification for our investigations is twofold: they are 
preliminary to a report of an investigation of similar 
systems at finite temperatures? where they appear to 
be applicable to normal metals and to liquid He*; even 
for superconducting and similar systems the bulk 
properties here under investigation are largely given 
by normal system 


has been assumed 


in previous theoretical treatments,‘ and as we shall 


theory, as 


attempt to show more cogently in later papers of this 
h. ries. 


We work with the same Hamiltonian as in I, which in 


* Supported in part by 

1A. Klein and R. E. 
hereafter referred to as I. An improved version of this paper as 
well as some of the results of the present paper may be found in 
Lectures at the International Spring School of Theoretical Physics, 
University of Naples, 1960 [Nuovo cimento (to be published) ]. 

? See, for instance, L. N. Cooper, Phys. Rev. 104, 1353 (1956); 
K. Gottfried, CERN Report (unpublished); L. Van Hove, 
Physica 25, 849 (1959); V. J. Emery, University of California 
Radiation Laboratory Report UCRL-9076 (unpublished); M. L. 
Mehta, Saclay (to be published); H. Kummel, University of 
Mainz (to be published). 

* Related treatments have been developed by J. M. Luttinger 
and J. C. Ward, Phys. Rev. 118, 1417 (1960); J. M. Luttinger,- 
Phys. Rev. 119, 1153 (1960); R. Balian, C. Bloch, and C. De 
Dominicis, Lectures at the International Spring School of Theo- 
retical Physics, University of Naples, 1960 [Nuovo cimento (to be 
published) ]; R. Balian, C. Bloch, and C. DeDominicis, Comp. 
rend 250, 2850 (1960); and Nuclear Phys. (to be published); 
R. Balian and C. DeDominicis, Nuclear Phys. 16, 502 (1960); 
Comp. rend. 250, 3285, 4111 (1960). 

‘This is the philosophy of the reduced Hamiltonian. See 
Bardeen, L. Cooper, and J. Schrieffer, Phys. Rev. 108, 1175 (1957). 


the U. S. Atomic Energy Commission. 


Prange, Phys. Rev. 112, 994 (1958),. 


momentum space is 


H=H,o+ AH, 


=> a'(p)a(p)?° 
7 


N 
+— > a'(p+q)at(p’—q)v(q)a(p’)a(p), (1) 
q 


20 P:". 


and follow the notation of I where applicable. Except 
in the last section we take 0(q)=2(|q|). Throughout 
we shall be concerned essentially with new forms of the 
linked cluster expansion (LCE). In Sec. II we obtain a 
new expression for the latter in terms of the exact 
propagator, G(p,po) and the exact self-energy operator 
M(p,po), where these are related as usual by the 
equation 


[—potp?—M(p,po) ]G(p,po) =1. (2) 


This new form of the LCE is shown to be stationary with 
respect to arbitrary variations of either M or G.® In 
Sec. III this property is used to yield a concise proof 
of the theorem of Hugenholtz and Van Hove'® on single- 
particle energies. On the basis of this theorem, it is 
shown in Sec. IV how a concept of self-consistent po- 
tential different from the Hartree-Fock one or recent 
generalizations’ can be introduced for binding energy 
calculations. A real potential, it can in principle be 
determined exactly because of its relation to the separa- 
tion energy at an appropriate density. It is also shown 
how the LCE of Sec. II may be rewritten to incorporate 
it, at the same time preserving the variational property. 
It is seen that the unsensitivity of binding energy 
calculations’ to the actual choice of single-particle 
energies is reflective of this variational property. Finally 
in Sec. V, it is shown how all results may be generalized 
to systems exhibiting anisotropi 


features. This in- 


5 A related variational principle, found in the work of Luttinger 
and Ward, reference 3, provided the original incentive for some 
of our investigations. 

*N. M. Hugenholtz and L. Van Hove, Physica 24, 363 (1958). 

7 See, for instance, K. A. Brueckner and J. L. Gammel, Phys. 
Rev. 109, 1023 (1958); R. E. Prange and A. Klein, Phys. Rev. 
112, 1008 (1958); R. E. Prange (private communication). 

*A preliminary account of this part of the work appears in 
A. Klein, Phys. Rev. Letters 4, 601 (1960). 
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INFINITE MEDIUM 
volves the introduction of a generalized adiabatic 
assumption which incorporates thefbasic feature that 
infinite normal Fermi systems, by definition, exhibit a 
sharp Fermi surface. The assumption requires that the 
exact state and its adiabatic transform (unperturbed 
state) be characterized by the same Fermi surface. 


II. VARIATIONAL PRINCIPLE FOR THE 
GROUND-STATE ENERGY 


The developments of this section are based on the 
following formula for the ground-state energy [see I- 


(9), (17), and (29) }: 
AE=E(N,0)—E,(N,0) 


» dy’ 
= -3if — f drat M(x; x’)G(x’;x). (3) 
0 XN 


By means of the generic Fourier transform 


F(x; x')=F(x—~x’) 
1 1 
-—f dp = } F (p,po) 
2r Q P 


Xexp[ip:(r—r’)—ipo(t—t’)], (4) 


and the passage to the continuous limit [Q-' 3°, 
(27) fdp], Eq. (3) becomes 


{=f M(p,po) 
E=—Hia . — M(p,po)G(p,po) 
on tes (2m) ee 


dy’ 
-30f oun 8G, 

, 

i 


with the meaning of the operation “tr” defined by the 
equality in (5). If one traces Eq. (5) from its origins, 
one learns that in the event of an ambiguity in the 
evaluation of the fo integral (this can only arise in con- 
nection with the Hartree-Fock contributions to the 
energy) the contour is to be closed in the upper half 
plane. 

In the present section we shall consider M as a func- 
tional of the exact G. The consequent diagrammatic 
representation has been described in I: M is the sum 
of all self-energy diagrams (one open line) with no self- 
energy insertions in any internal line. The quantity 
trMG is then a sum of all closed-loop diagrams ob- 
tained by closing in turn each diagram of M. We shall 
refer to M and E diagrams, respectively. We represent 
the series for M by the formal expression 


(5) 


M=M[G]=> \*M[G], (6) 
1 


*A. B. Migdal, Soviet Phys.-JETP 5, 333 (1957); 
Galitsky and A. B. Migdal, Soviet Phys.-JETP 7, 96 
J. M. Luttinger, reference 3. 


V. M. 
(1958); 
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where the factor \" exhibits the explicit dependence of 
the “nth-order” term on the potential, but we must 
remember that since particle lines are represented by 
the exact propagator, G(p,po), there is additional im- 
plicit dependence on A of any mth-order diagram. 

To complete the review of the ingredients of our dis- 
cussion, we recall that M and G are related through 
Eq. (2), and that the solution of this equation which is 
relevant to a normal spherical system is 


G(p,po) 
64. (p— pr’) 
—potp?—M(p,po)—in 
1 


0_(p’— pr’) 
ital ation M (py) tin 





—potp—M(p,po) 
+in[0,(p?— pr*)—0_(p?— pr’) | 


X5(—potpP—M), (7) 
where 6, are the step functions for above and below the 
Fermi surface and 7 is an infinitesimal positive quantity. 

We now describe a property of E diagrams which is 
basic to the developments of this section. This is the 
concept of equivalent lines."° Consider a diagram of nth 
order with 2 particle lines, each of which is assigned a 
four-momentum p, fo. In general these are all distinct. 
(This is in contrast to the complete power series, where 
two or more lines can carry the same four-momentum. 
These are the so-called anomalous diagrams which 
arise from the series expansion of the particle pro- 
pagators.) By removing any line of an E diagram we 
obtain an M diagram. Two lines are said to be equiva- 
lent if removing either of them yields the same (topo- 
logically equivalent) M diagram. The different M dia- 
grams obtainable from a given E diagram then equals 
the number, c(‘*)) of classes of inequivalent lines in 
the diagram a in mth order. From (5) it also follows 
that c(u‘*) is the number of times the given E diagram 
occurs in the energy series. A more subtle, but equally 
true and vital fact is that each class of an E diagram 
contains the same number, v(7‘®), of lines. Though we 
have not attempted to construct a formal proof of this 
assertion, it can be induced from a study of the dia- 
grams. We thus have the equation 2n=v(n"™)c(n“), 
where 27 is now the total number of equivalent lines 
among the c(m‘*) identical E diagrams. 

The basic result just given will find application in the 
typical formula 


(8/ad) trM™[G]G=2n trM™[G](0G/ad), (8) 
for the factors to be differentiated are in turn solely the 
2n particle propagators G(p,po) associated with the 2 
lines of each diagram. Equation (8) expresses the fact 


© This concept also appears in Luttinger and Ward, reference 3. 
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that the 2n equivalent lines each yield the same 
derivative. 

With the help of Eqs. (6) and (8) we now transform 
the integral in Eq. (5). By integrating by parts, we find 


1 
(az/o)=—- f 
2/5 


wo 2" wo 


=-} 5 —tM™G+E 


1 2n 1 Jo 


XtrM\™(aG/ar’). (9) 


» dn’ 


"7 = 0)" tM (G16 


iN 
dy’ (n’)" 


The last term of (9) can in turn be written with the 
help of (7) as 


xX 
f dy’ trM (N’)[aG(0’)/AN’] 
0 


M 
=trMG—tr f dM (n)G(X) 


0 


M 
=tMG—uP f 
> — pot P—M(p,po) 


—inr tr[ A, (p?— pr?) —0_(p’— pr’) ] 


dM (X’) 





M 
x f dM (X')6(— pot p?— M(r’)) 
0 


=trMG+trInGG". (10) 


Here the expression tr lInGG™ is a shorthand expres- 
sion for the last two terms of the penultimate form of 
(10). We can also write as definition 


(—potp?—M(p,po) 
—potfP 
—in tr[0,(p’— pr*)—0_(p’— pr’) ] 


tr nG®G-=tr In 





M 
xf dM (x')6(— po+p?—M(n’)). (11) 


We finally have, therefore 


on n 


(AE/Q) = —d — trM™G+trMG-+tr InGG. 
1 Zn 


(12) 


The series (12) has the fundamental property that 
it is stationary with respect to arbitrary variations of 
the self-energy operator M. The hint that such a varia- 
tional principle exists is seen by computing the d de- 
rivative of this expression. The required result [from 
(5) ], namely (—2d)~' trMG arises completely from the 
explicit } dependence in the first term of (12), and 
therefore the implicit dependence must somehow cancel. 


This can be verified by considering (AE/{) as given by 


ABRAHAM 


KLEIN 


(12) to be a functional of the self-energy operator 
M(p,po), since M“ is a functional of G and G is in 
turn a function of M. We now study [6/6M(p,po) ] 
X(A4E/Q). Differentiating in turn the three terms of 
(12), we find (except for unessential numerical factors) 


o X\” 
[6, au (o.p.)| - , una | 
2n 


1 


=—D A"M™ (G)= —G(p,po)M (p,po)G(p,po), (13) 
1 


where we have used an equivalent of Eq. (8), 


[6/5M (p,po) |] trMG 
=G(p,pc)+G(p,po)M(p,po)G(p,po), (14) 

and 

(15) 


[6/5M (p,po) ] tr nG°G-'= —G(p,po). 


Adding Eqs. (13), (14), and (15) affirms the result 


[5/5M (p,po) |(AE/Q)=0. (16) 
It is equally true and sometimes more convenient to 
recognize that (12) is stationary also with respect to 
variations of G(p,po). For this statement to obtain we 
must now consider M‘” as a functional of G and 
M(p,po) to be defined as [G(p,po) }-'—[LG(p,po) J“. 
The property 
[6/6G(p,po) |(AE/Q). (17) 
can then be verified directly. In deriving either (16) or 
(17) we have treated the In term of (12) cavalierly. 
That we have not erred can be seen by studying the 
actual definition (11) or its antecedents. 

Though we have established a variational principle, 
it does not appear to be true that we actually have an 
extremum. To see this we study the second variation 
with respect to G of (12). We find as a preliminary exact 
result 


{ (AE[G+6G]— AELG]})/2} 


@ 
=—tr 5 \"M[G+6G 6G 
1 
+trMé6G—triGsG. (18) 
In Eq. (18) we have deliberately left the summation 
in the first term to emphasize that in this term M[G ] 
is to be interpreted as a power series, whereas in the 
second term M= (G)-'—G—". We thus obtain 


&(AE/Q)=i(2r)* tr(tr)’[6M (p,po)/dG(p’, po’) | 


X5G(p’,po')5G(p,po) —trd6G—'(p,po)bG(p,po), (19) 


an expression with apparently no definite sign. 
We turn below to applications of the variational 
principle. 
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III. NEW PROOF OF THE HUGENHOLTZ-VAN 
HOVE THEOREM 


We refer here to the statement that for a normal 
spherical system, the equation 


u=pr’—M (pr,u) (20) 


is satisfied, where yu is the chemical potential or separa- 
tion energy, i.e., 


u= (0E/ON)o= (d/dp)(E/Q) = (2x*/ pe’) (d/dpr)(E/®) 
= (49°/pr)(d/dpr’)(E/2). (21) 


To avoid confusion, it is necessary to be quite explicit 
about what is assumed and what is to be proved. We 
assume our system to be normal over the entire range 
of coupling strengths, 0<|\’| <{A|. By definition this 
means that we assume that the one-particle Green’s 
function G(p,po) has a pole (with finite residue) at the 
points |p|=|pr|, po=er(pr,A)=n(pr,A) for all re- 
quired values of A. This is tantamount to (20) which 
expresses this assumption for the actual A. The ‘heorem 
to be proved is that formally, the series (12) and the 
definition (21) imply (20). Thus if the series converges, 
it represents the ground state of a normal system. 

Our proof is now greatly simplified by the variational 
property of which we invoke the one expressing sta- 
tionarity with respect to variations of G. In (12), the 
dependence of (AE/Q) on pr* comes about almost solely 
through its occurrence in G(p,po), whose exact form, 
Eq. (7), we must now remember. In carrying out the 
derivative required by Eq. (21), we can simply neglect 
this dependence. Examination then reveals that the 
only dependence on #;* not thus accounted for is that 
exhibited in the 6, factors of the last term of (11). 
Carrying out the differentiation here yields 

4? M (p,po,>) 
u — pr=— rf dM (p,po,d’) 
pr 0 
X2nid (p?— pr*)d(— pot P—M(p,po,r’)). (22) 


If we now invoke our basic assumption for a normal 
system, that the equation 
—potpr'— M (pr,po,d’) =0 (23) 


has for every X’ a unique real solution er(pr,d’), we 
can write 


5(— pot pr’—M (pr,po,d’)) 
<. 5(—poter(pr,d’))[1 + (0 U/dpo) } . | pO =P. 


We also find with the help of (23) that 


[OM (pr,er (X’),A’)/0N’ ] | €F 
= [dM (pr,er(d’),\’)/dd’ [1+ (8M /Apo) | po=er ]. 
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Writing Eq. (22) in the form 


4r? 
b= pr’+— uf dd'[OM (p,po,d’)/AN’ ] 
br 0 
X wid (p?— pr?)5(— pot p?—M(p,po,d’)), (26) 


and making use of Eqs. (23), (24), and (25) permits us 
to carry out the integrations in (26), yielding the result 


= pr°—M (pr,er(pr,d),A) = er(Pr,A), 


as required for a normal system. 


(27) 


IV. INTRODUCTION AND UTILITY OF THE 
SELF-CONSISTENT POTENTIAL 


The theorem of the previous section suggests the 
introduction of a real self-consistent potential, different 
in purpose and meaning from the Hartree-Fock po- 
tential. We write 


u= pr’ —M(pr.u(pr))= pr’ +U(pr)= (pr), (28) 


where we again understand pr or, dropping the sub- 
script, p, to represent the density according to the 
standard equation p= (pr*/6m’). With the definitions 
(21), Eq. (28) may now be integrated yielding 


(29) 


° Q pr 
p=2f ulo!do! - | e(p)dp= 2 e(p). 
“0 (27)*Jo e(p) <p 


This equation, however, has an obvious physical sig- 
nificance, in that it provides us with a model Hamil- 
tonian of independent particle character, such that 
when the single-particle levels are filled up to the un- 
perturbed Fermi surface, we obtain thereby the exact 
ground-state energy of our system, if it is normal. Of 
course, the physically more fundamental way of express- 
ing the content of Eq. (29) is to remark that e(p) 
represents the chemical potential at a density corre- 
sponding to |p|. Thus we start from zero density and 
volume © and add particles adiabatically until we reach 
the number JW (thus slowly increasing the density from 
zero to its final value pr). To previous assumptions we 
add the one that our system is normal over a whole 
range of densities. 

The considerations above thus suggest the introduc- 
tion of a model Hamiltonian, 17,,, where 


Hm= ip a'(p)a(p)e(p) 
— =Lpat(p)a(p)[°+0(p,r)J=Hot VA). 


The ground state of H,, then yields the exact energy of 
the normal system, although the wave function is the 
model wave function belonging to the unperturbed 
Fermi sphere. 

We now show that with the help of H,,(A) a novel 
formulation of the ground-state energy problem and of 
the associated variational principle may be found, 
whose worth will become increasingly apparent, not 


(30) 
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only from the considerations to follow in this section, 
but also when we consider the generalization to non- 
spherical systems in the next section and to finite 
temperatures in a succeeding paper. 
Toward this end, we consider 
H(\,X’) defined by the equation 


the Hamiltonian 


H(A’) = An (A) +N MV (N’). (31) 


The expectation value of H(A,X’) in its exact ground 
state reduces in both limits \’=0 and \’=\ to the exact 
ground-state energy. From the variational principle we 
find 

(0/0N’)(H (A,d’)) vw .o= (Hi) +(0V(0')/0N’). (32) 


Integrating (32), we now have 


O° 
oe 


PP 
f dpl p?+U(p,A) } 
0 


 (n)3 


X 
+f dX'{(Hy(W'))—(aV(0)/aN')}. (33) 


We shall also write £,, for the first term of (33). 

To recast Eq. (33) into propagator form, we first 
introduce the model propagator G,,(A,\’), defined by 
the equation 


6, (p’— pr*) 


Gm(p, Po; A,X‘) = a _ 
— po te(p,A)—VU(X')—in 
+ ope’ — , (34) 
— pote(p,rA)— U(r’) +in 


and also the exact Green’s function G(A,\’) for the 


Hamiltonian (4/.\’), 
6,(p?— pr’) 

— pote(prA)—VA)—MA,r’)—in 
6_(p’— pr’) 


2 RRR oe (35) 
— pote(p,r)—V(N)— MAN) + in 


G(p,po,A,d’) = 








where M (A,X’) is term by term the same as for the actual 
Hamiltonian H, except that G® is everywhere replaced 
by Gp(A,A’). With the help of (35), (33) may be re- 


written in analogy with (5) as 


» dy’ 
E=E,,—}2 — 


a 
Xtr{MAN)GAN)+A[av(N’)/an' G(a,\’)}, (36) 


and 
E,= treG»(d,0) = tr(p?+V)Gm(A,0). (37) 
Equation (36) can be transformed into the analog of 
(12). We omit the detailed steps which are similar to 
those which led to the latter equation. We shall, how- 
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ever, verify below that the result attained is 


(E/ (En/2)—>- (A"/2n) tr MG 
l 
+trMG+trInG,G", (38) 
where the Green’s functions are G=G(A,A), Gn=G»(A,0), 
respectively. That this result is correct can be verified 
by showing that 


(Em/2)+tr InGpG- = (Eo/2)+tr nGG-!, (39) 


which reduces (38) to (12). That (39) is true we see by 
computing 


tr nG™G-—tr InG,,G" 


VA) 1 PP 
=tr f dV(N')Gn(0,A') = f dpU(p), (40) 
0 (27r)8 0 


after performing the integral over fo in the operation 
“tr.” This result reduces (39) to an identity. 

It follows now that (38) is also stationary with re- 
spect to variations of either M or G, with the appro- 
priate interpretations of M[G] or GM] as given in 
connection with (12). 

We conclude this section by indicating briefly how 
the variational principles (12) or (38) may be used in 
practice for normal the 
approximation 


tr nG™G,, 


systems. Let us choose 


G(p,po)=G,.(p,p (41) 


which in turn implies that 


M(p,po)—V(p). (42) 


Under this approximation the last two terms of (12) 
cancel exactly, as one easily verifies. We then have 


(AE/Q)—D (A*/2n) trM[Gn]Gm. (43) 


Here the quantity U(p) or rather «(p)=p?+'U(p) has 
the physical meaning that it is the separation energy 
at a density corresponding to a Fermi momentum equal 
to the p in question. By means of the defining Eq. (21), 
utilized in conjunction with (43) or any further approxi- 
mation to it, the quantities, «(p), can in principle be 
determined completely self-consistently. The non- 
physical question of “rearrangement energy” then 
never arises. 

We may finally remark that the existence of a varia- 
tional principle provides an explanation for the phe- 
nomenon observed both by Brueckner and collaborators 
and by those who have studied extensions of the 
Brueckner theory,’ that the binding energy itself is 
insensitive to the choice of single-particle energies. As 
we have seen above the introduction of modified single- 
particle energies may be viewed as an approximation to 
the true self-energy operator M(p,po). As a consequence 





INFINITE MEDIUM 
the stationary property of the binding energy with re- 
spect to variations of this quantity comes into play. 


V. EXTENSION TO NONSPHERICAL SYSTEMS 


All our previous considerations have been confined 
to the case of a Hamiltonian invariant under rotations. 
Recently Kohn and Luttinger" and Luttinger and 
Ward’ have shown by using statistical mechanics that 
the linked cluster expansion must be modified if the 
system lacks spherical symmetry. The purpose of this 
section is to develop completely the altered form of the 
energy expansion for this case. For illustration it 
suffices to deal with the same form of Hamiltonian as 
hitherto with the single change that we now consider 
the potential function v(q) to nonspherically 
symmetric. 

A “derivation” of the correct result has already been 
given in a previous publication.’ There the emphasis 
was on the proper choice of an adiabatic transform of 
the ground-state wave function, i.e., of an unperturbed 
wave function which is “guaranteed” to be nonorthog- 
onal to the actual ground state. It was argued that in 
general such a state has to differ from the unperturbed 
Fermi sphere, and indeed must be an unperturbed 
state bounded in momentum space sharply by the 
exact Fermi surface, a concept redefined below. In this 
section we shall develop a more complete version of the 
same basic argument. 

Our previous results were entirely dependent upon 
the specific choice of the Green’s function 


be 


G( P, t - t’) = i(Vo| T(a (p,i)at (p,t’)) | Wo) (Vo | VY, ) 
i Tr{T(a(pt)a*(pt’))p(0)}, 


where Tr represents the trace and p(0) is the projection 
operator (not to be confused with the particle density 
for which the symbol p has been used) for the ground 
state Vo, 


(44) 


p(0) 


The class of normal spherical systems can be defined for 
present purposes as the class for which p(0) is the 
adiabatic transform of po(0)= |%o)(@o|, the projection 
operator for the filled Fermi sphere, according to the 
equation 


p(0)=U(0, — ©)po(0)U(« ,0)/ 
TrU(«, —~)po(0), 


Vo Vol, (Wo| Vo). (45) 


(46) 


which is the same as the adiabatic assumption made, 
for instance, by Goldstone.” Here U(i,t’) is the time 
development operator in the interaction representation 
for the interaction AH,, and U(»*,—«) is the S 
matrix. We then have the well-known form, 


G(p, = t’) - (P| T (ao(pt)aot (pt’).S) | Py) / 
es: (®|5|4,), (47) 


1 W. Kohn and J. M. Luttinger, Phys. Rev. 118, 4 (1960). 
12 J. Goldstone, Proc. Roy. Soc. (London) A293, 533 (1957). 
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where ao(p/) is the free-particle operator 


ao(pt)=a(p) exp(—ip*s). (48) 


The Green’s function (47) is precisely that given in 
Eq. (7). The essential connection between ®p and VW» and 
the one that can be generalized to the nonspherical case 
is that the self-same Fermi surface |p|=|pr| which 
characterizes ®p is also determined by Wo through 

the equation 


u=pr—M (pry), (49) 


which here is viewed as the equation which determines 
pr, given up. 

We turn now to the nonspherical case. By the defini- 
tion of a normal system we again have an equation of 
the form (49). To start with we may think of M as 
defined purely formally, for example with the help of 
the perfectly general spectral representation of the one- 
particle propagator. In the present instance for given yp, 
the solutions define the anisotropic Fermi surface pr(w), 
where w denotes direction in momentum space. We 
write 


u=puLpr(w) A ]=erLpr(w),rA], (50) 


to indicate that uw is a functional of the surface pr(w). 
In general, however, we must have 


(51) 


with p the particle density. Equation (51) is determined 
by adjoining to (50) a relation 


u=p(p,d), 


p pL pr(w) ]. (52) 


We confine ourselves to the case where the relation (52) 
is monotonic, i.e., p=0 corresponds to the origin and 
pi>p2 implies that pri(w) lies outside pr2(w). Hence- 
forth we drop the subscript F except when referring to 
the actual Fermi surface. The family of exact Fermi 
surfaces is now associated with a set of single-particle 
energies €(p)=y(p) [Eq. (50) ] exactly as in the spheri- 
cal case, where 


9 


e(p)=p’—M(p,e(p)) =p°0-+ (p). (53) 


In analogy with Eq. (29), the ground-state energy is 
given by the formula 


9) PF (w) 
E=> ¢(p)=- — f do f e(p)p*dp, (54) 


<u (278 


Q ~ PR (w) 
N=> 1=— | df prdp. 
e<u (27)8 0 


Again it is convenient to define a model Hamiltonian 


where 


(55) 


H,=> at(p)a(p)[p?+V(p,a) ] 


Pp 
=H o+V (A), 


(56) 
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whose ground state #,, has energy given by (54) and is 
bounded in momentum space by the actual Fermi 
surface. 

All of the above is still purely formal. To actually 
obtain the LCE, we need an appropriate adiabatic 
assumption. In accordance with what has been sug- 
gested above we assume that the exact ground state 
W (A) is the adiabatic transform of the model state ®,, 
characterized by the same Fermi surface. With slightly 
greater generality yet we write 


H(\,\’)= H(A) +X’H1i— V0’), (57) 


and furthermore define an interpolating family of pro- 
jection operators 


p(A,d’)= | Wo(A,N/))Wo(AN’) | /Ao(A,N’) | Wo(A,A’)) 


=U),,(0, —« )pmU y+ (ee ,0) ‘TrS\'pm, (58) 


where U),(#,4’) is the evolution operator for the inter- 
action \’H,—V(X’), and pm= |®nPn|. For every value 
of X, A’, O<|\’| <|A|, there is an interpolating set of 
Green’s functions 

G(p, §—#5 A,X’) =i Tr{T(a(pt)at(ps’)p(A,r’))}, (59) 
with Fourier transform 


G(p,po ’ XX’) 
0,(P— pr*(w)) 


— pote(prA)—V(A\)— MAA’) —in 
| 6_(~’— pr’ (w)) 
| = pote(p,A)—U(N')—M(A,N’) +i 








which is the exact analog of Eq. (35), except that the 
boundary conditions refer to the exact Fermi surface 
which characterizes both ®,, and Wo(X,A). 

To derive a linked cluster expansion, we could, for 
example, apply the procedure of Goldstone starting 
from ®,,. [For this of course, we do not require all of 
the above machinery, but only the connection between 
Wo(A,A)=Vo and &,,. |] We would then obtain a linked 
cluster expansion which differs from the spherical one 
which uses Ho and >» as a starting point in three re- 
spects. (1) The momentum integrations are carried out 
above or below the exact Fermi surface. (2) The energy 
denominators involve the model single-particle energies, 
e(p), which possess the symmetry appropriate to the 
actual Fermi surface at every density. This assures us, 
for example, that there are no vanishing energy de- 
nominators in the expansion. (3) The diagrams involve 
not only the two-particle potential, but, also, the model 
single-particle potential. U(p). 

This expansion is, of course, incomplete without a 
procedure for the codetermination of the self-consistent 
potential U(p). For this purpose we utilize the defining 
equation for » which together with Eqs. (54) and (55) 
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permit us to write 


u=e(Pr)= pr’+U(pr)= (0E/ON a= (d/dp)(E/2 
= [(2m)*/ pr? (w) J[8/5pr (w) ](E/2). 


Equation (61) and the linked cluster expansion can be 
used either iteratively or self-consistently to determine 
both the energy and the chemical potential. In contrast 
to previously suggested schemes, exact self-consistency 
is possible in principle. 

Verification of the above scheme is, however, still 
lacking in one essential detail, and it is for this that the 
Green’s function (60) and associated ideas will be 
utilized. It is still to be shown that the new expansion 
for E verifies Eq. (61). Aside from the more profound 
questions of convergence, which have been completely 
eschewed in this work, this verification provides the 
only test of self-consistency of our adiabatic assumption, 
i.e., the only test within the framework of the normal 
system hypothesis. 

Toward this end we employ the methods of Secs. 
II-IV. We first outline our modus operandi. We shall 
show that the adiabatic assumption (58) results in 
equations which are the exact analogs of our basic re- 
sults Eqs. (38) and (12), except that every reference to 
the spherical Fermi surface is replaced by the exactly 
corresponding reference to the anisotropic Fermi sur- 
face; i.e., everywhere 0,(~’—pr*) is replaced by 
6.(p?— pr*(w)). Assuming this, it then follows from the 
analog of (12) that Eq. (61) is indeed true, the proof 
being exactly the same as that given in Sec. III for the 
spherical case. 

It remains to establish the equivalence of Eqs. (38) 
and (12). For this purpose, we utilize H(A,\’), Eq. (57) 
and follow a procedure like that associated with Eq. 
(32) and sequel. We study the quantity 


ELQ, pr (w); AN] = (VON) | HAN) |VAN)), 


(61) 


(62) 


which by definition of ¥(A,\’), Eq. (58), is characterized 
as a functional of pr(w). For the extrapolating set of 
energies (62), we have N constantly given by (55). In 
Sec. III the derivative dE(A,\’)/dX’ was taken at fixed 
N and Q. Here we perform the same differentiation, but 
in a more restrictive manner, keeping & fixed and assur- 
ing the constancy of N by keeping the pr(w), i.e., Pn 
fixed. We are thus varying through the family of states 
(58). The reader may then convince himself that pre- 
cisely this procedure yields all the analogs of the equa- 
tions of Sec. IV, with the help of the Green’s function 
(60) and of the associated model Green’s function. In 
the first instance it yields Eq. (38). Then utilizing Eqs. 
(39) and (40) it leads to Eq. (12). Finally the latter 
yields the Hugenholtz-Van Hove theorem. 
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The methods employed in the previous papers of this series for the ground-state energy of a normal 
Fermion system are extended to finite temperatures. The basic assumption is that the density matrix of the 
actual system in thermodynamic equilibrium can be derived by adiabatic transformation from the density 
matrix of a system of noninteracting particles at the same temperature, volume, and chemical potential 
However, the spectrum of the noninteracting system must be dependent on the intensive parameters. The 
self-consistency of the scheme is exhibited by demonstrating that the effective potential characterizing this 
system can be related to the self-energy operator of the actual system. Two equivalent versions of the theory 
are derived. In one of these the basic equations are precisely those of the Landau theory of Fermi liquids 
with the difference, however, that all quantities are given explicitly from first principles. 


I. INTRODUCTION 


i. the previous papers of this series,! we have been 
concerned with the ground-state energy of a normal 
Fermion system. The attempt in the present work is to 
apply analogous ideas and methods to similar. systems 
at finite temperature. We again choose to study a repre- 
sentative Hamiltonian, that of II, Eq. (1). 

The previous developments have been based on the 
Green’s function formalism to which has been adjoined 
a suitable adiabatic hypothesis permitting power series 
construction of the relevant propagators. It is, of course, 
well known that the boundary conditions on the prop- 
agators can be given independently of an adiabatic 
decoupling hypothesis and a general formulation thereby 
developed.? We shall, nevertheless, confine ourselves 
once more to the previous framework, in order to ex- 
hibit that what emerges is a completely explicit form 
of Landau’s semiphenomenological theory of Fermi 
liquids.’ As such, the theory should possess, in contrast 
to the zero-temperature case, a real domain of applica- 
tion, for example, to liquid He* and to normal metals. 
Several alternative versions of this theory have now 
been derived.‘ Aside from the virtue of conciseness, our 
version has perhaps its main advantage in showing from 
the start, in its fundamental assumption, that what 
must result, if that assumption can be justified, is the 
microscopic form of Landau’s theory. 

* Supported in part by the U. S. Atomic Energy Commission. 

1A. Klein and R. E. Prange, Phys. Rev. 112, 994 (1958); 
A. Klein, preceding paper [Phys. Rev. 121, 950 (1961) ]; herein- 
after referred to as I and II. See, also, Lectures at the International 
Spring School of Theoretical Physics, University of Naples, 1960 
[Nuovo cimento (to be published) J. 

2 See, for example, P. C. Martin and J. S. Schwinger, Phys. Rev. 
115, 1342 (1959), from which most of the extensive Russian litera- 
ture on this subject can be traced. See, also, V. L. Bonch-Bruevich 
and Sh. M. Kogan, Ann. Phys. 9, 125 (1960). 

* For a recent review see A. A. Abrikosov and I. M. Khalatnikov, 
Reports on Progress in Physics (The Physical Society, London, 
1959), Vol. XXII, p. 329. 

4 J. M. Luttinger and J. C. Ward, Phys. Rev. 119, 1417 (1960) ; 
J. M. Luttinger, Phys. Rev. 119, 1153 (1960); R. Balian, C. Bloch, 
and C. De Dominicis, Lectures at the International Spring School 
of Theoretical Physics, University of Naples, 1960 [Nuovo cimento 
(to be published) ]; R. Balian and C. De Dominicis, Nuclear Phys. 
16, 502 (1960); Compt. rend. 250, 3285, 4111 (1960). Only in the 


We assume, in effect, that the density matrix in the 
grand canonical representation is the adiabatic trans- 
form, in the sense of scattering theory, of the density 
matrix of a system of noninteracting particles (the 
model system), characterized, as usual, by states of 
definite momentum. The spectrum of single-particle 
energies must be allowed to vary, however, with the 
intrinsic parameters, temperature and chemical poten- 
tial. We then develop in compact form (Sec. II) a kind 
of linked cluster expansion for the Gibbs potential ex- 
pressed in terms of the exact propagator and of the 
so-far undetermined energy spectrum of the model 
system, the latter occurring only within factors ex- 
pressing occupation number densities for the model 
system. As constructed, the actual and model systems 
yield the same average number of particles; with the 
help of this condition it is shown how the model energies 
may be evaluated from the properties of the actual 
system, in particular from its self-energy operator. An 
ambiguity in this evaluation is remarked and resolved. 
The form of the theory finally resulting, if expanded 
completely in a power series in the two-body interaction, 
would yield the expansions of Bloch and De Dominicis.*® 

In order to demonstrate the equivalence to the 
Landau theory, a transformed version of the theory is 
obtained in Sec. III. In contrast to the version of the 
previous section, it is the natural generalization of the 
expansions of the previous paper to which it reduces at 
zero temperature. The equations for the various thermo- 
dynamic quantities, such as average number, internal 
energy, and entropy, are, moreover, shown to be in 
one-to-one correspondence in form with the equations 
of Landau’s theory. 


II. FIRST FORM OF THE THEORY: DETERMINA- 
TION OF THE SELF-CONSISTENT POTENTIAL 


Our object is to calculate the Gibbs potential, 

A (B,Q,a), 
A(8,2,a)=8— In Tr exp[—8H+eaN ], (1) 
work of these latter authors is an explicit derivation of the Landau 


equations given. 
5 C, Bloch and C. De Dominicis, Nuclear Phys. 7, 459 (1959). 
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where @ is the reciprocal temperature and a=(uy. As is 
well known, the complete scheme of thermo-dynamics 
follows from the identifications 


A (8,Q,a)= — PQ, (2) 
where P is the pressure, and 
—N=8(0A/da)s,9, 
— P= (0A/82)s,0 (3) 
E—puN = (0/08) (8A)o,4= A+B(0A/0B)o,y. 
Since (units: Boltzmann’s constant= k= 1) 
E=8"S—PQ+pN, 
where S is the entropy, we have 
8(0A/08)o,4=S. 


To obtain a linked cluster expansion for A, we com- 
pute the derivative 


[aA (8,Q,a)/ 0A |s,0,0= (H,), (6) 


where () indicates a grand canonical average. The 
integral of (6) is 


X 
A(8,2,a) = Ao(8,2,a)+ f anEh)y, (7) 


where Ao(8,Q,a) is the well-known value of the un- 
perturbed thermodynamic potential, 


Oo 


1 
A 0(8,2,c) ee 
B ( 


fe Inf1+exp(—8p’?+a)]. (8) 
2r)3 

A suitable expansion of the second term of (7) will 
again be sought with the help of the Green’s function 
formalism. The relevant set of propagators are defined 
characteristically by the equations? 


Gs,a(x; x’)=i Tr{ TY (x)'(x’))0(8,0,a)}, 
Gp,a(*1%2; 21'x2') 
= Tr{ TW (x1) (xa)h (xe (21'))0(6,2,0)}, (9) 
etc., where p(8,0,a) is the density matrix 
p(8,2,a)= exp[—B8H+aN ]/Tr exp[—8H+ aN ]. 


Equation (7) may now be rewritten in complete formal 
analogy with Eqs. I (9), (17), and (29) and then Eqs. 
II (3) and (5) as 


(10) 


d dy’ 
oa f — tM s.a(PiPGs.0(PiP0), (11) 


where the operation “tr” has the same meaning as in II, 
namely i(2x)*/dpfdpo. To make any real progress, 
we require definite forms for the Green’s function and 
associated self-energy operators which occur in (11). 
In this paper we shall obtain such by means of an 
adiabatic hypothesis which generalizes to finite tem- 
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perature the discussion of II. The restriction to normal 
systems will again be manifest in this assumption. 
Moreover, the formalism thereby attained in the next 
section will reduce concisely to the previous zero- 
temperature results. 

We now assume that there exists a model Hamiltonian 


Hn (8,a;)=X»p a*(p)a(p){P+V(p,8,0; A)} 
=D» a'(p)a(p)e(p,8,a; d) 
=Hot+V(B6,a;A), (12) 
with the real potential U ultimately to be determined, 
and a model density matrix p»(8,a; A), 
Pm(8,a; \)=exp[—BH,,.(8,a; A) +aN ]/ 
Trexp[—S8Hnt+aN ], (13) 


such that the actual density matrix p(6,@; A), Eq. (10), 
is the adiabatic transform of p»(8,a; ) for every X, 


Us,2(0, =o 5A) pm (8, ; A) Us,a(2 ,0;d) 
TrU3,a(* _ es d)pm(8,a ’ d) 





p(8,a; X) = . (14) 


Here Ug_.(é,¢’;) is the time development operator in 
the interaction representation for the interaction \H; 
—V(6,a;X). With the help of (14) and the definition, 


a(pt)= Us.a(0,t)am(p,t)U 2, a(4,0), (15) 
of the interaction representation operators @»,(pé), 
(16) 


dm (pt) = exp[—ie(p,3,a; A)é ]a(p), 


we may write for the one-particle Green’s function, for 
instance 


Go,a(p, 0’) = Tr{T(a(pi)a' (pt’) )o(8,a)} 
Tr{T(am(pt)am' (pt’) Us,a(%, — © ))pm(B,«)} a7) 
=1 ne —mmenmerwncen, FES | 
Tr{Up,a(%, — © )pm(B,a)} 





The problems associated with determining the appro- 
priate form of the self-consistent potential U(p,8,a; \) 
will be deferred until the end of this section. Assuming 
its existence, we first discuss the evaluation of (11). The 
Green’s function (17), which is needed for this purpose, 
can be analyzed either by the methods of I or by means 
of Wick’s theorem. The simplest expression of the result 
is (henceforth suppressing the subscripts 8,a) 


1—N,,(p,d) 
G(p,po; A) =- - — 
—potp— M (p,po; \)—in 


Nm(p,d) 


: —=P[—-ptPp-M} 
— pot p—M(p,po; A) +in 
+inx[1—2Nn(p,r) ]8(— pot p?—M(p,po;d)), (18) 


where N,,(p,A) is the momentum distribution of the 
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model system, 
Nm(p,A)= {1+exp[Se(p,8,a; d) a ]}™, 


and M[p,fo; A] is exactly the same functional of G or 
of G® as at zero temperature with G® here given by 
(18) in the limit M=0. It should be clear that the essen- 
tial effect of the adiabatic hypothesis chosen has been a 
clean separation of statistics and dynamics. 

We are finally prepared to evaluate (11). We by-pass 
any discussion of the complete power series for A, since 
this would in any event require the value of U(p,A). 
A posteriori, it could be established that what results 
is the suitable form of the expansion of Bloch and 
De Dominicis.5 Instead, we pursue without pause the 
methods of IT, since it now follows from the above that 
diagrammatically (A—Apo) has the same properties 
essential for this purpose as does the expression for the 
ground-state energy. We write 


(19) 


M(G]=>D °MTLG], (20) 
1 


and employ the formula [II, Eq. (8) ] 
(a/an) tr{M[G]G} = 2n trM™[G](aG/ar), (21) 


which utilizes the structure of the diagrams in terms of 
equivalent lines. Inserting then in (11) the form (18), 
evaluated at \’ and proceeding as in ITI, Eq. (9)-(12), 
we find ultimately that 


(AA/Q)=(A—Ap)/2 


=—D (A"/2n) trM™G4trMG+tr In|GG>| 
1 


M 


—Ti rf dM (d’)[1—2Nn(d’) | 
X5(—po+p—M(p,po;’)). (22) 


In (22), the absolute value signs in the logarithmic 
term indicate the result of a principal value integral. 

We can now show that Eq. (22) for (AA/Q) is sta- 
tionary with respect to variations of M(p,fo), where 
M”™=M[G] and G"'= —p.+ p?-—M. It is also sta- 
tionary with respect to variations of G(p,po) if we under- 
stand that M=G-'—G". The proofs are the same 
as in II. 

Having postponed its consideration to this point, we 
must finally study the all-important question of the 
value (and indeed existence) of U(p,8,a;A). For this 
determination we shall utilize several equivalent forms 
of N, the average number of particles. We have first 
of all from the definition of the Green’s function, Eq. 
(Ti), 

N=. (23) 
More essential for our purposes is the observation that 
also 


N=trG=30, Nm(p,8,a), (24) 
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where we have reverted for reasons to be clarified below 
to a discrete spectrum (finite system). We content our- 
selves with a few remarks concerning the validity of 
Eq. (24). This formula is the exact analog of Eq. (55) 
of II, which was established on general grounds. Next 
we remark that diagram for diagram the difference be- 
tween (23) and (24) is the same as the difference be- 
tween the corresponding expressions at zero tempera- 
ture. There the vanishing of the difference could have 
been established also by showing the cancellation in 
pairs of the time-ordered diagrams representative of its 
series expansion. A similar cancellation obtains here. 
We now require that the result (24) be consistent 
with the value of N computed from the Gibb’s potential 
according to the recipe of Eq. (3), 
—N=B,(0A, Oa) Q- (25) 
According to the variational principle described after 
Eq. (22), the only contributions to (25) which need be 
taken into account are those from A» and from the 
quantity N»LM(8,a;\’);8,a;d’] in the last term of 
(22). The evaluation of (25) thus reads explicitly 


N = z=. No( p,8,a) 
P 


cad dp , 
+2n8 + J (2) f dy’ (8/AN') M (p,fo,’) 
pY (27) 


X[LONm(A’)/da } un'y0(— pot p?— M (p,po; d’)), (26) 


where 
No(p,8,a)= {1+exp[6p?—a }}“ (27) 
is the occupation number for a set of free particles. 

Further progress is contingent upon a recognition of 
the meaning to be assigned to the 6 function condition 
in (26). It has its origin as part of the Green’s function 
(18). We must now understand that Eq. (22) is simply 
a highly condensed expression for a power series which 
is evaluated explicitly by expanding G in a power series 
in M and the latter in turn in an explicit power series 
in A. Next, in every order the integrals over po, well- 
defined by the boundary conditions imposed on G, are 
carried out (by contour methods, for example), ignoring 
the contributions which may arise from the coincidence 
of poles which are generally different. After these inte- 
grations we may set »— 0 and go to the continuous 
limit for the sums over momenta, as no singularities 
should remain, at least when terms are suitably grouped 
according to their origin. 

We may now ask: What is the contribution to be 
assigned on this basis to the last term of (26) or of the 
corresponding term of A from which it emanates? The 
answer again follows by analogy with the corresponding 
expansion at zero temperature where the proof of the 
Hugenholtz-Van Hove theorem given in II (Sec. ITI) 
demonstrated that this term is correctly evaluated in 
the perturbation sense by assigning a root €(p,8,qa; \) 





960 


to the equation 


po= 2? —M (p,po; 8,a; ») (28) 


according to the Lagrange formula 


igual = {(2 =)" M* om)| 


—M(p,e(p)). (29) 


If, provisionally, we accept this evaluation, and use the 
result in (29), we find after a short calculation, analogous 
to that of II Eqs. (22)—(27), that 


L Nm(p,8,0;X) = 20 No(p,8,«) 


P 


+85 J dn'[(d/dn")M(p,e(p,8,0;0’)] 
P 0 


X [ON in (X)/da] aa). (30) 


A solution of this equation is of the form (19), if we 
make the identification 


U(p,8,a;A)= —M[p,e(p,6,a; );8,a; ]. (31) 


It remains only to consider the consistency of this 
identification. We have, after all, required the reality 
of VU. In the limit 2— ©, which we must ultimately 
consider, M(p,e(p)) will, in general, be complex. In this 
connection we consider simultaneously the contribution 
to A which corresponds to the last term of (22). This 
can be put in the form [compare (30) ] 


x 
35 ff a C@/axyM@e(ryL1- 2.0) (32) 
P 0 


In the continuous limit, (32) will also be complex be- 
cause of M. Insofar as the contribution to A is con- 
cerned, however, we are assured that the imaginary 
part must cancel against other contributions. In this 
sense we have made an artificial decomposition of 
A into constituent pieces. We can, therefore, 
sistently replace M by its real part, ReM, in (32) if 
compensating replacements are made in other parts 
of A. This means, however, that our original require- 
ment on VU can be satisfied by substituting for (31) the 
identification 


U(p,8,a,\) = —ReM[p,e(p,8,a;A);B8,a;A]. (33) 


con- 


This ambiguity in the identification of U is perhaps not 
surprising, since it lacks direct physical significance. 
The possibility of choosing a real U, however, com- 
mends itself by its simplicity. 


III. DERIVATION OF THE LANDAU THEORY 


The theory developed above will in this section be 
given a new form which will render more apparent the 
fact that it embodies nothing more or less than the 
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Landau theory of Fermi liquids, in a completely ex- 
plicit form, however. 
We start with Eq. (3) in the form, 


N=-— (0A/du),,0, (34) 
with a=y, and integrate, using Eq. (24) for N, 
N=>,A 


We find straightforwardly 


A (8,Q,a) 


‘'m(p,8,a). (35) 


' exp[ —Be(p,8,a’)+By" | 
=-5 fu as 
p 4, 1+exp[—Se(p,8,0’)+By"] 
=—) {8 In[1+exp(—Be+a) ]+0(p,8,0)Nm(p,8,a)} 
P 





a» 
+r f du! (@Nn/Ou')0(p,8,0’). (36) 
P 20 


If we can find a functional ®LN,, |, whose sole depend- 
ence on # is through the N,,(p,8,@), with the property, 
furthermore, that 

V (p,8,a)= 5@[N,, | 5N»(p,8,a), (37) 
then the last term of (36) becomes simply ®LN,, ], and 
A(8,Q,a) may itself be rewritten 


A (8,Q,a)=>> {87 Inf 1—N,, (p,8,a) ] 


—U(p,8,a)Nm(p,8,a)}+OLNn]. (38) 


Examination of the developments of Sec. II is 
sufficient to present a ready candidate for the role of 
$(N,, |, namely, 


&[Nn]=—X (A*/2n) trM™G+trMG 
1 


+tr In| GG""| — zi tr[1—2N,,(p,8,a) } 


M (A) 


x f dM(n')3(— pot p’—M(n’)). (39) 


The functional, Eq. (39), is closely related to that in 
Eq. (22), this relationship having suggested its choice, 
but differs in that in the last term N,, appears at value 
rather than X’. It shares with (22), however, its sta- 
tionary property with respect to variations of M and 
of G, which property simplifies the proof of (37). In- 
deed, the proof of the latter now follows by the same 
methods as lead from (26) to (31). 

This completes the formulation. In what follows, we 
shall summarize some of its salient properties, largely 
without detailed proof: 

(1) A(6,Q,a) as given by (38) is stationary with re- 
spect to variations of NV,,(p,8,a), where U(p,6,a) is to 
be expressed in terms of the latter, and equally sta- 
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tionary with respect to variations of U(p,6,a) with V, 
a function of V. 

(2) The power series for ®[N,,] in terms of time- 
ordered diagrams is precisely of the Goldstone form as 
follows by comparison of (38) with the corresponding 
functional at zero temperature IT, Eq. (12). The present 
form is, therefore, the natural analog of the expansions 
given in II. 

(3) The form (38) goes over simply into the Gold- 
stone expansion or into its generalization for anisotropic 
situations as 8 — ©. It is to be recalled that the appro- 
priate limit is 

Lim 


B- o, u fixed 


A(8,Q,2)=E—pN. (40) 


(4) By direct calculation or with the help of the 
variational principle, it can be shown that the internal 
energy is given by 


E= (8/88)(8A)o,.a=DXp #’Nm(P,B,a)+%[Nm]. (41) 
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From this we find 


€(p,8,a)= p+ U(p,8,a) (42) 
= bE/iNm(p,6,a). 
(5) The entropy is given by 
expression 
S=6?(0A/08)o.u 
=—)'p {(1—Nm) In(1— Nn) + Nm InN}. 


the even simpler 


(43) 


Equations (41) and (43), together with the equations for 
N,.(p,8,a), are the fundamental equations of the 
Landau theory. All known consequences of this theory 
can, therefore, be derived from our equations. 
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Cyclotron Radiation from Relativistic Particles with an Arbitrary 
Velocity Distribution* 
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A formula is derived which represents the spectral and angular behavior of cyclotron radiation emitted 
by a relativistic particle moving in a constant magnetic field and having arbitrary velocity components 
parallel and perpendicular to the field. This formula is used to describe the emission of an assembly of 
particles having a Maxwellian distribution function. All broadening mechanisms of practical importance— 
collisions, relativistic mass variability and Doppler effects—are included and discussed. 


1. INTRODUCTION 

T was shown in a previous article’ (hereinafter 

called I) that the influences of “collisions” of the 
emitting particles with disturbers can be accounted 
for by a formula of the Lorentz type, even if the 
particle energies have relativistic values. It turned 
out that this result holds whenever the particle com- 
pletes a large number of revolutions in the magnetic 
field between two interactions. Although the formulas 
were derived for a set of particles with equal velocities 
they are readily generalized to an arbitrary velocity 
distribution, provided there are no motions along the 
magnetic field. The result then is, briefly, that the 
lines that make up the spectrum are broadened, not 
due to Doppler shifts but due to the relativistic de- 
pendence of the resonance frequency on the particle 
energy.?4 


. Supported by the Office of Naval Research. 
11. Oster, Phys. Rev. 119, 1444 (1960). 


2B. A. Trubnikov, Doklady Akad. Nauk SSSR 118, 913 
[{translation: Soviet Phys.-Doklady 3, 136 (1958) ]. 
3B. A. Trubnikov and V.S. Kudryatsev, Proceedings of the Second 


When there are motions along the field, the trans- 
formation becomes quite elaborate and the result, as in 
many other relativistic instances, not beforehand 
foreseeable. It seems therefore desirable to have an 
independent derivation which, in our case, includes right 
from the beginning the motion along the field. This is 
carried out in Sec. 2. The result—the spectral and 
angular behavior of the radiation from particles with 
given velocities along and across the field, but no 
velocity spread—is then compared with the result 
from an appropriate transformation of our previous 
formula (Sec. 3). 

Practical applications are discussed in Sec. 4, starting 
from a formula for a completely arbitrary distribution 
function of particle energies along and across the field. 
We then specialize to a Maxwellian distribution which 
is the one of main interest for laboratory experiments. 


United Nations International Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1958 (United Nations, Geneva, 1958), 
Paper A-5, P/2213, Vol. 31, p. 93. 

‘D. B. Beard, Phys. Fluids 2, 379 (1959); 3, 45 (1960). 





962 


2. LINE CONTOUR IN THE CASE OF PARTICLE 
MOTIONS ALONG AND ACROSS THE 
MAGNETIC FIELD 

In this section, we discuss in close analogy to the 
procedure developed in I the contour of cyclotron lines 
emitted by particles which have velocities along and 
across the magnetic lines of force. All particles move 
together in both directions. Hence, the broadening of 
the otherwise infinitely narrow lines at multiples of the 
resonance frequency is solely due to collisions that 
break up the emitted wave train into finite sections, of 
lengths corresponding to durations A/ with an average 
time 7» between collisions. 

Since the calculation duplicates most of the corre- 
sponding derivations carried out in I, we do not 
reproduce the details here, but indicate briefly the 
differences. 

The calculation goes as follows: One first writes 
down the solutions of the Liénard-Wiechert potentials 
for the radiation field, i.e., the electric and magnetic 
field vectors E and H, from which the emission follows 
via Poynting’s vector. One then Fourier-analyzes the 
components of E (H gives no new information), which 
yields the spectral distribution in the case that the wave 
train persists over a time interval Af. Finally, the 
resulting integrals must be averaged according to the 
statistical distribution of A/’s. 

Using the same system of reference as in I, we have 
now for the velocity vector v: 


v= (t COSP,Vo9 sing,?;), (1) 


with the corresponding expressions for m* and s, as 
defined in I. 
Phase angle @ and time are connected, as in I, by 
the relation 
o=wo0l. (2) 


The relativistic 8’s 
relation 


are introduced, as usual, by the 


) ? C, B,=2 Cy (3) 


} 


for the perpendicular and parallel component of the 


velocity vector. The cyclotron frequency may be 
written in terms of the rest mass mp of the electron: 
wo= woo(1— Bo?), 


woo= eH o/ moc. (4) 
Actual time /* and retarded time / that enter the 
Fourier analysis are now connected by the relation 
dt* = sdi= (1— By cos—8; sinO)dt, 
which leads to 
{*=t— By sind/wo— 1B, sind. 
Here, Bo is defined by 
Bo= Bo cosé. 


Introducing the abbreviations 


20 == woAl, Q=w Wo, 


LUDWIG OSTER 


and, in addition, 
A=1—8; sind, (9) 


we find for the Fourier components of the electric 
field vector 
evo 
E,(2)=2— sin6(sin6—f)1,(Q), (10) 
mc 


(11) 


eV 
E,(Q) = —2— cos@(sin@—61)1;(). (12) 


Te 


The integrals 7; and J, are given by the relations, 
corresponding to J, Eqs. (36) and (37), 


cosdo sin[2(Ado— Bo sings) | 
I,Q)=- — a 


A— By cosd 


90 
+ f cos cos[ 2(Ad— By sing) |d¢, 
nN 0 

and 


singo cos[ 2(Ado— Bo sings) | 
1(0)=-—— — 





A— Bo cos 


(14) 


¢0 
-of sing sin[2(A¢— Bo sing) |d¢. 


0 


Equations (13) and (14) show the effects of the 
inclusion of a motion parallel to the magnetic field: 
while the general form of the Fourier integrals is 
exactly the same as in the case 7,;=0, the velocity » 
enters in the combinations \=1— 8; sin@ as a factor 
multiplying ¢ whenever it appears in a linear form. 

The next step consists in applying the expansion 
analysis of I, Sec. 11, to the integrals (13) and (14). 
It is easy to see, going through the mathematical 
details, that the appearance of the quantity A changes 
the conclusion reached in I, Sec. II, only to a very 
minor extent, that is, the definition of A, now includes 
the quantity A: 


TOO 


An(AQ) = -f sin (AQP) sin(np)d¢, (15) 
—¢0 


or, approximately, 


A, —sin[ (AQ—n)do ]/ (AQ—2n), (16) 
with the new condition for the validity of the approxi- 
mation 

(17) 


The physical meaning of Eq. (17) is the same as the 
one of Eq. (I, 105): The representation of the spectrum 
with the help of functions of the type of Eq. (16) is 
restricted to frequencies close to the resonance. How- 
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ever, the frequencies close to resonance as observed 
from a particle moving with velocity 2 along the 
magnetic field are Doppler shifted by an amount \ 
with respect to frequencies as seen emitted from a 
particle with 1,=0. As we will discuss in more detail 
in the next section, the transformation of 2 between 
the two systems leads to the substitution of AQ for &. 

Expressing the integrals, Eqs. (13) and (14), in 
terms of Bessel functions J,(QB), we obtain® (x 
designates the number of the harmonic) : 


n 
— I, (QBo) =——J n(QBo) An, (18) 
r 


lJ n(QBo) J 
d (QBo) 


and 


I (QBo) zs (19) 


Writing again m instead of Q in the 
functions, we obtain the final result: 


§,,(w)dwdo 


amplitude 


—J »,?(nBo cos@) 
Bo? cos’ 


dJ ,(x) 
ee dx ) |. }ecoa—sr sin 


— naroo(1 — Bo? — B,°)*? +To?} 


e?Borwo? i B:)? 


29 


(20) 


\dwdo. 


Equation (20) gives the emission of a particle with a 
velocity between % and v+dvo perpendicular to the 
magnetic field and 2 and 2,-+d along the field, into 
a solid angle element do in unit distance and in the 
direction given by the angle 0, and in a frequency 
interval dw near the mth resonance. 

Equation (20) must be compared with our previous 
result [I, Eq. (123)] for a particle stationary with 
respect to the magnetic field (8,=0), which read 


8, (w’)dw'do’ 
By’? 2uy9/2 ntl tan 


awe 


dJ ,(x’) 
ay 
dx’ x’ =nBo’ cosé’ | 


X {[w’ — nwoo(1— Bo’)? + To'?} dw'do’. 





oT (n8o’ cos6’) 


2r*¢ 


(21) 


It might be worthwhile to summarize here the basic 
features of Eq. (21) and—mulatis mutandis—Eq. (20). 
First, we find that the spectral and angular character- 


5 Equations (18) and (19) are written in a slightly more careful 
way than in I, namely, making a distinction between the number 
n of the harmonic and Q, the frequency in units of the relativistic 
gyrofrequency. This is necessary for the correct performance of 
transformations of the reference frame, as discussed in the next 
section. 
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istics are independent of each other [except for the 
contribution of the Doppler effect in Eq. (20) which, 
of course, depends on @]. Second, the influence of 
collisions which are described by the well-known 
Lorentz term, the second bracket in Eqs. (20) and (21), 
does not affect the relative intensity of the various 
harmonics, given by the remaining factors. As a matter 
of fact, the bracket with the Bessel functions that 
determines essentially the relative intensities (and the 
angular behavior) is a feature common to all equations 
describing the emission from charged particles on 
periodic orbits. This result can be recovered even in 
treatments which make no use of relativity, such as 
that by Schott® who is usually credited with the first 
derivation. A thorough discussion from a modern 
point of view can be found in Landau and Lifshitz’s 
well-known text.® 

The comparison of Eqs. (20) and (21) reveals that 
the finite velocity along the field, given by §;, enters 
the final formula in at first glance surprisingly few 
terms. In order to understand better the physical 
processes involved and, also, to obtain an independent 
check on the correctness of our result, we discuss in 
the next section its transformation behavior. To be 
more precise, we will investigate the transformation of 
the reference frame K’ in which Eq. (21) holds to a 
frame K in which Eq. (20) is valid. 


3. COMPARISON OF THE FORMULAS FOR 
=0 AND FOR FINITE 8; 


Equation (21) was derived for a particle whose 


velocity relative to the velocity of light is 


B’ (Bo’ « osd’ Bo sind’,0). (22) 
The first thing to remember is that the transformation 
which leads to a value § nig the s component of the 


velocity, yields instead of Eq. (22) 


§= [Bo (1 - B?)! cos¢’, Bo’ | 1- BY 4 sing’, B11, (23) 


while the phase angle 


¢’ Wo = Wot (24) 
is invariant. 
Hence, in order to end up in A with a transverse 
velocity given by Eq. (1), we must start in A’ with 
By’ Do (1 B")}. (25) 
Equation (24) is due to the fact that the (particle’s) 
time and the orbital frequency transform as follows: 


a 


t'=t(1—B,?)!; (26) 
in particular, 


T " To(1—B;?)}, (27) 


64. G. Schott, Electromagnetic Radiation (University Press, 
Cambridge, England, 1912), p. 109; Landau and Lifshitz, Classical 
Theory of Fields (Addison-Wesley Publishing Company, Inc., 
Reading, Massachusetts, 1951). 
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and 


wo =wo/(1—8,")!. (28) 


All this is rather trivial. 

From the same principles one finds for the observer’s 
angles @’ and @, respectively,’ 

sin@’ = (sin@—8,)/X, 


cos@’ = (1—8;")# cos6/A, (30) 


with A given by Eq. (9). 

The combination Bo [see Eq. (7)] then transforms 
as follows: 

B,’= Bo/A=Bo cos6, i (31) 

As a first application, we consider Poynting’s vector 
for the “white light,” i.e., before the Fourier analysis 
is carried out. Obviously, the integral over the whole 
sphere should not depend on the reference frame. This 
condition leads to 


fs@rae- fs@do=2 fs cos6d@. (32) 


do’ and do are the elements of solid angle in K’ and K, 
respectively. Poynting’s vector is given in K by the 
relation 


e*Byrwo? 
= —(X— By cosp)~* 
4c 
X { (sind—8,)? sin’@+ (Bo—d cos¢)*}. (33) 
The corresponding formula valid in K’ [I, Eq. (20)] 
is obtained from Eq. (33) by putting 8,=0 and sub- 
stituting the primed quantities for the unprimed: 


| €?Bo!2wo"? 
S’| =————_(1— By’ cos@)-* 
4c 
x {sin?@’ sin’@+ (Bo’—cos@)?}. (34) 

In transforming Eq. (34) into Eq. (35) we have to 
consider the transformation formulas for the electro- 
magnetic field components,® that is, we have to trans- 
form first E’(6’) into E(6’) from the relations 


E,(’)=(E, (0’)+6,4,’'(@’) ](1—82)-4, 
E,(@) = (E,’—61HZ’)| 1 — B;") i, 
E,(@’)= E,' (6). 


(35) 


(37) 


Finally, we have to express £,, E,, and £, in terms 
of 6 instead of 6’: this takes care of the fact that the 
moving observer sees in his reference frame the radiation 
emerge from a different angle, than the observer at 
rest sees it in his frame. The detailed calculation 
leads to the result 
E’(@)=A(1—8;") $E(@). (38) 

7™W. Pauli, Relativitatstheorie (B. G. Teubner, Leipzig, 1921), 


Sec. 6. 
5 W. Pauli, reference 7, Sec. 28. 
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This verifies Eq. (32), since the element of solid angle 
is transformed according to the relation® 


i—6,' 1-6; 
cosbdédo =— do. 


? d? 


do’ = cos6’d6'd¢’ = (39) 


Equation (37) is also in accordance with the general 
formula for the transformation of wave amplitudes.” 

The corresponding calculation for the Fourier 
components needs some more reflection. First, we 
remember from Parseval’s theorem that 


rf S(a)do= f S(i)dt. 
0 At 


This holds, of course, for the primed quantities as 
well. Taking the angular dependence into account at 
the same time, we may write for the emission per unit 


time 
S’ (6 w’) S(0,w) 
J — —day'do’ = { ms -dwdo. 
At’ . Al 


The difficulties arise from the definition of unit time: 
As a matter of fact, the time intervals At and A?’ do 
not transform according to Eq. (26). This can be seen 
in the following way: by means of the Fourier analysis, 
the finite wave train emerging from the origin during a 
time A/’ as measured in K’ is expressed in terms of 
infinite wave trains with various frequencies w’. The 
wave trains are then measured during the time A?’ 
simultaneously at each point of the sphere. Going over 
to the reference frame A, we have the corresponding 
condition of measuring the wave trains with different 
frequencies w simultaneously over the sphere in K. 
Carrying out the transformation, we have to assure 
the respective simultaneity. 

Let us consider a wave train in K belonging to a 
given frequency w and travelling in a direction @. At a 
point A on the sphere, we integrate over the intensities 
during the time interval Af=/,;—t. This, however, 
corresponds to an integration of the wave train over 
the distance AR in direction 6, AR and At being con- 
nected by the relation 


(40) 


(41) 


AR=cAl. (42) 


Equation (42) holds of course in the same form in K’ 
as well. Thus, the integration interval A/ transforms as 
AR. For the latter,!® the transformation rule reads 


AR’ « Al/= (1—8,?)4At/X. (43) 


From Eq. (43) our previous formula, Eq. (26), follows 
at once for \=1 (orbital plane). 

The remaining tasks are now easily accomplished. 
From the relativistic Doppler effect® we obtain at once 
the transformation rules for frequency and frequency 


*W. Pauli, reference 7, Sec. 6. 
W. Pauli, reference 7, Sec. 32. 
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interval: 


w’=hw/(1—-B2)!, dw’=Adw/(1—82)'. (44) 


2, the frequency in units of the cyclotron frequency, 
transforms as follows: 


/ ‘/ , 
OQ =a'/wo =AQ. 


(45) 
Thus, the combination 


Q’ Bo’ =QBo (46) 
is invariant. 

Also invariant is the combination of differentials and 
At in Eq. (41): 


dw'do'/ At’ = dwdo/ At, (47) 


which is found from Eqs. (39), (43), and (44). What we 
have to verify therefore is the invariance of S(w). 
First, we have for the integrals J; and J. 


T/(Q') N77 (Q), (48) 
and 


To' (Q’) =XI2(Q). (49) 


This is easily shown from Eqs. (13) and (14). If we 
use the representation with the help of Bessel functions 
[Eqs. (18) and (19) ], we must consider the fact that 
according to Eq. (16) 

A,’ (Q’)=A,(Q), 


(50) 


and that 2 is of course, unchanged, while 2 transforms 
according to Eq. (48). Allowing for the transformation 
of the field components [see Eqs. (35)-(37)] yields, 
after some algebraic manipulations, the result that 
7; and J, must each be multiplied with a factor 


(1+ 8; sin6’)/(1—B,)}. (51) 
That transforms into 
(1—6,*)*/v (52) 


in K. From here it is obvious that the combination 


(1+8; sind’)? 
Bo’?— ——§T[(sin*6’)7,"(0’) +1,(0’') ] 
—B, 


(53) 


transforms into 
Berl (sind—B)77?(Q)+-J2(Q) J, 


which proves our point. 


4. THE EMISSION FROM AN ASSEMBLY OF 
PARTICLES WITH A SPREAD 
IN VELOCITIES 


We are now ready to make use of our principal 
result, Eq. (20), for the determination of the radiation 
pattern emitted by an actual laboratory plasma. 

It might be worthwhile to state at this point once 
again the approximations made: First, it is obvious 
that self-absorption is not considered. This is legitimate 
for most cases of interest. It is even possible to account 


FROM 


RELATIVISTIC PARTICLES 965 
for this effect by going over from the emission to the 
absorption coefficient and the optical depth; this is a 
standard procedure, but restricted to legitimate 
applications of Kirchhoff’s law. 

The second approximation concerns the refractive 
behavior that affects not only the ray paths, but also 
the amount of local emission (source function): in our 
treatment, the refractive index is set equal to unity. 
This is also legitimate in most cases of not too dense 
plasmas. The calculation of refractive indices and, even 
more, their correct application to radiation formulas is 
still in a rather unsatisfactory state, so that it seems 
wise to omit them here." 

We also neglect the energy loss of the particle due 
to the emitted radiation. This again is no practical 
restriction, since the classical electrodynamic treatment 
breaks down, if the emitted quanta have energies 
comparable to the total energy of the particle.” 

Finally, there is the assumption basic for the validity 
of the presented collision treatment and discussed in 
all detail in I, that the radiating particle accomplishes 
many revolutions between two disturbing collisions. 

Our starting point is Eq. (20), which gave the emis- 
sion of a particle as a function of its velocity along 
the magnetic field ~, and across the field ~o, and 
other variable quantities. The emission of No particles 
which have an arbitrary distribution function 


Bo31)dBudB;, (55) 


with the normalization 


J fre 81) dBod By _ 1 
B 


(B is the volume of the 6-space that corresponds to the 
total volume in velocity space), is then simply 


(S (w))60,8:dado= No f f S (w,B0,81) 


X f(80,81)dBodB dwdo. 


(56) 


(57) 


We investigate the effects of a spread in velocities of 
the emitting particles in the case of a relativistic 
Maxwellian distribution in all three coordinates. Here, 
we make implicitly the assumption that the presence 
of the magnetic field does not change appreciably the 
behavior of the gas. This should be true for all labora- 
tory plasmas. As a matter of fact, too strong magnetic 
fields again make the use of quantum mechanics instead 
of classical electrodynamics necessary”: The Larmor 
radius must be at least larger than the de Broglie 
wavelength of the electrons. 

1D. B. Beard, Phys. Fluids 2, 379 (1959), derives refractive 
indices for the relativistic plasma with magnetic fields, but 
restricts his discussion to first order effects in 8. See also the 
article by K. C. Westfold, Astrophys. J. 130, 241 (1959). 

12 A, Sokolov, Suppl. Nuovo cimento 3, 743 (1956). 
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In terms of the momentum 
p= mov/ (1—6*)!, (58) 
with 8 defined again by the relation 
P=682+87+67%=8e+87, 
the equilibrium distribution function reads® 
f(p)dp= Nofoe~!*7dp. (60) 
The relativistic energy « is given by 
e= moc? (1+ p?/moc*)!. (61) 


K is the Boltzmann constant, T the temperature, No the 
total number of electrons per unit volume. fo, the 
normalization factor, is found from the integral 


(62) 


1 fom fe KTdp 


myc? 
1/fo=— ide'meK TH. (i). 
KT 


(63) 


Here, H; (ir) is the Hankel function of the first kind 
and order two. We can check Eq. (63) by going over 
to the limit 81. Then, the distribution function, Eq. 
(56), must represent the normal Maxwellian distribu- 


tion. With the well-known nonrelativistic limit of «, 
e= mo? (1+ 38°), (64) 


the exponential function in Eq. (60) becomes 


moc? Mov? 
exp | exp| — | 
KT 2KT 


Next, we expand the 
relativistic case 


(65) 


Hankel function for the non- 


r=mge"/KT>1. (66) 


The calculation yields" for fo: 


1/ foe me (2eKT/mo)' expl—moc?/KT]. (67) 
Hence, in the nonrelativistic limit, Eq. (60) represents 
the normal Maxwellian distribution. 

In order to maintain our previous terminology, we 
transform dp into d§. The calculation gives, after some 
algebraic transformations, 


f(8)dg 
c?mo* 


Moc” 
=WN, 0 x _ ——— 2 / — A2 1 
f exp th (1 ei}, (68) 


with fo given by Eq. (63). 


43 W. Pauli, reference 7, Sec. 49. 
4 Jahnke-Emde, Tables of Higher Functions (B. G. Teubner, 
Leipzig, 1948), p. 136. 
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For our purpose, the appropriate reference frame in 
velocity space is cylindrical, that is, 
dg= 2rB dB odB. (69) 


The limits of integrations are determined from Eq. (59) 


to be 
i » +(1 —Bor)? 
f d§=20 f Bod Bo | dp. 
0 —(1 —for)? 


From Eqs. (20), (63), (68) and (70) we find for the 
radiation of No particles in the mth harmonic: 


(70) 


(8, (w))80 .B1dwdo 


_ morc? §—— Bo*woo? 
= Neofe— ——_ n? 


 (1—Bi'—B:*)! 


(sin@—,)? dJ ,(x)\? 
ESE 2(nBo cos@) +( -) 


Bo? cos’ dx x =nBe cosé 
x {(w(1 —B, sing) —— nwoo(1 — Bo? — B,?)* }?+ ic *}" 


| moc? 


Xexp ———(1—,?—8,) "| dado 
| KT 


1 +(1 —£,2)? 
x f dif dp;. (71) 
“9 —(1—£)2)? 


Before we comment on Eq. (71), let us briefly note 
the nonrelativistic limit. The expansion of the distribu- 
tion function for nonrelativistic velocities (affecting 
the exponential function and fo) has been given already 
in Eqs. (65) and (67). The expansion of the Bessel 
functions leads to the following result: Since the order 
is proportional to the number of the harmonic, we can 
neglect all higher harmonics, that is m>1, and find® 


J (Bo Cc os@) ~ 1B cos@, 


(—) 
Pt ate ~ 1 
dx x =Bo cos? ” 


The bracket with the Bessel functions in Eq. 
thus, becomes 


and 


{ }=4{2—cos’@— 28; sind}, (74) 


while the Lorentz term, the second large bracket in 
Eq. (71), reads 

{ }"'={[(1—8; sin?)—wooP+To*}". = (75) 
The integration is extended over all velocity components 
to=¢Bo from 0 to », and over all components 0;=c§; 


148 Jahnke-Emde, reference 14, p. 127. 
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from — © to +. Hence, we obtain 
(51 (w) )dwdo 
= No(2eKT/mo)~'e*0o3woo?e*(1— 4 cos’@—B; siné) 
X {[w(1—B1 sind) — woo P+ To-?} 
Xexp[ —mo(v0?+0,")/2KT ]dwdo 


ve) +0 
x f avo f dv. (76) 
0 oa) 


This result has been previously demonstrated.'® 
Equation (71) may be rewritten for numerical 

purposes by going over from cylindrical coordinates in 

velocity space to spherical coordinates. For this purpose, 

one writes, for instance, 

B?+BY=p’, (77) 
with 
(78) 


Bo=pcosé, B,=psiné, 


and obtains the following limits of integration: 


1 Qe 
f dp, f dé. 
0 0 


The resulting form of Eq. (71) is straightforward and 
can be omitted here. 

A detailed discussion of Eq. (71) cannot be made 
without elaborate numerical calculations. The main 
features, however, are clearly visible: the broadening of 
the originally sharp lines (the “natural line width” 
being replaced by the collision parameter, 79?) is 
due to two, to a certain extent, independent factors, 
namely, the mass variability and Doppler shifts. This 
has been pointed out previously.’ Both are equally 

16 L. Oster, Phys. Rev. 116, 479 (1959), Eq. (49). For a term 
to term comparison, one must first notice that in this reference 
the integration over Bo has been carried out, resulting in an 
average value (v”). Secondly, the condition ‘frequency close to 
resonance,” i.e., |w—wo|<w and wo, implies that the Doppler 
shift in Eq. (76) can be applied to either w or wo. Finally, the 
above-mentioned reference did not include the aberration repre- 
sented by the term (—f; sin@) in the expansion of the bracket 
with the Bessel function, Eq. (75). 

17For instance by D. B. Beard, reference 4. Our formula, 
however, is valid without restrictions as to the total particle 
energy (as long as quantum effects can be neglected) as well as 
to the ratio between “longitudinal velocity” v; and “‘transverse 
velocity” 0%. 


(79) 
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important and enter Eq. (71) mainly through the 
Lorentz term. Transverse Doppler effect and mass 
variability are both connected in the square-root 
factor multiplying wo. In the nonrelativistic limit, 
wo is a constant and we are left with the normal 
Doppler effect of first order in §;. 

The feature particular to cyclotron radiation is 
that the velocity spread affects also the intensity of the 
single lines, represented mainly by the term including 
the Bessel functions. The corresponding behavior in 
optics would result from temperature fluctuations of 
the emitting region. Again, both Bo and 6; must be 
taken into account. 

A third effect which takes part in the broadening of 
the lines, namely the influence of collisions, is discussed 
in all detail in I. The practical problem is the derivation 
of an appropriate collision time 79; in our treatment 
we have succeeded in separating this problem from the 
general derivation of the cyclotron radiation formulas. 
For practical applications, this has little importance, 
since the collision broadening is much less than the 
broadening by the purely relativistic effects. 

For application in thermofusion devices, the distribu- 
tion function, Eq. (60), might not quite be adequate,'® 
since here the particles have (or are supposed to have) 
in general no appreciable velocity components in the 
direction of the magnetic field. Hence, at least for a 
certain time, 6:<Q».'® As a first order approximation, 
one might put 6,;=0 in Eq. (71) and obtains the 
broadening of the single lines that is due only to the 
relativistic mass variability. A preliminary calculation 
showed that already for 6o=0.9 the first cyclotron 
lines are broadened to such an extent, that no single 
lines are observable. 

18J, Drummond and M. N. Rosenbluth, Phys. Fluids 3, 45 
(1960). See also references 3 and 4. 

8 Obviously, the distribution function of the electrons will 
become isotropic after an initial period due to colllsions with 
ions. The duration of this initial period characterized by the 
condition 81» depends of course on the magnetic geometry, the 
ion type, and the injection mechanism as well as on the momentum 
transfer cross section. However, a final thermalization apparently 
cannot be avoided in any thermofusion device. The equilibrium 
distribution of cyclotron radiation, as given by Eq. (71), might 
therefore be of interest even if initially the electron distribution 
function is close to the case 8; =0. Most recently, this case has 
been re-examined by D. B. Beard and M. N. Rosenbluth in 
communications presented to the Second Annual Meeting of the 
Division of Plasma Physics of the American Physical Society, 
Gatlinburg, Tennessee, November, 1960 (unpublished), Papers 
C8 and C12, respectively. 
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The photoconductivity produced by irradiation with 0.2-ysec 
x-ray pulses was studied in AgCl as a function of temperature 
(80-280°K), x-ray intensity and penetration, field strength, and 
crystal preparation, in order to obtain information about lifetimes 
and mobilities of electrons and holes. The measurements of 
electron lifetimes (~1 usec) and mobilities in air-grown crystals 
are in agreement with those reported in the literature. The 
photoconductive response can be described by assuming deep 
electron traps throughout the volume of the crystal and possibly 
a disturbed surface layer. No hole motion is observed below 
250°K; above that temperature the schubweg per unit field is 
estimated at 5X10~§ cm?/yv. The electron lifetime in crystals 


grown and annealed in He is much smaller than in the air-grown 
samples. Assuming the same mobility in both samples the life- 
time at 80°K is 3X10~ sec. At higher temperatures the pulses 
show long tails, and between 200° and 280°K the saturation time 
varies exponentially with 1/7. It is assumed that shallow traps 
exist (~0.08 ev) in a thin surface region which otherwise has a 
long electron lifetime as compared with the bulk of the crystal. 
Measurements on crystals doped with 20 ppm Cu? indicate that 
the Cu* ions do not act as effective electron traps. On the other 
hand, the presence of 1 ppm Ni ions reduces the lifetime at 80°K 
to less than 3X 107" sec, indicating a capture cross section of the 
Ni ion larger than 300 (A)*. 





I. INTRODUCTION 


IFETIMES and mobilities of electrons and holes 

in the silver halides play an important role in the 
formation of the photographic latent image’ and they 
have been the subject of a number of studies. In this 
laboratory Wiegand? measured the decay time of the 
photocurrent and luminescence of AgCl in the steady 
state, i.e., after the crystal had been illuminated for 
some time. Recent pulse experiments were made by 
Brown® using particles for the excitation, and by 
Brown*® and Van Heyningen and Brown using pulses 
of light. In the present investigation also, use is made 
of a pulse method, but with x rays for excitation. 
Similar to §-ray excitation, the electron-hole pair 


production in the case of x rays occurs by secondary 


processes; however the x-ray method gives more flexi- 
bility in the choice of energy, pulse width, penetration 
depths, etc., than does the particle method. Several 
samples of each type, with the exception of the Ni- 


doped crystal, often cut from different boules, were 


measured and many experimental runs were repeated. 
In general, there were variations from one specimen to 
the other. The data presented in this paper are selected 
examples illustrating the general behavior of the 
different type of materials. For more complete data and 


* Submitted as partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at Cornell University, Ithaca, 
New York, 1960. This work was in part supported by research 
grants from the Eastman Kodak Corporation, Rochester, New 
York and the National Science Foundation, Washington, D. C. 

t Present Address: IBM Research Laboratory, Poughkeepsie, 
New York. 

1 J. W. Mitchell, Repts. Progr. in Phys. 20, 433 (1957). 

2D. A. Wiegand, thesis, Cornell University, Ithaca, New York, 
1956 (unpublished); Phys. Rev. 113, 52 (1959). 

3F. C. Brown, Phys. Rev. 97, 355 (1955). 

*F. C. Brown and F. E. Dart, Phys. Rev. 108, 281 

5 F. C. Brown, J. Phys. Chem. Solids 4, 206 (1958). 

*R. Van Heyningen, thesis, University of Illinois, Urbana, 
Illinois 1958 (unpublished); R. Van Heyningen and I’. C. Brown, 
Phys. Rev. 111, 462 (1958) 


1957) 


other details reference is made to the original thesis.’ 
Special attention was given to the problem of hole 
motion, because of the controversial nature of this 
question. 


Il. EXPERIMENTAL PROCEDURE 


Electrodes, one of which is transparent to x rays, 
are placed on opposite faces of a platelike crystal. An 
electric field is produced in the crystal by a voltage 
applied to the series combination of a resistor and the 
crystal. A short pulse of x rays incident on one surface 
of the crystal produces charge carriers near that surface 
which are then displaced by the electric field. This 
displacement of carriers induces a charge on the 
electrodes and the resulting voltage pulse is amplified 
and displayed on an oscilloscope. The time constant is 
made large compared to the duration of the photo- 
conductive transient that the circuit acts as an 
integrator. The duration of the electric field determines 
whether electrons or holes are pulled through the 
crystal. 

If the x-ray pulse is infinitesimally short and if the 
crystal contains traps or recombination centers dis- 
tributed uniformly through the volume of the crystal, 
the induced voltage pulse is given by* 


SO 


(1—e~*/7), t: 


Noe TF 


C tp (1—e~*2!r), 


lp 
(1) 
t>tp 
he mean time an electron 
; ! te ae 
spends in the conduction band before being trapped; 
fp the transit time; #2») the total number of carriers 
produced by one pulse; C the capacity of the crystal 
plus stray capacity; and e the electronic charge. 
In the actual experiments the excitation is not 
instantaneous but is approximately a rectangular pulse 


where 7 is the lifetime, i.e., t 


7A. Michel, thesis, Cort 
1960 (unpublished). 
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of duration ¢,. The induced voltage is then given by® 


(ft + 
———(1—¢-“"), 
hah & 


0<t<h 


‘ 
1——(ett!*—1)e-tlr, 
ty 


T t—tp 
1—[ ew + ( -1) <r} 
ty ¥ 


tlp<t<tpth 


t>tpth 


i<t<tp 





(1—¢-o", 


These formulas are valid only if the carriers are 
produced in a layer small compared to the schubweg. 
Such is the case for the forward polarity (i.e., the field 
pulls electrons through the crystal) response of the 
air-grown crystals. Since the x rays penetrate a small 
but finite distance into the crystal and the schubweg 
of the holes is extremely short, the reverse polarity 
response is determined primarily by electrons returning 
to the irradiated electrode and consequently its time 
dependence is not described by Eq. (2). 

A block diagram of the apparatus is shown in Fig. 
1. In order to minimize polarization effects resulting 
from ‘“‘dark” currents,® a pulsed electric field of approxi- 
mately 2 msec duration is used. It is produced by a 
General Radio 1217A pulse generator followed by an 
amplifier. The maximum available voltage is 3 kv. The 
x-ray pulse is obtained by applying a 500 v, 0.2 usec 
pulse to the grid of a specially constructed x-ray tube. 
This tube is a modification of one used by previous 
investigators?'* and was originally designed and con- 
structed by R. Rosa and T. Castner.’ For most of the 
experiments radiation from a copper target was used. 
The maximum intensity was approximately 1.3 10~° 
ergs/pulse. 

In the detection of the signal pulse, which is of the 
order of millivolts, in the presence of the much larger 
field pulse, use is made of the fact that the duration of 
the signal pulse is much shorter than the field pulse. 
The time constant of the series resistor and the crystal 
plus stray capacitance is such that the circuit is inte- 
grating to the fast signal pulse but differentiating to 
the field pulse. In spite of the strong differentiation, 
sufficient feed through of the front edge of the field 
pulse exists to block the high-gain amplifier and a relay 
is used to gate the input to the amplifier. A cathode 
follower separates the relay from the crystal. The 
detection circuit is mounted directly on the cryostat 


8 M.S. Werman, thesis, Cornell University, Ithaca, New York, 
1957 (unpublished); Office of Naval Research technical report 
(unpublished). 

®R. J. Rosa, Senior Project Report, Department of Engineering 
Physics, Cornell University, Ithaca, New York, 1953 (unpub 
lished). 
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in an effort to minimize the stray capacitance. The 
relative timing of various events is illustrated in Fig. 2. 

The sample holder is a spring-loaded piston device 
with a light spring tension to minimize mechanical 
stress on the crystal. Contact with the irradiated 
electrode is made by a flat annulus with a 1.1-cm-diam 
aperture; the other contact is a disk. Both are gold- 
plated to prevent contamination. 

The design of the cryostat is similar to that of a 
helium cryostat, i.e., it has an outer liquid nitrogen 
reservoir to act as a heat shield. The temperature of 
the sample must be changed very slowly to prevent 
thermal strain.’ A slow cooling rate, 20°/hr, is achieved 
by adding liquid nitrogen only to the outer reservoir 
and adjusting the power to a heater in the inner 
reservoir. The temperature is measured by means of 
two 3-mil copper-constantan thermocouples, one of 
which is bolted to the cover of the sample chamber 
and the other imbedded in the polystyrene piston of 
the sample holder. The temperature is monitored on a 
dual channel recorder. The cryostat is evacuated to a 
pressure of less than 5X 10-* mm Hg. The x rays enter 
the cryostat through a } mil Mylar window which is 
made opaque by an evaporated Al layer. 


Ill. SAMPLE PREPARATION 


The silver chloride samples can be classified into four 
types: (1) crystals grown and annealed in the presence 
of air, (2) those grown and annealed in a helium 
atmosphere, (3) crystals doped with 20 ppm Cut ions, 
and (4) crystals doped with 1 ppm Ni ions. The doped 
crystals were also grown and annealed in an inert 
atmosphere. The material is of high purity; the con- 
centration of heavy metal impurities, except for iron 
and those intentionally added, is below the limit of 
spectrochemical detection. 

The samples are slabs 2.54 mm thick and slightly 
larger in area than the circular aperture (1.1 cm diam) 
of the ring electrode. They were cut with a chromium- 
plated X-Acto saw from larger sections received from 
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Fic. 1. Block diagram of the apparatus. 
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Fic. 2. Relative timing of various pulses. 


the Eastman Kodak Company.” For this operation 
the crystals were waxed in a Lucite miter box. The saw 
blade was occasionally lubricated with a few drops of 
xylene to prevent clogging of the teeth with beeswax 
and to wash out the particle of silver chloride. 

The surfaces of the crystals were polished on ground 
glass plates of various coarseness. An etching solution 
of NH,OH was used with the coarse plates while 
distilled water served as a lubricant for the finer 
polishing. When viewed between crossed Polaroids, a 
profuse strain pattern was observed which appeared 
to be confined to the surface region. Some of the samples 
were lapped on a flannel cloth saturated with an etching 
solution of 50% n-butylamine and 50% ethyl alcohol. 
The lapping procedure removed the fine scratches and 
rendered the crystals more transparent; also the 
strained region at the surface was greatly diminished. 

After the surface preparation the samples were 
thoroughly washed in distilled water (also alcohol if 
the lapping operation was employed) and were sub- 
sequently handled only with glass forceps. They were 
then etched for 1 min in concentrated hydrochloric 
acid and again rinsed in distilled water. They were 
annealed in a quartz system with either an air or 
helium atmosphere. The temperature of the furnace 
was controlled by a “Symplytrol” which was pro- 
grammed to raise the temperature from room tem- 
perature to 420°C in 10 hr. The temperature was held 
at 420°C for about 6 hr and then lowered to room 
temperature at a rate of less than 20°C per hr. 

Electrodes were applied in one of two ways. The 
first consisted of applying aquadag directly to the 
crystal surfaces. In the second method, the surface of 
the crystal was first coated with a solution of poly- 
styrene in xylene which, when dried, formed a poly- 
styrene blocking layer about } mil thick; on top of 
this layer, aquadag was applied. The aquadag layers 
were a few tenths of a mil thick and their resistances 
measured across the crystal surface, were of the order 

1 The author wishes to thank Dr. F. Urbach and Dr. F. Moser 


of the Eastman Kodak Research Laboratory for providing these 
crystals. 
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of 5000 ohms. Aquadag was selected for this layer 
rather than a metallic coating because of its trans- 
parency to x rays (approximately 98% at 2 A) and ease 
of application. The samples were single crystals or a 
composite of a few large crystals. 


IV. RESULTS AND DISCUSSION 


Since the different types of samples behave quite 
differently, the results for each type are discussed 
separately. Before presenting the detailed results, 
however, some remarks concerning the penetration of 
the x rays into the sample are necessary. 

Radiation from a copper target operated at voltages 
used in these experiments is composed of both charac- 
teristic and continuous components. The absorption 
length of the characteristic radiation is approximately 
10-* cm. For the highest target potential used in this 
study (30 kv) the most penetrating component has an 
absorption length of 0.022 cm, which is about 6 to 8% 
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Fic. 3. Oscilloscope traces; air-grown sample. The arrows 


indicate the transit time. The circles are values calculated from 
Eq. (2) (see text). The dotted curve is an image of the x-ray pulse. 
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of the crystal thickness." However, the amount of 
energy appearing in this portion of the spectrum is a 
relatively small fraction of the total x-ray energy. 


(a) Air-Grown Crystals 


The lifetime of electrons in crystals grown in the 
presence of oxygen is several orders of magnitude 
greater than in crystals grown in vacuum or in inert 
atmosphere.” In general, the air-grown crystals have 
electron lifetimes of a few microseconds, so that the 
electrons can be displaced distances of the order of the 
crystal thickness with low fields. Consequently, the 
interpretation of the data is more straightforward than 
when the carriers are trapped very close to the ir- 
radiated surface. The forward polarity (electrons pulled 
away from the irradiated electrode into the crystal) 
and reverse polarity responses will be discussed sepa- 
rately. However, it should be mentioned here that the 
schubweg of the holes is very small compared to that 
of the electrons and, consequently, the contribution 
to the forward polarity pulse resulting from holes 
returning to the irradiated electrode is very small. 


Forward Polarity Pulses 


If a simple trapping model is applicable to these 
crystals,5 the pulse shape is described by Eq. (2). A 
set of oscilloscope traces is reproduced in Fig. 3. Also 
shown is an x-ray pulse as observed with a scintillating 
crystal and a photomultiplier. The voltage across the 
sample is specified with each trace and the temperature 
is 215°K. These curves were traced from projected 
images of the 35-mm photographs of the scope pictures. 
The small “wiggles” at the beginning of each pulse 
result from a pickup signal from the x-ray pulsing 
equipment, and aid in determining the starting point 
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Fic. 4. Transit time ¢p vs 1/V; air-grown sample. 


The absorption was calculated from the mass absorption 
coefficient of Ag and Cl given in the Handbook of Chemistry and 
Physics, 33rd Ed. 

2 F.C. Brown and F. Seitz, Photographic Sensitivity, Maruzen 
Company, Ltd., Tokyo (1958), Vol. 2, p. 19. 
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Fic. 5. Electron mobility vs T; air-grown sample. 


The mobility » can be calculated from the transit 
time fp which is related to the applied voltage V by 


p= D'/uV, (3) 


where D is the crystal thickness. If the lifetime is 
sufficiently long, then at time ¢p charges begin col- 
lecting at the electrode and a change in slope is ob- 
served. A small arrow under each curve marks ¢p. In 
Fig. 4, tp is plotted vs 1/V for 215° and 251°K. Straight 
lines are obtained, from which mobilities of 70.5 and 
56 cm?/v sec for the two temperatures are calculated. 
In Fig. 5 the mobility is plotted vs temperature. The 
relative errors are estimated at about 5% at the higher 
temperatures and 10% at the lower temperatures. The 
absolute accuracy, limited by the voltage, time and 
temperature calibrations, and the measurement of the 
crystal thickness, is approximately 10%. Errors are 
marked for two of the points for which a greater un- 
certainty exists. The dashed curve in Fig. 5 fits the 
data reasonably well and represents the equation 
u=2.3X10-°T—-!. The data of Haynes and Schockley® 
and of Brown‘ are represented by the solid curve 
(u=2.54X10°7-!). The difference between the two 
curves is well within the above-mentioned errors. 

The 7! dependence is characteristic of scattering by 
acoustical lattice vibrations. However, in the Hall 
mobility experiments of Kobayashi and Brown" it was 


8 J. Haynes and W. Shockley, Phys. Rev. 82, 935 (1951). 
4K. Kobayashi and F. C. Brown, Phys. Rev. 113, 507 (1959). 
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Taste I. Electron lifetimes calculated from pulse shapes (215°K). 
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Fic. 6. Pulse height vs voltage; effect of temperature; 
air-grown sample. 


found that at temperatures above 80°K electrons are 
scattered predominantly by optical mode phonons and 
the mobility should be characterized by a (e~%7) 
dependence. The data of Fig. 5 are not sufficiently 
accurate to determine if this is the case and, in addi- 
tion, the drift mobility in parts of the temperature range 
may be influenced by temporary trapping. 

The lifetime + can be measured directly from the 
pulse shape at low fields. By choosing three equally 
spaced points, fa, ¢,, and /,, in the time interval #;<t< tp 
and measuring the corresponding voltages, v,, 1;, and 
v-, the lifetime can be calculated from the relation 


(2.—0)/(vy—0,) =e-tIF; * 


A list of values of 7 for some of the pulses of Fig. 4 is 
given in Table I. There is considerable variation in the 
value of the lifetime determined in this way. The error 
is larger at higher than at lower voltages. There seems 
to be a tendency for 7 to increase with voltage up to 
about 300 v. Since the transit time is long at the lower 
voltages, it is possible that the shape of the pulse 
becomes slightly altered because of the finite time 
constant of the integrating circuit. A reasonable average 
of the lifetime for this sample is about 5 usec. 

The measurements of lifetimes at various tempera- 
tures are summarized in Table II. The lifetime decreases 
by a factor of 5 or 10 when the temperature is decreased 
from 200° to 80°K. The lifetime is given by the equation 


r=1/(Noun), (5) 


where J is the trap density, o the cross section, and u 
the average electron velocity. Since the drift velocity 
is small compared to the thermal velocity for the fields 
used in this study, u is proportional to the square root 
of the temperature. The increase in « causes r to drop 
only by a factor of 1.5 for the above temperature change. 
Consequently, either the density of effective traps or 
their cross section must increase as the temperature is 
decreased. Also, there is a tendency for the lifetime, at 
least at low temperature, to decrease with each suc- 
cessive experiment. Either the introduction of strains 


I-—ty=ty—te. 








Voltage 
(kv) 


200 
200 
250 
250 
300 
300 


Voltage th—te T 
(kv) (usec) (usec) 


300 1.375 5.06 
300 1.0 5.69 
300 1.375 5.12 
300 1.5 4.55 
400 1.0 5.65 
400 1.025 4.7 











from handling and cooling or the effects of exposure 
could be responsible; however, reannealing of the 
sample did not restore the lifetime to its original value. 

The dependence of the pulse height on the applied 
voltage gives a measure of the schubweg per unit field 
(wo). Since, in the simple trapping model wo=ur, it 
provides an independent check of the values of the 
mobility and lifetime determined iri the foregoing. The 
pulse height is given by Eq. (2) for (>/p+: which, 
upon rewriting, becomes 


D1 
«= AV|1-ew(-——)], 
wo VI. 


where A is a constant independent of V. 
shows a plot of the pulse height vs voltage. 

Taking wo=3.5X10-* cm?/v as obtained from the 
values of r and y given earlier, and choosing A so as to 
fit the point at 2.5 kv, the dotted curve is calculated. 
The discrepancy is evident. The experimental curve 
can be fitted by choosing a value of w» 10 times smaller 
which is clearly incompatible with the values for yu 
and r. That these values are correct can also be seen 
from a more careful study of the pulse shapes. By using 
these values for » and 7 and 0.22 sec for 4, one can 
calculate the pulse shape from Eq. (2). The results of 
such calculations are indicated by circles in some of the 
traces in Fig. 3; for each curve mo was adjusted for 
coincidence at ‘=tp. The agreement between calculated 
and observed values is good. The slight discrepancy 
at the two lowest voltages, 200 and 250 v, is in accord 
with the variation of the lifetime shown in Table I. 
The continuing rise of the pulse after /=/p+4, is, in 
part, a consequence of the fact that the x-ray pulse is 
not square but has a finite tail. However, for some of the 
pulses of Fig. 3 the “overshoot” is longer than this tail. 
The effect is most evident in the 800- and 1000-v 
pulses where the rise continues for nearly 1 usec after 
tp, while the shape of the x-ray pulses indicates that 
the saturation should occur in 0.5 ywsec after tp, as 
indeed it does at the highest voltages. The explanation 
is possibly related to the existence of a small number 
of shallow traps near the illuminated surface, which 
retain electrons for a short period of time and then 
release them into the conduction band, thus giving 
rise to a delayed arrival at the back electrode. 

Since the pulse shapes agree reasonably well with 


(6) 


Figure 6 
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Taste II. Temperature variation of electron lifetime 
for sample —5. 





T (°K) Run No. (usec) T (°K) Run No. (usec) 


9 1.5 194 3.5 
11 75 205 ; 
17 $ 215 

9 : 251 

9 d 254 

















Eq. (2) it is believed that throughout the volume of 
the crystal the simple trapping model applies and that 
the anomalous PH-V curve is related to some effects 
in the surface region. In such a “two-region” model 
the pulse height depends on the number of electrons 
produced in the surface region that enter the second 
region, as well as on the schubweg in the second region. 
The effect of the first region on the transit time and 
pulse shape is negligible if it is very thin compared to 
the crystal thickness and if the schubweg in the second 
region is large. The number of electrons reaching the 
second region decreases as the lifetime in the first 
region decreases and increases as the voltage is in- 
creased. The shortening of the lifetime may be due to 
recombination in the illuminated region or to trapping 
by defects present in the surface layer. Since the shape 
of the observed PH vs V curve is not very sensitive to 
the x-ray intensity or the penetration depth (target 
voltage and material), the first cause seems less 
probable. The strong temperature dependence illus- 
trated in Fig. 6 (the schubweg, and thus the theoretical 
curve does not vary much with temperature) can be 
explained by either mechanism. The latter mechanism, 
however, accounts for the long tail in the pulses at 
higher temperatures which, as mentioned earlier, may 
be the result of delayed reemission from the traps in 
the surface region. The defects are possibly introduced 
during the surface preparation of the samples. The 
results of Van Heyningen® concerning the influence of 
the surface treatment on the PH-V curves are in agree- 
ment with this interpretation. 

A quantity of interest is the average ionization 
energy, i.e., the ratio of the total energy in the x-ray 
pulse to the total number of electrons excited into the 
conduction band. If one assumes that for the highest 
voltage essentially all of the electrons produced are 
pulled through the entire crystal, inducing a voltage 
v,, then the average ionization energy ¢ is given by 


e=Ie/C,, (7) 


where J is the total x-ray energy striking the crystal. 
The values for ¢ lie between 17 and 31 ev and are high 
compared with 7.5 ev as determined from nuclear- 
counter-type experiments.* An ionization energy of 7.5 
ev is also consistent with studies of photographic 
emulsions exposed to x rays. The ionization energies 
determined in this investigation thus indicate that not 
all of the electrons produced are collected at the 
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Fic. 7. Ratio of forward to reverse pulse heights (vr/vp) 
vs x-ray tube target voltage. 


opposite electrode, which is consistent with the idea 
that the PH-V curve anomalies result from recombi- 
nation or trapping in a surface layer. 


Reverse Polarity Pulses 


It was stated earlier that the displacement of holes 
was much smaller than that of the electrons. The time 
dependence of the reverse pulses is consistent with this 
statement. However, the intensity dependence of the 
reverse pulse height provides conclusive evidence that 
electrons play the dominant role. At a constant target 
voltage the pulse height varies linearly with intensity. 
At high target voltage, 25 kv, the pulse height is much 
larger, about 2.5 times in one sample, while at 15 kv, 
it is much smaller, about one-half, than for the same 
intensity at 20 kv. This behavior is in sharp contrast 
to the behavior of the forward pulses where points for 
all target voltages fall on the same line. Since the pulse 
height depends not only on the number of electrons 
but also on the distance they travel before reaching the 
irradiated electrode, the more penetrating radiation 
should indeed give rise to larger reverse pulses. 

A quantitative analysis given elsewhere’ permits the 
calculation of the ratio of forward to reverse pulse 
heights, assuming that only electrons are mobile, and 
that the field is high enough so that all electrons reach 
the electrode. The results depend on a factor K2/K,, 
which is the ratio of the free carrier production by the 
characteristic radiation to that by the continuum. In 
Fig. 7 the ratio of pulse heights is plotted as a function 
of target voltage for 215° and 251°K, together with the 
theoretical curve calculated with a value of 5 for K2/K1, 
which is well within the wide range of values indicated 
in the literature. The agreement is good except for the 
points for 15 and 17 kv at 251°K. Though these points 
are less accurate because of very small pulse heights, 
they are definitely below the theoretical curve, indi- 
cating that reverse pulses are larger than foreseen by 
the theory. If this is a result of hole motion, then at 
15 kv, about 0.1 mv (or 25% of the pulse height) is 
the result of the holes, and this contribution should not 
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Fic. 8. Oscilloscope traces, He-grown sample, »=500 v. 


change with target voltage. Since the pulse is about 
1.2 mv at 30 kv, the part due to holes becomes less 
important and is within the experimental error. At 
215°K the holes are frozen in and all the points fall on 
the theoretical curve. The schubweg for holes can be 
calculated from the formula 


w=CDev/el, (8) 


where v is the induced voltage due to holes, 0.1 mv, 
and the other symbols are the same as used earlier. 
Taking «=25 ev as determined from the forward 
polarity response and an intensity J of 1.2x10- 
ergs/pulse, w becomes 0.915X10-* cm, and the 
schubweg per unit field is w»=1.3X10~" cm?/v. If an 
ionization energy of 7.5 ev is used, wo=3.9X10-% 
cm*/v. These values are rather small, but not un- 
reasonable, and account for the difficulty of observing 
hole motion at temperatures below 250°K. 


(b) Helium-Grown Crystals 


Crystals grown and annealed in an inert atmosphere 
(He) have a much shorter lifetime and show a much 
more complex behavior than do air-grown crystals. In 
particular, there are marked variations as the tem- 
perature is changed. 

At low temperature (~ 100°K) the results agree with 
experiments by other authors. The motion of holes is 
believed to be negligible compared to that of the 
electrons since the variation of the reverse polarity 
pulse heights with target voltage is similar to that 
obtained with the air-grown crystals. 

The forward polarity pulse saturates very quickly, 
indicating a short electron lifetime. At low voltages the 
saturation time increases, but determination of the 
lifetime is impossible. Measurements of the mobility 
lack precision and are subject to doubt because of 
possible temporary trapping effects.’ Estimates yield 
values for u of the order of 200 to 300 cm?/sec, which is 
consistent with the results for the air-grown material. 
The schubweg can be determined from the pulse height 
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TABLE III. The schubweg per unit field of electrons 
in the He-grown crystals. 








Wo (cm?/v) 
Sample No. T (°K) e= 25 ev e=7.5 ev 





6.3X10-7 
9.01077 
7.7X1077 
12.7X10-7 
13.0 10-7 
8.31077 


1.9 10-* 
2.7X10-* 
2.3 10-* 
3.8X 10-* 
3.9X10-* 
2.5X10-* 


100 
100 
106 
80 
80 
82 








and the average ionization energy. In Table III values 
of wo are listed for e=25 ev and e=7.5 ev. The calcu- 
lations with e= 25 ev are in better agreement with the 
results of Van Heyningen,*® who found w» to be in the 
range of 10-® to 4 10~* cm?/v. 

The pulse height increases linearly with the field and 
no saturation is detected. This behavior is in agreement 
with the small schubweg listed in Table ITI. The slopes 
of the lines are proportional to the x-ray intensities. 

At high temperatures (170°-280°K) the pulse height 
increases significantly with temperature. Some of the 
pulse shapes for a potential of 500 v are reproduced in 
Fig. 8. At temperatures below 150°K the pulses have 
a rise time comparable to the x-ray pulse width, but 
at higher temperatures a long tail begins to appear 
(see, for example, the 173°K pulse). At still higher 
temperatures the saturation time again becomes short. 

The dependence of /, on temperature and voltage 
suggests a model in which electrons are trapped in 
shallow traps and reemitted as they drift through the 
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Fic. 9, Saturation time (¢,) vs 1/V; He-grown sample. 
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crystal. The saturation time ¢, is then 


t= N(rit+72) +h, (9) 
where 7; is the average time an electron spends in the 
conduction band before being captured by a shallow 
trap, rT: the average time spent in each trap, and NV the 
number of times the electron is trapped in its transit 
through the crystal. NV is determined by the ratio of 
the total distance d traveled to the product of the drift 
velocity and 7, or 

t,= (dD/uV 71) (ti+72) +h, (10) 
The observed dependence of /, on voltage, Fig. 9, is in 
accord with this formula at high field intensities. The 
deviation at lower voltages can be regarded as a sign 
that the schubweg has become comparable to, or smaller 
than, d. Since rz decreases with increasing temperature 
more rapidly than yu, the slope of the lines will also 
decrease as the temperature is raised, as is indeed 
observed. From Fig. 9 it can also be seen that the inter- 
cept, V= «, is ~ 0.3 usec, which, if the tail of the x-ray 
pulse is included in the value of 41, is in agreement with 
Eq. (10). Finally, it must be pointed out that the 
distance d is not the crystal thickness. Assuming normal 
values for the mobility, the saturation time for high 
fields would have to be much longer than is actually 
observed, if the electrons were to reach the back 
electrode. Thus, one is again led to a “two-region” 
model, as in the case of the air-grown crystals. The 
essential difference is in the properties of the second 
region, which has a very long lifetime in air-grown 
crystals but a short one in helium-annealed samples. 
In addition, it seems that at least in the first region 
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Fic. 10. Saturation time minus x-ray pulse width (¢,—4) vs 1/T. 
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Fic. 11. Pulse height vs voltage; He-grown sample. 


(near the surface) shallow traps are present in the 
helium-annealed specimens. 

In the temperature range whege the temporary 
trapping contributes markedly to the saturation time, 
T2 will be greater than 7;. If all traps lie at the same 
level, with an energy U below the conduction band, 
then 


1/ro=se—U!*T 


(11) 
where s is the attempt frequency. Assuming p=po7~! 


and s=so7*, one obtains 


dDT-} 


t,=— 


BosoV 71 


eUIkT + I, 


(12) 


If 4; is given by Eq. (5) and WN and o are temperature 
independent, then 7; is proportional to 7—! through the 
thermal velocity and consequently ¢,—¢, should depend 
exponentially on 1/7. In Fig. 10 the values of t,—t), 
where ?¢, is taken as 0.3 usec, are plotted on a loga- 
rithmic scale vs 1/7. For the 500-v data a straight line 
is obtained from which an activation energy of 0.081 
ev is calculated. The data for the higher voltage 2000 v 
show more scatter, but the activation energy is con- 
sistent with a value of about 0.08 ev. Electrical glow 
experiments show a large release of trapped charge in 
the range of 35°K which is attributed to a trapping 
level of 0.08 ev.® It is also interesting to note that the 
structure of this glow peak is particularly variable with 
the individual crystal. Van Heyningen® suggests that 
singly charged impurity atoms may provide such levels. 
An upper limit may be placed on d in the following 
way. At 280°K ¢, is approximately 0.8 ywsec. By sub- 
stituting this value into Eq. (10) and using 4=0.3 
usec to include the tail of the x-ray pulse, and w=55 
cm?/v sec, then d-r2/71=5X10~ cm. Since at this 
temperature t2> 71, d must be less than 5X10 cm. 
The cross section of the shallow traps can be calcu- 
lated if d is known. With r2=10~’ sec at 200°K and 
U=0.081 ev, Eq. (11) yields a value of 10° sec for 
the attempt frequency s. With this value for s, and 
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taking d=10-* cm, a cross section o of 10~'® cm? is 
obtained by means of a relation derived by Herring,'® 
assuming m*=m. 

The field dependence of the pulse height is given in 
Fig. 11. At low temperatures the curves are straight 
lines, while at high temperature the curves have a 
steeper slope at low than at high fields. This behavior 
supports the “two-region” model proposed in the fore- 
going. The first region is assumed to have a long electron 
lifetime relative to the second region and thus is 
characterized by a longer electron schubweg. Since the 
slope of the PH-V curves is proportional to the 
schubweg per unit field wo, the changing slope in Fig. 
11 suggests that at low voltages, where the electrons 
move mainly in the first region, a large wo applies, 
while at high fields most of the electrons traverse the 
first region and the further increase in displacement is 
determined by a smaller wo characteristic of the second 
region. At very low temperatures the “temporary” 
(shallow) traps of the first region hold electrons for a 
long time compared with the observation time, thus 
decreasing the schubweg per unit field in the first region 
and producing a completely linear PH-V curve. It is 
possible that the existence of a longer lifetime region 
near the surface is caused by the inward diffusion of 
adsorbed oxygen during the annealing process. 

By referring back to Fig. 8, it is seen that the pulse 
height increases with temperature. According to the 
“two-region” model, above about 200°K the pulse 
height should be independent of temperature, since in 
this temperature range and for moderate voltages the 
electrons are displaced through the first region, but 

18C. Herring, Fundamental Formulas of Physics, edited by 


D. H. Menzel (Prentice-Hall, Inc., Englewood Cliffs, New 
Jersey, 1955), p. 630. 
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penetrate only a small distance into the second region. 
A close examination of Fig. 8 reveals that the difference 
between the maximum height and the value at 0.3 
usec is 5 mv for all the pulses taken above 200°K. 
Thus the temperature affects only the induced voltage 
during the excitation time. The temperature dependence 
of the induced voltage at the end of the x-ray pulse 
vt; is shown in Fig. 12. In the range from 180° to 280°K 
it is approximately exponential. The activation energy 
is ~0.06 ev, which is remarkably close to the value 
obtained for the depth of the shallow traps in the surface 
region. However, there does not seem to be any simple 
model which relates this activation energy to the trap 
depth. Possible explanations of the exponential be- 
havior of vt are only very speculative. It should be 
noted, though, that the increase in pulse height with 
voltage at the higher temperatures also occurs only 
during the excitation time, which suggests that re- 
combination may be an important factor. 

The effect of previous exposure on the pulse heights 
is also of interest. For instance, in a specific experiment 
a few pulses were applied during the cooling of the 
crystal. They give rise to pulse heights about 30% 
below the values obtained later. The saturation time 
was about the same. Similar increases in pulse height 
after the sample was exposed to only a few pulses were 
observed in other crystals of this type. The effects of 
previous exposure seem to indicate that, in addition 
to the shallow traps, there is a small concentration of 
very deep traps which significantly affects the electron 
lifetime and which holds electrons for periods of time 
of the order of hours, even at 250°K. The fact that the 
pulse height increases after the first set of measurements 
indicates that approximately 20 pulses supplied suffi- 
cient electrons to fill the deeper traps in the long-lifetime 
region (~10- cm thick) near the irradiated electrode. 
Assuming that the deep traps are uniformly distributed 
in this region and that all of the electrons produced by 
the 20 pulses are eventually captured by them, their 
density is ~ 10"°/cc. 

Finally, it is interesting to note that the reverse 
polarity pulses are of the same magnitude or even 
slightly larger than those of the air-grown samples. 
Again, this confirms the idea that in the helium-grown 
samples the surface region has a relatively long electron 
lifetime. The variation of the reverse pulse heights 
with x-ray tube target voltage was similar to that_with 
the air-grown samples, which is the justification for 
the statement made earlier that the contribution of the 
hole motion is not significant. 


(c) Crystals with Additions of Cut Ions 


The experiment of Moser, Nail, and Urbach on 
photolytic darkening of AgCl crystals indicate that 
Cut ions trap holes rather than electrons.'* That the 


18 F, Moser, R. Nail, F. Urbach, J. Phys. Chem. Solids 9, 217 
(1959). 





PHOTOCONDUCTIVITY OF AgCl 
ion does not act as an electron trap is also borne out 
by the present study. The behavior at low temperatures 
was very similar to that of the He-grown crystals and 
the values of the schubweg per unit field of electrons is 
approximately the same as given in Table III. This 
result indicates that the Cut ions do not act as effective 
electron traps. The reverse polarity response, too, was 
similar to that of the pure crystals, and, if Moser’s 
interpretation is correct, is further proof that the reverse 
pulses are a result of electron rather than hole motion. 

As in the case of the He-grown crystals, the height 
of the forward polarity pulses increases with tempera- 
ture. The increase of the pulse height with temperature 
is smaller in magnitude than in the case of the He-grown 
samples but is approximately exponential with tem- 
perature for 7>200°K. The activation energy is 0.048 
ev for V =500 v, but the increase in the induced voltage 
does not occur only during the excitation time as with 
the He-grown crystals. A lower response for the first 
set of measurements supports the hypothesis of the 
presence of a small concentration of deep traps, dis- 
cussed in the previous section. 

In contrast with the case of the He-grown crystals, 
the saturation time for 7>180°K does not change with 
temperature or applied voltage. Also, the curves of the 
pulse height vs the applied field are linear except at the 
highest temperatures, where there is a small curvature. 
Thinking again in terms of the two-region model the 
results with the Cut-doped crystal seem to indicate 
that, in this case, the two regions have comparable, 
short electron lifetimes, or that there exists only one 
region with a short lifetime. On the other hand, the 
number of electrons escaping the region where they are 
produced still depends on the recombination process 
in this region and, if this recombination occurs via not 
too deep traps, the number of conduction electrons 
will increase with temperature. The differences between 
the doped and undoped crystals may possibly be the 
result of the diffusion of adsorbed oxygen into the 
crystals. In the case of the doped crystals, the adsorbed 
oxygen may preferentially react with the cuprous ions 
and thus will not increase the electron lifetime in the 
region near the surface. 


(d) Crystals with Addition of Ni Ions 


The effect of a very small concentration of Ni ions 
on the photoconductive response is very striking; the 
addition of 1 ppm essentially quenches the photo- 
conductivity. At 80°K no pulses were detected in either 
the forward or reverse direction with the highest 
available field and x-ray intensity. By assuming the 
same average ionization energy as in the air-grown 
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samples, an upper limit of the schubweg per unit field 
is 10-* cm*/v. If the mobility in these crystals is also 
the same, i.e., ~300 cm?/v sec, the lifetime is less than 
3X10-" sec, which implies that the trapping cross 
section is greater than 300 (A)?. At 160° and 210°K, 
very small pulses were observed and wo was estimated 
to. be of the order of 5X10-* cm?/v. At the highest 
temperature, 270°K, no response was detected, which 
may be due to a relaxation of the internal field, since 
the ionic conductivity of this sample was very high. 
The luminescence of Ni-doped crystals is also 
quenched, and thus nickel acts as a “killer” impurity. 


V. CONCLUSIONS 


Measurement of the photoconductivity excited by 
short x-ray pulses provides a suitable method for the 
study of lifetimes and mobilities of carriers in AgCl. 
In air-grown and carefully annealed crystals the life- 
time of electrons is of the arder of a few microseconds, 
and the mobilities agree with other measurements 
reported in the literature. The pulsé shape is in good 
agreement with the calculations. A study of the pulse 
heights as a function of applied field suggests the 
presence of a thin surface layer which exhibits a short 
electron lifetime, possibly caused by traps introduced 
during the surface treatment. Growing and annealing 
in an inert atmosphere reduces the electron lifetime by 
several orders of magnitude. Pulses in a temperature 
range from 200° to 280°K show long “tails” which 
indicate trapping and reemission of electrons during 
transit. through a surface layer. The depth of these 
traps is estimated at 0.08 ev. The addition of Cut ions 
does not change essentially the behavior of crystals 
annealed in an inert atmosphere, except for the trapping 
phenomena in the surface layer. Thus Cut ions do not 
act as effective electron traps. The addition of Ni ions 
reduces the lifetime at 80°K to less than 3X10-" sec, 
corresponding to a very large capture cross section. 

The schubweg of holes is negligible compared with 
that of electrons; in fact no hole motion was detected 
except above 250°K. The reverse polarity pulses are 
explained by electrons returning to the irradiated 
electrode from the illuminated region which has a finite 
thickness resulting from the penetration of the x-rays. 
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Degeneracy in Ag.Te 
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The Hall coefficient, resistivity, and Seebeck coefficient of m- and p-type specimens of Ag:Te have been 
measured over the temperature range from 55 to 300°K. These results indicate that the compound is highly 
degenerate over the whole temperature range studied. Calculations were made of the effective masses, 


mobility ratios, and energy gap and gave order of magnitude values. 





INTRODUCTION 


HE first extensive investigation of the physical 

properties of the low-temperature or -phase of 
AgeTe was reported by Appel,' who obtained a value 
for the forbidden energy gap of ~0.7 ev by means of 
optical transmission measurements on thin films. 
Further work on this compound? was prompted by an 
interest in its thermoelectric properties and by the 
apparent contradiction between this relatively large 
energy gap and the low values for the Seebeck coefficient 
in fairly pure material. 

The results obtained? disagreed with Appel’s and 
indicated that the energy gap is extremely small, such 
that the material is intrinsic at room temperature, 
accounting for the small Seebeck coefficient. However, 
the Hall effect and resistivity data obtained were 
sufficient only to permit a classical analysis, whereas 
this material appears to be degenerate, even in the 
intrinsic range. 

In the present work, additional measurements of 
Hall effect, resistivity, and Seebeck coefficient have 
been made allowing the degeneracy condition to be 
dealt with more effectively. 


MEASUREMENTS 
Hall Effect 


The Hall effect was measured by the conventional 
dc method, reversing the magnetic and electric fields 
for each measurement. No dependence of Hall effect 
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Fic. 1. Thermoelectric power apparatus. 
1 J. Appel, Z. Naturforsch. 10A, 530 (1955). 
2G. E. Gottlieb, W. M. Kane, J. 
J. Phys. Chem. Solids 15 (1960). 
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on magnetic field strength was observed up to fields of 
6000 gauss. 


Seebeck Coefficient 


Measurements of the temperature dependence of 
the Seebeck coefficient were carried out in the apparatus 
shown in Fig. 1. Temperature differences between the 
specimen and contacts were minimized by enclosing 
the ends of the sample and the thermocouples by the 
copper contacts, i.e., approximating to black-body 
enclosures. A temperature difference of about 5°C was 
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3. 2. Variation of Hall coefficient with reciprocal temperature 
for two n-type and two p-type specimens. 


maintained between contacts by passing suitable 
electric currents through a heating coil, and was 
measured by means of calibrated chromel-constantan 
thermocouples. The resulting thermoelectric voltage 
across the specimen was measured by a Leeds and 


‘ Northrup Type K potentiometer. 


RESULTS 


The experimental values of Hall coefficient (R), 
resistivity (p), and Seebeck coefficient (Q) are plotted 
as functions of temperature in Figs. 2, 3, 2ad 4. These 
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measurements were performed on polycrystalline speci- 
mens produced by methods described elsewhere.* The 
specimens were etched with a 60% NH,OH, 40% 
H:O, mixture. Unetched specimens gave slightly 
different results. The effect of etching appeared, in 
most cases, to change the position of the zero in the 
Hall-effect and Seebeck-coefficient curves to make the 
n-type specimens more p-type and the p-type specimens 
more n-type. X-ray examination of the etched and 
unetched specimens gave well-defined pictures in the 
etched case only, and henceforth only etched specimens 
were used for the measurements. 


DISCUSSION 


The evaluation of the experimental data in Ag:Te is 
complicated by the fact that the compound is highly 
degenerate at low temperatures (see below) and 
therefore the impurity concentrations and hence 
mobility ratios could not be accurately determined. 
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3. 3. Variation of resistivity with reciprocal temperature for 
two n-type and two p-type specimens. 


Lack of knowledge of the position of the impurity levels 
in the energy bands prohibits the calculation of the 
degree of ionization of the impurities from the position 
of the Fermi-level. 


Degeneracy at Low Temperatures 


Values for the Fermi level and effective mass were 
obtained from Hall data and the Seebeck coefficient (Q) 
in the extrinsic range using the expressions 


2mn,p*kT\! 
wate) nc 


0 | Fr4i(n*) ‘ 
n.p— ce ng <meta 


elr+1 F,(n*) 

where m= concentration of electrons in conduction band, 
p=concentration of holes in valence band, k= Boltz- 
mann’s constant, e=electronic. charge, h=Planck’s 
constant, m,,»*= effective mass of electrons or holes, 


2 Pp. F, Taylor and C. Wood, J. Appl. Phys. (to be published). 
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>. 4. Variation of Seebeck coefficient with reciprocal temperature 
for two n-type and two p-type specimens. 


T=absolute temperature, n*=7/kt the reduced Fermi 
level measured from the relevant band edge, 


, a Fermi-Dirac integral, 


| ea 


. and r=charge-carrier scattering constant. 


In Table I the values of effective mass and Fermi 
level are listed assuming either scattering by lattice 
phonons (r=Q) or scattering by impurity ions (r= 2). 

An unresolved part of our data is that the compound 
appears to be highly degenerate in the extrinsic range, 
and therefore the impurities are only partially ionized, 
however, the Hall constant becomes invariant with 
temperature at low temperatures. Measurements down 
to liquid helium temperatures on one specimen gave 
no variation of R with temperature. A possible explana- 
tion is that the impurity levels overlap the respective 
band edges so that the compound is really a semimetal. 


The Mobility Ratio 


The value of 6 is usually estimated in p-type speci- 
mens from the values of the Hall constant (R) as it 


TABLE I. Values of effective mass and Fermi level, assuming 
either scattering by impurity ions (r=2) or scattering by lattice 
phonons (r=0). 
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TasLe IJ. Apparent values of 6 for four p-type specimens 
together with the entrinsic free-carrier concentration and temper- 
ature (Tmax) at which Rmax, and therefore b, is measured. 








Twn 


103 
122 
110 
175 


Specimen No. Free-hole conc. cm=* 


W 8* 8.8 10* 
W 6C* 1S x1" 
W 6C2 1.63 10" 
W 6B1 6.25 10"7 











* Unetched specimens. 


goes through a maximum (Rmx) and the value in the 
extrinsic range (Rex) 


(?— 1)/4b= leik Resael Max 


Both Rmax and R,.x are dependent on the number of 
uncompensated impurity atoms,‘ and therefore on the 
position of the Fermi level at these two points. Apparent 
values of 6 for four p-type specimens together with the 
extrinsic free-carrier concentration and temperature 
(Tmax) at which Rmx, and therefore 6, is measured are 
given in Table II. 

It is difficult to assess the relative importance of the 
effects of degeneracy and temperature on the value of 6. 
If the effect of degeneracy is predominant then the 
lower values of 6 will be the more nearly correct 
values. 


Choice of Scattering Constant 


Plots of Ro versus temperature in Fig. 5 for the 
n-type specimens show that r=0 applies only at the 
higher temperature and not in the extrinsic range. 
For the p-type specimens five points on the Hall curves 
were chosen to determine values of hole mobility. It 
was assumed that 6 was constant with temperature 
and that N, is given by the value of Rex. When 
R= Raatrinsic; ; 

Mp=oRex. 
At R=0, 
up=a(b—1)/eN.b. 
At R= Rua, 
Bp= 2¢Rmax/(b—1). 


When R= Rintrinsic, 
bp=a/e(nb+ p). 


N and were obtained from the general expression for 


the Hall coefficient 


~ n(b+1)+NeP 


where J, is the acceptor concentration. In all cases the 
scattering constant in the Hall expression was chosen to 
be unity, because of degeneracy. 

The mobility curve for specimen W 6B1 suggests that 





*See for example N. B. Hannay, Semiconductors (Reinhold 
Publishing Corporation, New York, 1959), p. 395. 
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lattice scattering by acoustical modes is predomi- 
nant over the whole temperature range, for which 
r=0. This agrees with results obtained on at least two 
other p-type specimens. The type of scattering in 
specimen W 6C2 is less clear, and a valid choice of 
scattering factor was not held feasible. 


Thermal Activation Energy at Absolute Zero 


The value of the energy gap at absolute zero was 
calculated from the slope of the plot of np/T* versus 
1/T°K for the p-type specimens (Fig. 6). The acceptor 
impurity concentration was assumed to be equal to 
the free-carrier concentration in the extrinsic range and 
the value of 6 was assumed to be independent of 
temperature. The discussion above shows that these 
assumptions may be invalid and therefore the final 
result may be in error. 

Previous results? had indicated that the energy gap of 
B-Ag:Te is extremely small, and therefore the np 
product is strictly given by 


np/T*= (1289°k?/h>) (m.m,)'F y(n*)Fy(—n* —E*). 
The approximations for Fermi functions give an 


expression for the case of — 0 <n*<+41.25, and where 
E*>2, of the form 


np MM» 1 dE 
—= 2.33 KX 10®\——_ ep(-— —) 
in m? R dT 


Eo 
xen(—) 1+0.27 expn*}", (1 
pag | pa* ty", (1) 


after the manner of Austin and McClymont.® Approxi- 
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Fic. 5. Mobility variation with temperature 
for two n-type and two p-type samples. 
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mations® for n*>1, e.g., F4(n*)+-0.667(n*+-1.645)!, 
are not helpful in determining the energy gap, and the 
approximation for Fy(n*) where n*<2 (i.e., the classical 
case) cannot be used. 

Calculations below, [see solution of Eq. (5) ], show 
that in specimen W 6B1 at 175°K, where R= Rinax, the 
Fermi level is approximately 2kT below the conduction 
band edge and E is also 2kT. At 117°K, where R=0, 
the Fermi level is 4kT below the conduction band edge 
and £ is 3kT. Therefore, the conditions for Eq. (1) 
to apply are satisfied in this temperature range and 
the slope of the curve in Fig. 6 gives a value of ~0.05 
ev for the energy gap at absolute zero. The straight line 
is seen to actually extend from 150°K down to 100°K, 
below which inaccuracies in the small values of 
prevented further calculation. 

Similar calculations on specimen W 6C2 showed that 
although the condition (E>2kT) for Eq. (1) to apply 
is not fully satisfied, a straight line of similar slope is 
obtained. The differing degrees of degeneracy of W 6C2 
and W 6B1 may account for the fact that the two 
curves do not coincide. 


Thermal Activation Energy at 
Higher Temperatures 


The Seebeck coefficient, Q, in the general case, when 
both holes and electrons are present is given by’ 


Q= (onQnt+opQ»)/ (ontop), (2) 
where 


0 ‘(= F41(n*) *) 
Wr a i oes eee ot 
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Fic. 6. Variation of np/T* with reciprocal temperature 
for two p-type specimens. 


51. G. Austin and D. R. McClymont, Physica 20, 1077 (1954). 
6 J. S. Blakemore, Elec. Commun. 29, 131 (1952). 

7V. A. Johnson, Progress in Semiconductors (John Wiley & 
Sons, Inc., New York, 1957), Vol. 1, p. 82. 
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TABLE ITI. Values of energy gap and effective mass for 
sample W 6B1, taking r=0. 








W 6B1 


0.028 ev 
0.71 
0.12 
0.17 














g,=neu, which is conductivity ‘due to electrons, 
o,= peu, which is conductivity due to holes. This 
equation simplifies at R= Rmax, where nb= p, to 


Q= (Qn +0,)/2, (3) 


and at R=0, where nb?= p, to 


Q=(O.+b0,)/(1+6). (4) 


At R= | > 
p (=) 
b=-=| — |} ———_——__, 


My Fi(nm*) 


where 7m* is the reduced Fermi level at Rmax. Similarly, 
at R=0 
Pp ( me (no* — E*) 


Fy (n0*) 
where no* is the reduced Fermi level at Ro. Hence 


we Fy(—n0*— E*) Fy (nm*) 


—— (5) 
Fy (n0*) Fy(—1m*— E*) 


Mn 





If it is assumed that E* and 6b are constant over the 
small temperature range between R=0 and R=Rymaz, 
then it is possible to solve quite simply by graphical 
means for the unknowns o*, 7,.*, and E* using Eqs. (3), 
(4), and (5). With this knowledge, values of effective 
mass can also be obtained. The values of energy gap 
and effective mass for sample W 6B1, taking r=0, are 
listed in Table ITI. 


Impurity Activation Energy 


For nondegenerate conditions, and a constant Fermi 
level, Eq. (2a) becomes, for a one-carrier model, 


{+2-s 
=+- —— |. 
e e : 2kT 


It is of interest that the Seebeck-coefficient curves 
when plotted as a function of reciprocal temperature 
(1/T°K) as in Fig. 5 give a value of E of about 0.02 ev 
in the extrinsic conductivity range, suggesting impurity 
levels in the middle_of the forbidden gap. Too much 
importance must not be given to this result since it is 
known that the material is degenerate in this range. 





WOOD, HARRAP, 


CONCLUSION 


Thermal data, consisting of Hall, resistivity, and 
thermoelectric power indicate that in many respects 
AgsTe behaves as a conventional semiconductor with a 
very small forbidden energy gap. Calculations based 
on experimental data indicate variations of such 
parameters as mobility ratio, effective masses, and 
transport mechanism which are presumably dependent 
on composition and structure. The values calculated 
for these parameters are only indicative of the order of 


magnitude. Completely reliable figures could be 
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obtained only with considerably more experimental 
data. 

The difference between the gap obtained from optical 
transmission data! and that obtained from thermal 
data could be due to a complex band structure, although 
discrepancies of this magnitude are not usually en- 
countered in semiconductors. 
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A theory is developed that gives the diffusion coefficient in strained systems as an exponential function of 
the strain. This theory starts with the statistical theory of the atomic jump frequency as developed by 
Vineyard. The parameter determining the effect of strain on diffusion is related to the changes in the inter- 
atomic forces with strain. Comparison of the theory with published experimental results for the effect of 
pressure on diffusion shows that the experiments agree with the form of the theoretical equation in all cases 


within experimental error. 


I. INTRODUCTION 


INCE the diffusion rate in a crystal depends on the 
atomic interaction energy, and since this energy 
depends on the interatomic distances, it is to be ex- 
pected that the diffusion coefficient of a migrating 
species will be altered by a strain superimposed on the 
crystal. Experimental evidence shows that the change 
in the diffusion coefficients resulting from strains can be 
considerable. Uniaxial elastic strain can increase the 
self-diffusion coefficient by as much as a factor of two! 
and large hydrostatic pressures may decrease the self- 
diffusion coefficient by as much“‘as an order of 
magnitude.?-5 
The theory of the effect of pressure on diffusion has 
been examined on the basis of the dynamic theory of 
diffusion.*®? In this theory, the pressure effect is repre- 
sented by a parameter that is a function of the normal 
mode vibrations of the atoms in the crystal, and the 
diffusion coefficient is an exponential function of the 
pressure. 


1T. Liu and H. G. Drickamer, J. Chem. Phys. 22, 312 (1954). 

?Norman H. Nachtrieb, Wright Air Development Center 
Technical Report No. 55-68 (unpublished). 

3 J. Petit and N. H. Nachtrieb, J. Chem. Phys. 24, 1027 (1956). 

*W. Jost and G. Nehlep, Z. physik. Chem. 34, 348 (1936). 

5 Norman H. Nachtrieb, Henry A. Resing, and Stuart A. Rice, 
J. Chem. Phys. 31, 135 (1959). 

* Stuart A. Rice, Phys. Rev. 112, 804 (1958). 

7 Stuart A. Rice and Norman H. Nachtrieb, J. Chem. Phys. 31, 
139 (1959). 


The dynamic theory of diffusion was developed as an 
alternative to the absolute rate theory of diffusion, 
since it was believed that the absolute rate theory de- 
pended on the postulate that the jumping atom spends 
a long time at the top of the potential barrier. However, 
it can be shown that the theory of the jump frequency 
can be developed without reference to such a postulate® 
by considering the motion of a representative point in 
phase space. The jump frequency then depends on the 
rate at which phase points move over the potential 
maximum in configuration space, and not on the length 
of time the phase points spend at the maximum. In 
view of this situation, it is of interest to investigate the 
effect of strain on diffusion in terms of the statistical 
rate theory. 

The statistical rate theory of diffusion in strained 
crystals as developed in this paper shows that the dif- 
fusion coefficient is an exponential function of strain, 
and that the strain effect can be represented by a pa- 
rameter that is a function of the interatomic forces. 
The rate theory, therefore, has an advantage over the 
dynamic theory in two respects: First, the effect of 
strain on diffusion in different materials can be corre- 
lated with the interatomic potential energy, and second, 
the interatomic forces provide a basis on which to 
calculate the magnitude of the strain effect for different 
diffusion mechanisms. Accordingly, the possibility pre- 


* George H. Vineyard, J. Phys. Chem. Solids 3, 121 (1957). 
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sents itself of deciding among alternative diffusion 
mechanisms from a comparison of the results of experi- 
ments on the effect of diffusion in strained systems with 
theoretical calculations. Such a program would be con- 
siderably more difficult in the framework of the dynamic 
theory. 

The general equation for the diffusion coefficient for 
the flow of a single species in an isotropic solid may be 
written 

D=oadn", (1) 
where D is the diffusion coefficient, \ is the lattice 
parameter, » is the concentration of carrier defects, T 
is the jump frequency, and a is a constant that is deter- 
mined by the crystal structure. In the following sec- 
tions expressions are derived for the effect of homo- 
geneous static strains on the jump frequency and va- 
cancy concentration. The resulting equations are put 
into a form in which comparisons can be made with 
existing experimental data. 


II. DEPENDENCE OF JUMP FREQUENCY 
ON STRAIN 


According to the statistical theory of rate processes, 
the jump frequency is determined by the ratio of two 
configurational integrals, one referring to the activated 
state and the other referring to the normal state. In 
analyzing the effect of strain on the jump frequency, the 
formulation of the rate process theory in solids given by 
Vineyard? is used, in which the jump frequency is given 
in terms of these integrals by 


kT \3 
= (—) fer vrde | { eonraa, 
27m » A 


where k is Boltzmann’s constant, T is the temperature, 
and ¢ is the potential energy of the system as a function 
of all the coordinates of all the atoms in the crystal. 
The integral in the numerator of Eq. (2) is evaluated 
over a hypersurface ¢ in the configuration space such 
that the surface passes through the point corresponding 
to the diffusing atom at its activated position with all 
other atoms at their equilibrium positions. The hyper- 
surface is also required to be perpendicular to contours 
of constant potential energy in the configuration space. 
The hypersurface defined in this manner divides the 
configuration space into two symmetric parts. The 
integral in the denominator is evaluated over the config- 
uration volume A of one of these symmetric parts. 
Equation (2) was derived for the case of an unstrained 
crystal. However, it is applicable to strained crystals if 
the potential energy ¢ is taken to be a function of the 
six strain components é€as as well as the atomic co- 
ordinates g;. A similar procedure has been used by Born® 
in an analysis of the statistical mechanics of crystal 


® Max Born, Proc. Cambridge Phil. Soc. 36, 160 (1940). 
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lattices. Thus, the potential energy in Eq. (2) is given by 


(3) 


where g,; represents the set of all atomic coordinates 
and €ags represents the set of six independent strain 
components. 

The potential yg can be expanded as a Taylor series 
in the strains about the point of zero strain with the 
result that 


$= 9(Gi,€as), 


4 


?(qi,€a8) = ¢(q:,0) +2 Captas 
a,B 


+ > Cabpe€abEpe + a 


a,B.p.o 


(4) 


where the coefficients Cag and Cagpe are defined by 


dy 
Cus=( ) ; 
O€ap/ j,0 


1 ao 
2\d€,c0€as7 9;,0 


The subscripts indicate that the derivatives are evalu- 
ated when the strains are zero and the coordinates 
have the value qj. 

Substituting Eq. (4) into Eq. 
frequency in terms of the strain: 


(5) 


(6) 


(2) gives the jump 


T'(€as) 


kT \3 
( ) fora kT ep(-— — x ,Casees de / 
24m ¢ 


1 
fore kT ep(- — Z. Castes a, (7) 
A kT «8 


where terms of order higher than the first have been 
ignored. It will be shown later that the first-order con- 
tribution of the strain to the jump frequency depends 
on the difference of the average value of Cag evaluated 
near the normal configuration and near the acti- 
vated configuration, and on similar differences 
in the averages of Cage, etc. It is extremely difficult 
to give an @ priori estimate of the relative magnitudes 
of these differences. At any rate, for small enough 
strains the first-order terms predominate and the higher 
order terms can be neglected. It will be seen later that 
the form of experimental results is adequately de- 
scribed by considering only the first-order terms in the 
strains. For zero strain, Eq. (7) gives the jump fre- 
quency as 


kT \3 
lo= (—) forum rao | { eeumnraa, 
2xm/ Jo A 


(8) 
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Now take the ratio of Eqs. (7) and (8). The result is 


T'(€a) <= (ew(-—3 as Cases) ) / 
(of- gem), 9 


The angular brackets indicate that a statistical average 
has been taken of the quantity within the brackets, and 
the subscripts o and A indicate that the averages are 
taken over the regions of configuration space o and A, 
respectively. The explicit expressions for these averages 
are 


1 
e) ee x 3s 2 } Co €a ) 
( a kT a8 — a 
=fe ¢(qj,0)/kT ep(-—3 p> Castes) de / 


wv 


f ee MIKTg, (10) 


¢g 


(en(-— > Castes) ) 
kT «8 A 
1 
= fe #(9j,0)/kT exp(- — > Casees ad / 
kT a8 
fern ‘TdA. (11a) 
A 


For small strains and high temperatures, the conditions 
under which the experimental effects of strain on dif- 
fusion are usually determined, the exponents in Eq. (9) 
can be expanded into a series, and only the first two 
terms need be retained. Thus, Eq. (9) can be written as 


T'(€as) (1-— = (Cas)eees) / 


To 


1 
i F eck Om 
( pa cur :) = 


where (Cag). and (Cag)a are given by 


dg 
(Carye= f ( ) evianitdg | 
g O€ap @j,0 


fevumnrd, (12) 


d¢ 
(Ca)a= f ( ) evumnrga | 
A O€as @j.0 


fevomurag . (13) 
A 
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Taking logarithms of Eq. (11) and utilizing the fact 
that In(1—x)=+—«x for small x, gives 


P'(€ap) 1 
_ Peat L(Cas)a— 
To 


In c. aye leas}, (14) 


or, defining a parameter mas by 


Map= (Cap) — (Cap) 


Equation (14) can be written as 
1 al 
T'(€a) — To ep(— ye masta). 
kT a8 


Since Ip can always be written as® 
AE*/kT 
’ 


(17) 


'=p*e 


where AE* is the energy of activation for the atomic 
jump and »* is an effective frequency, it is evident from 
Eq. (16) that the strain affects the jump frequency by 
an effective change in the energy of activation. 

Equation (16) shows that the jump frequency has a 
simple exponential dependence on the strains and that 
this dependence is controlled by the derivatives of the 
potential energy with respect to the strains evaluated 
at the saddle point of the activated state. 

Equation (16) gives the general relation between the 
jump frequency and the strain that will be used in this 
paper. 

To illustrate the application of Eq. (16), three special 
cases will be considered : 

(1) Uniform compression or expansion, in which 
(18) 


€zz = €Cyy=— €zz2= €, 


(all other strains=0) 
(2) Simple shear, in which 


€xy= €y2= Es; (19) 


(all other strains=0) 

(3) Simple elastic tension or compression in the « 
direction, in which 

€zz— €L, (20) 
€yy= €22= — HEL, 
where yu is Poisson’s ratio. For these three cases, Eq. 
(16) gives the following results: For uniform compres- 
sion or expansion, 
T'(e)= Tye" kT )« 

where 


m=(C)a— 


(C). om f(), evinonntda | f een ‘da, (23) 
de . 
0 
orf) moe 
de F gj, 
feremmraa, (24) 


(Che, 
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For simple shear, 


I'(e,) nd Te 2me/ kT) ee, 


(2S) 
where 


m,=(C.)a— (Cr)e; (26) 


(C,)a and (C,), are given by statistical averages similar 
to Eqs. (23) and (24), i.e., 


(C.)-= (=)... 
(C.)a= (x). 


For simple elastic tension or compression in 
direction, 


(27) 


(28) 


T'(ez)= T'ye™ &T)Q-2n) | 
where 


m= (Ci a—(Cie, 


--((2),)-(2:): 


III. DEPENDENCE OF VACANCY CONCENTRATION 
ON STRAIN 


(29) 
or 


(30) 


The n appearing in Eq. (1) has a different significance 
for different mechanisms of diffusion. Broadly speaking, 
n is the probability that a diffusing particle has a site 
available to jump into. For dilute interstitial diffusion 
this probability is nearly unity whether or not the 
system is strained. For diffusion by a vacancy mecha- 
nism, however, m is the atomic fraction of vacancies in 
the crystal, given by 

n=n,/N7, (31) 
where m, is the vacancy concentration, and Nz is the 
total number of lattice sites per cubic centimeter. It 
is therefore necessary to investigate the variation of n, 
with strain. 

The atomic fraction of vacancies in a crystal at equi- 
librium is given by (see Appendix) 


m= f ne f evens eo TT dda, / 
7 


f- ‘ | f eveorsanne J] dpjdq;, (32) 
i 


where y, is the energy of the crystal containing a 
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vacancy and yp is the energy of the perfect crystal. 
Performing the integrations over the momenta ; con- 
verts Eq. (32) into 


m= | - ee feroone II da; II (ve / 
F k 


f ~ f emrnt TT da TT (de, (33) 


where ¢,(g) and ¢o(q) are the potential energies in a 
crystal containing a vacancy and in a perfect crystal, 
respectively, each taken as a function of all the co- 
ordinates; (v,), is the frequency of the &th vibrational 
mode in the crystal containing a vacancy; and (v9), is 
the frequency of the &th normal mode in a perfect 
crystal. In a strained crystal, the ¢ and the » must be 
written as functions of strain, so that (33) becomes 


Ny (€as) 


= foo fl expt eolaies)/AT IL das (0% / 


f. . f exp[— ¢0(9;,€a8)/RT ] IT dq; IT (ve). 
i k 
(34) 


An estimate of the effect of strain on the frequency 


ratios can be made from Griineisen’s relation” 
d |Inv/d nV=—y, (35) 


where V is the volume and y is a positive constant. 
Integrating Eq. (35) for each vibrational mode as the 
crystal goes from the strained to the unstrained state 


(vo)e ( 
(vo), 


(vy*)k : 

——=(1+— 

(ry)k J 
where 6V is the volume change arising from the strain. 


Griineisen’s relation, therefore, leads to an equality of 
frequency ratios in the strained and unstrained systems: 


II (v0*)e/II (v‘e=IT (vo)e/IT (vy) k- (38) 


(36) 


(37) 


Therefore, the ratio of Eqs. (34) and (33) is 


ay Be J ext-eesen/eri May / f--- feoooms May 


xf vee fermoomr TT dy / fof expt eolasens)/A7IIL doy. (39) 
7 7 


10 John Clarke Slater, Introduction to Chemical Physics (McGraw-Hill Book Company, Inc., New York, 1939), p. 238. 
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The potential-energy functions ¢,(q;,€as) and ¢0(q,€as) 
can be expanded as Taylor series in the strain just as 
in the development beginning with Eq. (4) and leading 
to Eq. (16). The result is 


Ny (€ap) 1 
*=e(— > wastes), 
kT «6 


Ny 
where 


an ee) WO (Coot 


(40) 


For the special case of uniform compression or ex-. 


pansion, Eqs. (40) and (41) become 
ny (e) 


= e(dw/kT)e 


--4(2),)-«(2),.) 


where ¢ is the volume strain. 


(42) 


(43) 


IV. PROOF THAT THE STATISTICAL AVERAGES 
((0¢/0e)a;,.0) DO NOT VANISH 

The preceding theory depends on the statistical aver- 
ages of the derivatives of the potential energy of the 
crystal with respect to strain. It has been assumed that 
these averages are not zero, and that a first-order ex- 
pansion in the strains is therefore adequate for small 
strains. This assumption can be justified by expanding 
the crystal energy in normal coordinates. The sta- 
tistical averages of interest all have the form 


())-S- SQ) eonn4/ 
f- few TL day, (48 





((°*)) ny). sf f (Ever rar 


Now perform a coordinate transformation according to 


the following definition : 
Uj=Wjqj. 


(52) 


Then, after a few simple algebraic manipulations, Eq. 
(51) becomes 


(2), bs uf o0(-F)am/ 


2 


f exp(—u?/2kT)du; (53) 
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where ¢ is the total potential energy of the crystal as 
a function of all the coordinates g;, and the subscript 
zero means that the derivative is evaluated at zero 
strain. If the g; are taken to be the normal coordinates, 
yg can be written to the second order as 


y= ¢(0)+3 2 w;*9;7, 


where ¢(0) is the potential energy when all the atoms 
are at their mean positions, and the w; are the normal 
mode frequencies. Differentiating Eq. (45) with respect 
to strain gives 


(45) 


dg d¢(0) dw; 
— +> . se q; 
de de i de 


(46) 


and, since at zero strain the first term on the right is 
zero, 
dy dw; 
(22) <n oer mn 
GeFo & de 


For the purposes of this discussion, ¢ will be taken to 
be the strain corresponding to uniform compression or 
expansion, so that for small strains the volume is given 
by 


V= Vo(1+36), (48) 


Vo being the volume at zero strain. Introducing the 
Griineisen parameter y; by the relation 


d |Inw;/d InV= —¥4;, (49) 


where the +; are a set of positive constants, and using 
Eq. (48), Eq. (47) becomes 


d¢ 
(=) =—3)0 0797. 
de7o i 


Substituting Eqs. (45) and (50) into Eq. (44) gives 


))14/ 
1 
J fer(-— Ems) II dq; (51) 
2kT i 


and performing the integrations gives 


((Z))--8 


Equation (54) shows that the averages of the first 
derivatives are never zero and that these averages are 
proportional to the temperature. 

It is extremely difficult to make any a priori decisions 
concerning the signs of mag and wag defined by Eqs. 
(15) and (41). Such a decision requires a detailed in- 


(50) 





(54) 
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vestigation of the variation of localized normal mode 
vibrations with strain in the vicinity of a defect. How- 
ever, on the basis of general physical considerations, it 
is to be expected that both mag and wag are positive. 


V. EFFECT OF PRESSURE ON DIFFUSION 
CONSTANT 


Using Eqs. (1), (21), and (42), and the fact that the 
lattice parameter in the strained system is (1+) times 
the lattice parameter in the unstrained system, the 
relation between the diffusion coefficients in the strained 
and unstrained systems for uniform compression or 
expansion is 

M 
D(e)=D, (1+ 6)? exp(—3e), (55) 
kT 
where D, is the diffusion coefficient in the unstrained 
system, and M is given by 


M=m-+w (vacancy mechanism), (56) 


M=m (interstitial, ring or 


exchange mechanism). (57) 
In terms of the volume strain, e=4(AV/Vo) for small 
strains, where AV is the initial volume, so that Eq. (55) 
takes the form 


AV AV\! M sAV 
p(—)=.(1+—) exp| —( )| (58) 
Vo Vo kRTX\ Vo 


Therefore, it is evident that a plot of In[D(AV/Vo) 
X (1+ AV/V>)-*] against AV/V» should be linear with 
a slope a given by 


a=M/kT, (59) 
and an intercept given by InD,. 

Several investigators have obtained data on the 
variation of the diffusion coefficients with pressure that 
is suitable for testing Eq. (58). Reference 2 presents 
data for the self-diffusion coefficient as a function of 
pressure for sodium, phosphorous, and mercury up to 
pressures of 12000, 4000, and 8000 atmospheres, re- 
spectively. The self-diffusion coefficient of liquid gallium 
up to pressures of 10000 atmospheres is given in 
reference 3. The self-diffusion coefficient for single- 
crystal zinc up to pressures of 10000 atmospheres for 
diffusion in the directions parallel to and perpendicular 
to the ¢ axis is given in reference 1. The self-diffusion 
coefficient of lead up to pressures of 8000 atmospheres 
at two temperatures is given in reference 5. 

The electrical conductivities of silver chloride and 
silver bromide have been measured as a function of 
pressure up to 300 atmospheres.‘ Since in these silver 
halides it has been shown that the conductivity de- 
pends almost entirely on the mobility of the silver ion, 
the conductivity is proportional to the diffusion co- 
efficient of the silver ion by the Nernst-Einstein rela- 


STATIC STRAINS ON 


DIFFUSION 987 
tion, and the data of reference 4 are suitable for testing 
Eq. (58). 

Plots of the variation of the quantity of logl D(AV/V) 
X (14+AV/V>)-!] against AV/Vo for the self-diffusion 
of sodium, phosphorous, mercury, gallium, and lead 
are shown in Fig. 1. The quantities log] D(AV/Vo) 
X(1+AV/V>)-*] for single-crystal zinc were plotted 
against the fractional change in lattice parameter AA/A, 
since this is a more natural unit for discussing diffusion 
in anisotropic crystals and the linear compressions 
perpendicular and parallel to the c-axis are available. 
The zinc data are plotted in Fig. 2. 

Figure 3 gives log(1/R) plotted against AV/Vo for 
silver chloride and silver bromide, where R is the re- 
sistivity. The volume change AV/V, is small enough 
for the pressure range considered so that (1+AV/Vo)-? 
does not appreciably affect the results and can be 
ignored. 

Compressibility data"-'® were used to obtain the 
appropriate value of AV/Vpo for zinc, sodium, mercury, 
lead, silver chloride, and silver bromide. For gallium, 
AV/Vo was computed from the data of Richards and 
Boyer’ assuming that the form of AV/V as a function 
of pressure is the same as that for mercury. The values 
of AV/V for white phosphorus were computed from 
data in reference 16 assuming that the variation of the 
fractional volume change with pressure has the same 
form as that observed'* for black and red phosphorus. 

In all cases, the available compressibility data were 
extrapolated to the diffusion temperature. 

The linearity of the plots presented in Figs. 1 to 3 
shows that the form of Eq. (58) is valid for those sys- 
tems investigated within the probable inaccuracies of 
the experiments and the calculations. 

The slopes of the plots are given in Table I, where 
a=M/kT and aT are shown for the various materials. 

The fact that aT is so much smaller for the liquid 
metals than for any of the solids including sodium is 
indicative of the difference in the mechanism of dif- 
fusion in liquids and solids. In a liquid, the atoms are 
not constrained to remain at lattice positions, so that 
diffusion occurs by a cooperative process involving the 
migrating atom and its nearest neighbors. Thus, the 
change in the interatomic forces can be kept to a mini- 
mum throughout the diffusion process, and consequently 
aT would be very low. 

From Eqs. (54) and (59) it is seen that a should be 
temperature independent. For the self-diffusion of lead 
for which pressure data are available at two tempera- 
tures, the value of @ is reasonably constant. 


11 P, W. Bridgman, Proc. Am. Acad. Arts Sci. 60, 305 (1925). 

2 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 71 (1948). 

18 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 47, 347 (1911). 

4 P. W. Bridgman, Proc. Am. Acad. Arts. Sci. 58-59, 166 (1924). 
15 P| W. Bridgman, Proc. Am. Acad. Arts. Sci. 74, 21 (1940). 

16 P, W. Bridgman, Proc. Am. Acad. Arts. Sci. 62, 207 (1927). 
17 Theodore W. Richards and Sylvester Boyer, J. Am. Chem, 

Soc. 43, 274 (1921). 
18 T, W. Richards, J. Am. Chem. Soc. 37, 1643 (1915). 
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Fic. 1. Variation of log(D.(1+AV/Vo)-!] plotted against 
volume change (AV/Vo) for self-diffusion of various elements. 
(a) Sodium at 363°K [see enclosed graph]. (b) White phosphorous 
at 314°K. (c) Liquid mercury at 303°K. (d) Liquid gallium at 
303°K. (e) Lead at 526.2°K—o ; Lead at 574.2°K—D. 
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(b) 


Fic. 2. Variation of loglD.(1+AV/Vo)-*] plotted against frac- 
tional change in lattice parameter Ad/Ao for self-diffusion in zinc. 
(a) Zinc at 580°K, perpendicular to ¢ axis. (b) Zinc at 580°K, 
parallel to c axis. 
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(b) 
Fic. 3. Variation of log(1/R) plotted against volume change 


AV/Vo for mobility of silver at 573°K. (a) Silver chloride. (b) Sil- 
ver bromide. 


Activation Volume 


The activation volume is ordinarily calculated from 
the relation 


G In(D/ad*v* 
srra[OO] — af AON 
oP T oP ¥ 
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Taste I. Comparison of values of aT for various solids. 








Temperature, 

Solid (°K) 
Sodium 363 
Zinc (1) 580 
Zinc (|) 580 
Mercury (liquid) 303 
Gallium (liquid) 303 
Silver in silver chloride 573 
Silver in silver bromide 573 
Lead 526 
Lead 574 











where P is the pressure and AG refers to the Gibbs 
free-energy changes for vacancy formation and for the 
formation of the activated state configuration. This 
free-energy change is calculated from the measured 
diffusion coefficient as a function of pressure. It follows 
from Eq. (58) that (60) may be written 


(M/kT)0(AV/Vo) 
goa 





av'=—x1] 


=-—a 


0(AV/Vo) 
|| . (61) 
aP 


T 


, 


gE V/ Vo) | : 


aP r 
where 8 is the compressibility, the activation volume 
defined by (61) can be calculated from the simple 
formula 
AV*=a@kT. (62) 
Table II presents values of the activation volume 
calculated from Eq. (62) at atmospheric pressure for 
those systems for which data are available. 


CONCLUSIONS 


A statistical mechanical theory was developed that 
relates the diffusion coefficient to strain in terms of the 


TABLE II. Activation volumes for self-diffusion of various solids 
at 1 atmosphere calculated from Eq. (62). 





Activation 
volume, 
AVt 
(cc/g-atom) 


Temperature, 
T 


___ CK) 





Phosphorous (white) 
Zinc (1) 

Zinc (||) 

Mercury (liquid) 
Gallium (liquid) 

Silver in silver chloride 
Silver in silver bromide 
Lead 

Lead 
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atomic properties of the system. The theory makes the 
following statements: 

1. For diffusion as a function of hydrostatic pressure, 
the diffusion coefficient is an exponential function of the 
volume strain. 

2. The rate of change of the diffusion coefficient with 
strain is related to the interatomic forces. The relation 
is explicit enough that the variation of the diffusion 
coefficient with pressure can be interpreted in terms of 
the interatomic potential-energy functions of the 
material. 

3. For diffusion under hydrostatic pressure, the 
activation volume can be calculated from the com- 
pressibility and the rate of change of the diffusion 
coefficient with volume strain. 

In every case for which data are available, these 
conclusions are in agreement with experiment. 

The general framework of the theory provides a 
basis for understanding the effect of strain on diffusion 
in terms of the atomic properties of the system and 
should provide a valuable tool for comparing diffusion 
rates for different states of strain, as well as for in- 
vestigating the mechanism of diffusion. 


APPENDIX 


The Vacancy Concentration Formula 


Consider a canonical ensemble containing X member 
systems, each system being a crystal containing NV 
atoms and / vacancies. Let E;' be the jth energy level 
of a system containing / vacancies and let Q;' be the 
corresponding degeneracy. Then the number of systems 
containing / vacancies is 


> 2; exp(— E}'/kT) 


J 
Nv.=X——_———— 


(Al) 
Z 


where Z is the total partition function for the ensemble. 
The number of vacancies in the ensemble is 


N.=L IN, 


l 


(A2) 


and the number of atoms in the ensemble is 


Na=NEIN, 
l 


(A3) 


The atomic fraction of vacancies is given by n,= N,/ 
(NatWN,). Since Nx<Na, my is given by the ratio of 
Eqs. (A2) to (A3) to an excellent approximation, and 
therefore | 

n=) 10,/(N & Q)), (A4) 
r 1 
where Q is defined by 
=> 0; exp(-- E}) kT). 


J 


(AS) 


Q: is the partition function of a system containing / 
vacancies. 
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Carrying out the division in (A4) and retaining only 
the leading term give 


ny= (1/N)Q1/Qo, 


which is an excellent approximation, since the energy 
of formation of a vacancy is of the order of 1 ev, and 
therefore the higher terms in the series are very small. 
Qo is the partition function of a perfect crystal and Q, 
is the partition function of a crystal containing a 
vacancy. 

In the semiclassical approximation, 


== (+) f ves f mere dp,dq, / 
f = f ew'r TT dpetgs, (AT) 


where ¥,=y.(p,q) is the energy of a crystal containing 


(A6) 


PHYSICAL REVIEW VOLUME 


STATIC: ST 


S33. 


RAINS ON DIFFUSION 991 
a vacancy and ¥o=yo(p,g) is the energy of a perfect 
crystal. The integrations are carried out over all values 
of the momenta and coordinates p; and q;. The factor 
(N+1) arises from the fact that N indistinguishable 
atoms can be placed in (V+1) numbered lattice sites 
in (V+1) ways so that Q, is proportional to (V+1). 
Combining Eqs. (A6) and (A7) gives 


n= f- ; +f eversanien II dpsda; / 
; 


fev fevoreome Tanda (A8) 


where unity has been neglected relative to NV. 
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This paper reports on the motion of Cut ion vacancies on the surface of cuprous oxide at room temperature 
under the application of an electric field. The measurement of the mobility of the Cut vacancies was made 
by means of a “time of flight” procedure. The formation of luminescent centers is the unique property of Cu* 
vacancies that makes them directly observable. The mobility of the Cut vacancies at room temperature 
is about 10-" cm*/volt-sec. The variation of the mobility with temperatures between 28°C to 55°C is 
observed. From these data the constants of the diffusion equation D=D, exp(AH/RT) are computed. 
Do=5X1077 cm? sec, AH =8100 calories. The low values obtained for these constants shows that the ionic 
current follows low-resistance paths formed by the crystal grain boundaries or along the surface of the 


crystal. 


INTRODUCTION 


HIS paper is a continuation of previously reported 
work! in which the current creep of cuprous oxide 
rectifiers at room temperature is explained by slow 
changes in the distribution of Cut ions. It was reasoned 
that these ions could move because Cu,0 has ionic 
vacancies. As it is to be expected, the ionic vacancies 
give rise to acceptor centers. The acceptor centers allow 
radiative electron transitions from the conduction band 
into them, causing emission in the near infrared 
region.2* The vacancies can therefore be thought of as 
“luminescent centers” carrying a negative charge. 

* This paper represents a part of the thesis for the Master of 
Science degree in the field of Electrical Engineering by I. 
Liberman. 

1 R. Frerichs and R. Handy, Phys. Rev. 113, 1191 (1959). 

2 J. Bloem, Philips Research Repts. 13, 167 (1958). 


3G. F. Garlick, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 19, p. 377. 


A second reason for assuming ionic motion in Cu,O 
at room temperature is based on certain transient 
properties of the electroluminescence. Frerichs and 
Handy! used a sandwich consisting of a Cu,0 covered 
plate clamped against a transparent NESA electrode. 
They observed that placing a dc voltage to this sandwich 
before an ac voltage is applied causes a transient 
behavior in the radiation produced by the ac voltage. 
Transient times on the order of seconds led to the 
conclusion that the enhancement must be an ionic 
effect. Thus Cu,O has the unique property of having 
some ionic motion at room temperature which can be 
studied by observing its electroluminescence. This 
property is utilized in this paper to determine the 
mobility of Cu* ions on Cu,O surfaces. 
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POINT CONTACT ELECTRODES 


The sandwich arrangement used previously is not 
suitable for measurements of mobility. The Cu-Cu,O 
barrier is parallel to the NESA-Cu,O barrier and 
thus it is impossible to tell at which interface the 
luminescence originates. Therefore point contact elec- 
trodes on a Cu,0 plate were used to obtain more 
information about the luminescence. The plates were 
thin, completely oxidized and translucent and had 
dimensions of about 0.1X10X20 mm. Two point- 
contact electrodes of phosphor-bronze (rectifying 
contacts) were placed on the surface of the plate. An 
infrared photomultiplier on the other side of the plate 
observed the electroluminescence. The following experi- 
ments were performed using this configuration: 

1. In order to determine on which phase of the ac the 
luminescence is produced, the two point electrodes were 
separated by 1 cm. An opaque shield between the 
photomultiplier and the Cu,O plate with a pinhole 
under one of the point electrodes permitted only the 
radiation from this electrode to reach the photo- 
multiplier. The photomultiplier signal was displayed 
on one trace of a double-trace oscilloscope while the 
other trace displayed the ac voltage on the electrodes. 
It was then observed that the radiation is emitted at the 
metallic point when it is negative with respect to the Cu,O. 
This corresponds to the forward direction of the rectify- 
ing phosphor-bronze contact. 

2. The shield was removed and the point electrodes 
placed a few mm apart. A dc voltage is connected to 
the two electrodes. The electroluminescence observed 
at the negative contact (electrode 1) decreases with 
time, becoming bearly observable after a few minutes. 
This leads to the conclusion that the luminescent 
centers are mobile and of an ionic nature as the rate of 
change of electronic phenomena would be much higher. 
Reversing the dc results in an identical transient decay 
of the luminescence at electrode 2. However, while 
electrode 2 is kept negative and emits radiation, 
electrode 1 is positive and is “gathering in” the 
neighboring vacancies. Therefore when the dc is again 
reversed to its original state a transient enhancement 
and subsequent decay of radiation is observed at 
electrode 1. 

3. An ac voltage was impressed between the two 
electrodes. Radiation is then given off when each 
electrode goes negative with respect to the Cu.0. 
However, the intensity of radiation at one electrode is 
usually not equal to that at the other electrode. It 
cannot be expected that the concentration of Cut ion 
vacancies at both electrodes is equal. This is due to their 
random distribution obtained during manufacture and 
due to their low average concentration. By placing two 
electrodes at random places on the surface of the Cu,O 
a great difference in radiation between the two points 
is usually observed. After applying a positive dc voltage 
on the less efficient electrode for a period of minutes 
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before the ac is applied, the relative amplitudes of the 
radiation will reverse. The positive electrode has 
gathered in the neighboring vacancies while the negative 
electrode has pushed away the vacancies surrounding it. 
It should be stated that the displacements of the 
vacancies observed in these experiments are extremely 
small, 


MEASUREMENT OF MOBILITY 


While the experiments using point contacts showed 
that the vacancies are mobile, they did not give any 
information on the magnitude of the mobility itself 
because the distances traveled by the vacancies re- 
mained undetermined. A flattened oxidized wire with 
knife contacts placed perpendicular to the direction of 
travel along the wire was used to obtain the desired 
geometry for measuring the mobility (Fig. 1). The 
wire used (No. 24 AWG) was flattened with a roller 
to an approximate cross-sectional area of 0.25X0.8 mm 
and cut to about 2 cm in length. Oxidation was done 
following a standard procedure.‘ 

The initial experiment to measure the mobility is 
described in a previous report.’ This experiment has 
been refined in order to get repeatable results with other 
samples and to find the temperature dependence of the 
mobility in order to verify that surface rather than bulk 
mobility is measured. 

Two platinum wires are placed outside of two zinc 
knife edges. A dc voltage placed on the platinum wire 
provides the field for driving the vacancies from the 
negative to the positive electrode. Periodically (every 
30 minutes) the driving field is interrupted and an ac 
voltage is placed on the zinc electrodes. The resulting 
radiation is detected on a photomultiplier and the 
amplitude of the radiation from each knife edge is 
recorded. (As the radiation occurs when the voltage on 
the knife edge is negative, only one knife edge emits at 
any instant.) After some time has elapsed (30-100 
hours) the radiation pattern from the knife edge near 
the negative platinum wire reappears at the other knife 
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Fic. 1. Cuprous oxide assembly. 


‘Fk. Weichman, Ph.D. thesis, Northwestern University, 1958 
(unpublished). R. Frerichs and F. Weichman, J. Appl. Phys. 29, 
710 (1958), F. Weichman, Phys. Rev. 117, 998 (1960). 

5 R. Frerichs and I. Liberman, Phys. Rev. Letters, 3, 214 (1959). 





SURFACE MOBILITY OF Cu 
edge. Knowing the time of travel, the average mobility 
can be computed. The spacing between the zinc 
electrodes is 75 microns. The surrounding platinum 
electrodes are 830 microns apart. The de driving 
voltage is 135 volts and the ac readout voltage is 50 
volts. 

Under these conditions it was possible to measure the 
transient time between electrodes at temperatures from 
28°C to 55°C. The lower limit is a practical limit 
because at still lower temperatures the length of the 
runs would have to be extended into many hundreds of 
hours. The upper limit is set by the uniformity of the 
distribution (explained further on) and the diminish- 
ment of the intensity of the luminescence. It was also 
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Fic. 2. Diffusion of copper ion vacancies as a function of 
reciprocal temperature. Dotted curves show extremes of slope due 
to estimated experimental error. 


found that the consistency of the data made it unneces- 
sary to go further. 

The results are shown graphically in Fig. 2. The 
mobility » is calculated as velocity per unit field 
intensity and the diffusion D from D=yukT/e. From the 
slope and intercept of this line the following analytic 
equation is obtained: 


D=5X 107 exp(—8100/RT). 


EXPERIMENTAL PROCEDURE 
Vacuum Apparatus 


The holder was placed inside a vacuum chamber as 
shown in Fig. 3. A copper heating mantle with Nichrome 
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Fic. 3. Vacuum chamber: 1, cuprous oxide assembly; 2, heating 
mantle; 3, shutter; 4, filter; 5, photomultiplier tube; 6, vacuum 
wax seals; 7, nichrome wire leads; 8, leads to cuprous oxide; 9, 
tee stopcock; 10, charcoal trap; 11, evacuated section; 12, thermo- 
couple vacuum gauge joint. 


wire heating coils controlled with a temperature 
controller provided the desired temperatures. The 
chamber was kept evacuated by a charcoal trap 
immersed in liquid nitrogen. Thus the possible forma- 
tion of a CuO surface layer due to the reaction 2Cu,O 
+0,—4CuO was eliminated. This reduced the 
radiation fluctuation considerably. 


Gating Circuit 


For every cycle of ac two pulses of radiation were 
obtained; one from each zinc knife edge when the 
voltage on the individual knife edge was negative with 
respect to the Cu,O. The radiation from both knife 
edges was picked up by the same photomultiplier tube 
and thus only one signal of radiation intensity resulted. 
The knife edges were so close together that even with 
elaborate optical equipment it would have been 
difficult to direct the individual radiation to two 
separate photomultipliers. The ac signal had a fre- 
quency of 200 cps. The change in the amplitudes of 
these two trains of pulses with respect to time had to be 
observed. As the ionic mobility at room temperature is 
very small the duration of the experiment extended 
from 30 to 100 hours. 

The following circuit was used (Fig. 4). The ac 
signal taken directly from the oscillator is connected 
to input No. 1. It is amplified and the output is then 
taken from an inverter in order to obtain an ac signal 
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Fic. 4. Pulse separation gating circuit : ali resistance in kilohms and 
capacitance in microfarads unless specified otherwise. 


that is symmetrical with respect to ground. This 
condition is necessary for the proper operation of the 
gating diodes. The signal from the photomultiplier 
tube is placed on input No. 2. This signal is first 
amplified and then connected to a cathode follower in 
order to obtain a lower output impedance. The signal 
from the photomultiplier tube now interacts with the 
ac signal at the diodes. When the upper set of diodes 
are conducting, the lower ones are not, and vice versa. 
Thus the light signal has been separated into two 
signals as desired. 

The data were recorded on the Sanborn Recorder 
making the process entirely automatic. Diodes (6AL5) 
were used to restore the dc level of the light pulses, 
and a semiconductor diode and capacitor were used as a 
peaking circuit to obtain high signal to noise ratio for 
recording purposes. The capacitor of the peaking 
circuit was selected to give between pulses of radiation 
a decay through the reverse resistance of the semi- 
conductor diode of approximately 10%. Thus over a 
period of a few seconds, the average value of light 
intensity was accurately reproduced. 

This circuit was used in conjunction with a timer- 
controlled microswitch, a stepping relay, delay relay, 
and other relays in order to obtain the following 
sequence of operations. The period of the timing 
sequence was 30 minutes. For all but two seconds of 
this time only the driving field was applied to the 
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platinum electrodes. During the remaining two seconds 
the driving field was removed, the ac voltage was 
applied to the zinc electrodes, the photomultiplier was 
turned on, and the Sanborn Recorder motor circuit was 
closed, enabling the two-channel recorder to record the 
magnitude of the luminescence at each knife edge. 


Correlation Technique 


In order to know the time of travel between the 
zinc electrodes, one has to compare the radiation 
pattern at one zinc electrode with the radiation pattern 
at the other electrode at a later time. Unfortunately, 
some difficulties make such an experiment less than 
ideal (Fig. 5). Each pair of figures is a plot of the 
radiation as a function of time on each point contact. 
Figure 5(a) is the ideal case. At time A a burst of 
radiation appears at one knife edge. At time A’ an 
identical burst appears at the other knife edge. The 
time (A’—A) is then the time necessary to move the 
vacancies over the distance between the two knife 
edges. Figure 5(b) shows what one can actually hope 
to expect. It is unlikely, if not impossible, for the 
vacancies to be located within sharply confined bound- 
aries as in Fig. 5(a), since the sharper the gradient of the 
distribution vacancies the greater will be their self- 
diffusion. Figure 5(c) is a logical continuation of Fig. 
5(b). During the time the vacancies travel from one 
knife edge to the other, some self-diffusion will occur 
independent of the field if a concentration gradient 
exists. Thus some vacancies will not move at the same 
velocity as others. The characteristic curve at one 
knife edge will then not coincide exactly with that at 
the other. This makes it difficult to see the exact 
correlation between curves. One is also faced with the 
problem of determining whether the time of travel 
used in calculating the mobility is A’—A or B’—B or 
some intermediate value. Fortunately, the concen- 
tration gradients were not very large and the diffusion 
constant is so small that the uncertainty in time was 
under 10% of the total time of travel. At the highest 
temperature used, the diffusion constant became 
large enough to make back diffusion quite pronounced 
so that comparisons between curves became difficult. 
A typical portion of a good correlation at room tem- 
peratures is shown in Fig. 5(d). 


CONDITIONS FOR ELECTROLUMINESCENCE 


The ac voltage is used for measuring the vacancy 
distribution at the inner electrodes but should not move 
them appreciably. Therefore, a small ac voltage is 
desirable. Also, with low voltage the vacancies that are 
excited are nearer to the probes. Thus the measurement 
of the distances is more accurate. Initially phosphor- 
bronze electrodes were used to excite CusO. They were 
changed to zinc, a lower work function metal, after a 
study of the luminescent model was made. 
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Fic. 5. Electroluminescence as a function of time for 
various vacancy distributions. 


The two zinc knife edges on the cuprous oxide wire 
form rectifying contacts on a p-type semiconductor 
placed back to back. Regardless of the direction of the 
applied field, there is one reverse-biased and one 
forward-biased barrier. For electroluminescence to 
occur, electrons must fall from the conduction band 
into the luminescent centers in the forbidden band 
which are caused by the Cut vacancies.?* A luminescent 
center is a Cut vacancy whose negative charge has been 
neutralized by recombination with a hole in the valence 
band. The radiative transition of electrons from the 
conduction band into this luminescent center then 
restores the effective negative charge of the vacancy. 
Therefore it is proposed that if the vacancies are present, 
the necessary condition for luminescence to occur is a 
sufficient number of electrons in the conduction band. 
Cuprous oxide is a p-type semiconductor with a 
forbidden energy gap of about 2.3 ev.* It then appears 
that only a few electrons could reach the conduction 
band through thermal agitation or field effect. There- 
fore it is proposed that the electrons must be injected 
into the conduction band by the metallic contacts. 

The experimental basis for this hypothesis lies in the 
following observations on this material. A low-work- 
function metal gives greater luminescence than high- 
work-function metals. The radiation is emitted at the 
contact rather than throughout the bulk material. This 
was observed by means of an infrared image converter. 
The radiation is emitted when the voltage is negative 
on the metal contact with respect to the cuprous oxide. 
This corresponds to the forward direction of the rectify- 
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ing junction. Carrier injection explains these ob- 
servations.® 


DIFFUSION OF CU*+ IN CUPROUS OXIDE 


The mobility of Cu* ions in Cu,O at high tempera- 
tures had been previously studied experimentally. Two 
different techniques were used and the results agree 
quite well both experimentally and theoretically. The 
first comprehensive experiments are those of Dunwald 
and Wagner.’ They derived the ionic mobility » from 
measurements of the transport number 7, the electrical 
conductivity ¢, and the number of vacant sites n;: 
p=or7/eny. ’ 

A second method for measuring the mobility of 
Cu,O is an indirect one. It is based on the Nernst- 
Townsend-Einstein relationship eD=ykT, where D is 
the ionic: diffusion. The diffusion can be measured by 
measuring the rate of oxidation of the copper. To 
measure the diffusion directly, Bardeen, Brattain, and 
Shockley used the radioactive tracer technique.*® 

Additional work on the measurement of diffusion 
using radioactive copper tracers was performed by 
Castellan and Moore? and Moore and Selikson.! 
Their contribution was in part to verify the values of 
diffusion of Wagner and Shockley at 1000°C as well as 
to find the diffusion of Cut ions at 900°C and 800°C. 
At these lower temperatures the cuprous oxide formed 
is not equilibrium cuprous oxide so that the diffusion 
coefficient computed is not necessarily that of equi- 
librium cuprous oxide. It is rather that for the particular 
slab of cuprous oxide formed on oxidation. The values 
of diffusion at the three different temperatures were 
plotted logarithmically as a function of reciprocal 
temperature and found to be on a straight line. From 
this line D was found to be 0.0358 exp(—37 000/RT) 
cm* sec!® and 0.0436 exp(—36100/RT) cm? sec“! ” 
over the temperature range studied. Extrapolation of 
the volume diffusion down to room temperature (Fig. 6) 
leads to prohibitively long diffusion times under the 
conditions used in the present experiments. However, 
the experiments of Frerichs and Handy! have shown 
that ionic diffusion influences the electroluminescence 
in Cu,O even at room temperature. 

From the low value of the heat of activation derived 
from our measurements it can be concluded that the 
Cut ions do not diffuse through the bulk material 
(volume diffusion). Such low values for the heat of 
activation can be expected for surface diffusion or 
grain boundary diffusion as a special case. At this time 


6K. Lehovec, C. A. Accardo, and E. Jamgochian, Phys. Rev. 
83, 603 (1951). 

7H. Dunwald and C. Wagner, Z. physik. Chem. B22, 212 
(1933). 

8 J. Bardeen, W. H. Brattain, and, W. Shockley, J. Chem. Phys. 
14, 714 (1946). 

®G. W. Castellan and W. J. Moore, J. Chem. Phys. 17, 41 
(1949). 

10 W. J. Moore and B. Selikson, J. Chem. Phys. 19, 1539 (1951). 
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Fic. 6. Comparison of data of 
diffusion vs 1/T with results ob- 
tained at high temperature by 
Castellan and Moore. 
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we cannot distinguish between these two effects. These 
conclusions are based on the work of Langmuir" who 
first observed with W and Th the change from volume, 
to grain boundary, to surface diffusion with decreasing 
temperature. 

In the present literature only a beginning has been 
made in the investigation of these phenomena.” No 
information is available for semiconductors and ionic 
or covalent crystals. Our experiments have been made 
on polycrystalline material with rather fine grains. On 
material consisting of larger individual crystals it 
could be determined whether the motion of the Cut 
ions follows the surface or the grain boundaries. At low 
temperature the surface diffusion follows certain paths 
on the crystal surface which are determined by the 
directions having minimum transition energy.” At 
higher temperatures this directed motion will become 


"J. Langmuir, J. Franklin Inst. 217, 543 (1934). 

2 Committee on Solids, Imperfections in Nearly Perfect Crystals 
(John Wiley & Sons, New York, 1952), p. 470. 

4K. Hauffe, Reaktionen in und an festen Stoffen (Springer- 
Verlag, Berlin, 1955), p. 408. 
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more and more randomly oriented. Cuprous oxide 
surfaces with large crystallites of known orientation 
should be well suited for the study of the directed 
diffusion. Such an experiment involving fine point 
contacts placed on the surface of a single crystal or on 
the grain boundaries between larger crystals of known 
relative orientation will provide valuable information in 
this field. This experiment is presently being prepared. 


CONCLUSION 


The method presented is capable of determining 
small changes in the distribution of Cut vacancies so 
that they can be used to study the surface diffusion in 
Cu,0 at room temperature. As this method employs 
electroluminescence it is limited to the temperature 
range where this can be observed. The presence of Cut 
vacancies is directly determined in well-defined locations 
through the electroluminescent properties of this 
material. This method, as applied to the measurement 
of the surface mobility of Cut vacancies in Cu,0, is 
presently the only means available for studying such 
small surface mobilities. 
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Cross relaxation effects in ruby maser crystals are treated by introduction of a cross relaxation probability 
in the rate equations. Detailed solutions have been obtained for several specific processes and compared to 
recent experiments. It is shown that cross relaxation can improve maser performance even in the absence 
of impurity doping. Pulse experiments at 0.06 and 0.14% chromium ion concentrations in a ruby traveling 
wave maser are interpreted in terms of a five-spin process in addition to a four-spin process 


I. INTRODUCTION 


HE term “cross relaxation’ 
communication of energy between magnetic ions 

in the crystal. As used in this paper, it refers to the 
simultaneous transition of two or more ions among 
their Zeeman energy levels induced by the dipole- 
dipole interaction. The transition probability then de- 
pends on the concentration of paramagnetic ions. 
Unbalance of Zeeman energy is compensated by a 
rearrangement of spins in the dipolar system. Since a 
large change of Zeeman energy requires the relatively 
improbable cooperation of a large number of ions, the 
transition probability falls off rapidly around zero 
unbalance. Thus, at low concentrations, Zeeman energy 
must be conserved to within a few times the para- 
magnetic resonance linewidth for a particular cross 
relaxation process to be important. With increasing 
concentration this bandwidth broadens until so many 
are allowed that temperature differences 
within the spin system become impossible. However, 
there is a region of low concentrations in which indi- 
vidual cross relaxation processes can be observed 
through their effects on (1) the energy level populations, 
(2) the effective cw relaxation times, and (3) the 
transient relaxation times of the paramagnetic system. 
Since Bloembergen! first pointed out the importance 
of cross relaxation, many investigators*~* have reported 
experiments in which cross relaxation played an appreci- 
able role, particularly in solid-state maser applications. 
It has not been generally recognized, however, that cross 
relaxation may improve maser performance even in 
cases not involving impurity doping. In the first part 


’ refers generally to the 


pre CeSses 


!'N. Bloembergen, S. Shapiro, P. S. Pershan, and J. O. Artman, 
Phys. Rev. 114, 445 (1959). 

2C. H. Townes in Quantum Electronics (Columbia University 
Press, New York, 1960). 

3S. Shapiro and N. Bloembergen, Phys. Rev. 116, 1453 (1959). 

‘W.B. Mims and J. D. McGee, Phys. Rev. 119, 1233 (1960). 

5, Arams, Proc. I.R.E. 48, 108 (1960). 


of this paper, we discuss several such processes involving 
three-, four-, and five-spin transitions which correspond 
to operating conditions in recent maser experiments. 
Calculated inversion ratios are compared with the ex- 
perimental results. In the last part of the paper, we 
describe transient experiments with a ruby traveling- 
wave maser in which it appears that both a four-spin 
and a five-spin process are important. 


II. CALCULATION OF CROSS RELAXATION EFFECTS 


As has been discussed by Bloembergen and Shapiro,’ 
cross relaxation may be incorporated into the frame- 
work of the rate equations for the energy level popula- 
tions. The major condition on the use of the rate equa- 
tion approach is that the transverse relaxation time T2 
be short enough to prevent large phase coherence 
effects.®:?7 The form of the cross relaxation term depends 
on the specific process involved but is based on the 
assumption of independent occupation probabilities. 
Thus, in case (a) below, the net rate of increase of 
population in level 1 is proportional to m2’nq—mn;?. 
The proportionality constant is taken to be W’(4/N)?, 
which defines the cross relaxation probability W’. The 
rate equations for levels 1 and 2 become then 
hy = — (Wie tWistWis)Mi + Wels Wins 

+ wangtW’' (4/N)?(ne2ng—nyns*), 
Nhe= WM — (Wert West Wea) Net WeMst Wao 


+ Vo3(n3—m2)— 2W’ (4/N)?(ne2ng— nn’), 


(1a) 


(1b) 


where V9; is the transition probability per unit time in- 
duced by radiation applied at frequency fo3. A factor 
of 2 multiplies the cross relaxation term in the second 
equation because each transition changes mz by two 
spins. The cross relaxation term is linearized in the 
high-temperature approximation by keeping only terms 

® A. M. Clogston, J. Phys. Chem. Solids 4, 27 (1958). 

iJ. H. Burgess, J. phys. radium 19, 845 (1958). 
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Fic. 1. Energy level diagram for chromium-doped sapphire. 
8@=90°, Ha.=1675 oe. Three-spin cross relaxation process indi- 
cated by arrows. 


involving the first power of An;;=n;—n,;. The rate 
equations can then be solved in the usual manner to 
give the steady-state inversion ratio 


R;;= — An;;( V 33), ‘An;;(0) 
and the spin temperature 


T*;;= — Tr R;;, 


where 7, is the lattice temperature. 

(a) The energy level diagram shown in Fig. 1 corre- 
sponds to ruby with a static magnetic field of 1675 oe 
applied normal to the C axis (@= 90°). Since the relation 
‘2fes=fis is satisfied, the indicated three-spin cross 
relaxation process conserves Zeeman energy. Transition 
2-3 is pumped while the signal is taken at 1-3. In this 
case f,>f,. Following the method outlined above and 
assuming equal spin lattice relaxation times, the in- 
version ratio is found to be 


3fp Ww’ f 
Ru=|(- —1)—+2- |/ a+, w), (4) 
27. w Jet 


which indicates inversion can be obtained provided 
W’/w>2 even with the signal frequency greater than 
the pump frequency. These conditions correspond to 
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Fic. 2. Energy levei diagram for chromium-doped sapphire. 
0=90°, Ha-=2750 oe. Four-spin cross relaxation process indicated 
by arrows. 
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those in the experiment of I’. Arams’ at Airborne Instru 
ments Laboratory in which such inversion was observed. 
(b) The energy level diagram showing a four-spin 
cross relaxation process is shown in Fig. 2. The 1-3 
transition is pumped and the 1-2 transition is used for 
the signal. The energy levels satisfy the following rela- 
tionship: 2 f34= fis+ feos. It can be seen that the cross 
relaxation transition probability will be proportional to 
(n3'— nynon’). For convenience the proportionality con- 
stant will be chosen to be W’(4/)*. By making the 
usual high-temperature approximation and assuming all 
w’s equal, the steady-state inversion ratio R is obtained 


fp 44+22W'/w 


fe 8+19W’ /w 
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—1. (5) 


If the cross relaxation term W’/w is zero, this expression 
predicts an inversion ratio of 1.48 for a pump frequency 
of 13.4 kMc and signal frequency of 2.6 k Mc. However, 
experiments performed in this laboratory on a traveling 
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Fic. 3. Energy level diagram for chromium-doped sapphire. 
6=54° 44’, Ha. =3800 oe. Five-spin cross relaxation process indi 
cated by arrows. 


wave maser gave a measured inversion ratio of 4.1. 
Substituting this value in Eq. (5) gives a value of W’/w 
of 1.68. These experiments were performed on 0.1% 
ruby.® If cross relaxation effects were not included, this 
measured inversion ratio would indicate essentially 
zero idler relaxation time, an unlikely possibility for a 
homogeneous material. 

Examination of the energy level diagram shows that 
the energy unbalance expressed in megacycles, Af=2fs4 
— (fist feos), is within five linewidths for signal fre- 
quencies from 2.6 kMc/sec to 6.0 kMc/sec and goes to 
zero at approximately 2.65 kMc/sec and 5.95 kMc/sec. 
These two frequencies correspond to those used in the 
Melabs traveling wave maser® and the Bell Telephone 
Laboratories” traveling wave maser, respectively. 

’ Nominal starting composition. This corresponds to approxi- 
mately 0.05% chromium ion concentration. The ruby was ob- 
tained from Linde Company. 

* R. Roberts and H. Tenney, unpublished report (1960). 


 R. DeGrasse, E. O. Schulz-Dubois, and H. E. D. Scovil, Bell 
System Tech. J. 38, 2 (1959). 
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(c) The third example of cross relaxation to be con- 
sidered involves a five-spin process. The energy level 
diagram shown in Fig. 3 corresponds to the “push-pull” 
angle for ruby with @=54° 44’ and Ha,.=3800 oe. The 
energy level separations satisfy the following relation- 
ship: 3 fos=2fi2=2fs4. The 1-3 and 2-4 transitions are 
pumped and the signal is equal to the 2-3 transition. The 
cross relaxation-induced transitions for the process 
shown in Fig. 3 are proportional to W’(4/N)*(me'n, 
—nn3). Because of the degeneracy of the push-pull 


occur with the same probability W’. They lead to terms 
proportional to W’(4/N)*(negn2—ns°) and W’(4/N)*- 
(n2°—mn3*n,") in the rate equations. Under the assumed 
pumping conditions, these two terms and the previous 
term each reduce to W’(4/N)*(n2'— 1,5). The effect is 
to increase the total cross relaxation probability to 
3W’. The inversion ratio, assuming equal w,,’s, is 
given by® 

—1+fo/f. 


Ry= “* 
1+45W’/w 


(6) 


For this process it is seen that cross relaxation decreases 
the inversion ratio. By assuming the values f,//, 
= 23/10 and W’/w=1 for a ruby at 4.2°K, an inversion 
ratio of 0.03 (negative spin temperature = 150°K) is 
obtained, which means, in practice, poor maser perform- 
ance. If, however, the temperature is raised from 
4.2° to 77°K, the spin lattice relaxation times'! decrease 
by a factor of 100 and W’/w becomes 0.01. The in- 
version ratio at 77°K then becomes 0.9 (negative spin 
temperature=85°K), which will give a useful maser 
gain. 

These inversion ratios correspond closely to those 
obtained by T. Maiman™ at Hughes Aircraft Labora- 
tories for a 0.2% ruby and suggest that this process may 
be more important than the proposed pump-idler 
coupling which entails an energy unbalance greater 
than 5 kMe. 


III. CONCENTRATION EFFECTS 


To check the effects of concentration of chromium 
ions, a 0.3% ruby" was used in a pulsed traveling wave 
maser at 4.2°K at the operating point of Fig. 2. It was 
expected that the larger concentration would increase 
the cross relaxation probability and further enhance 
the inversion ratio. This did not turn out to be the case. 
The amount of electronic gain obtained was less than 
that obtained with the 0.1% crystal. It is evident from 
this result that the assumption implicit in case (b), 
that only the four-spin cross relaxation process need 
be considered, is no longer valid for the 0.3% ruby. 


"J.C. Gill in Quantum Electronics (Columbia University Press, 
New York, 1960), p. 333. 

2 'T. Maiman in Quantum Electronics (Columbia University 
Press, New York, 1960), p. 324. 

‘8 Starting composition. This corresponds to approximately) 
0.14% chromium ion concentration. 


CONCENTRATION EFFECTS IN 


RUBY 999 

Figure 4(a) shows the power transmitted through the 
maser at the signal frequency fi. versus time. Initially, 
the dc field and the signal were tuned to resonance in 
the absence of pump power, resulting in absorption. 
Saturating power at the pump frequency /13 was then 
pulsed on and, as shown, transmission began to increase 


TRANSMISSION ———-- 


————— 


TRANSMISSION 


TRANSMISSION = ——» 


a= -— 
4(c) 
Fic. 4. Signal transmission through the traveling wave maser 


vs time. (a) 0.3% ruby, fis pulsed on. (b) 0.3% ruby, fes pulsed 
on. (c) 0.1% ruby, fes pulsed on. 
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Fic. 5. Energy level diagram for chromium-doped sapphire. 
6=90°, Hac=2750 oe. Four- and five-spin cross relaxation proc- 
esses indicated by arrows. . 


at a very rapid rate, indicating the ruby was becoming 
emissive. However, before the maximum amount of 
gain could be realized, another competing mechanism 
dominated and caused the transmission to reduce to a 
low steady-state value. The conditions were the same 
initially in Fig. 4(b). Here saturating power at the idle 
frequency fe; was pulsed on. The transmission de- 
creased sharply and then returned to a higher steady- 
state value. For comparison purposes, Fig. 4(c) shows 
the results of the same experiment, pulsing on /23, for the 
0.1% ruby. In this case, the transmission decreased 
considerably and remained at a very low steady-state 
value. 

Inspection of the energy level diagrams corresponding 
to the point of operation revealed a degeneracy for a 
five-spin cross relaxation process in addition to the 
four-spin process already considered. The energy levels 
satisfy the relationship 4/12= f2;. To determine if this 
degeneracy would account for the results described 
above, the rate equations were solved taking into 
account both cross relaxation mechanisms. The com- 
bined processes are shown in Fig. 5. The cross relaxation 
induced transitions caused by the four-spin process are 
given by W,'(4/N)°(n3'—nynen2) while those resulting 
from the five-spin process are given by W,'(4/N)}- 
(2°—n,'n3). The normal maser case in which the 1-3 
transition is saturated will be considered first. The cross 
relaxation terms are linearized as before. By making 
the usual high-temperature approximation, and s- 
suming all w’s equal, the steady-state inversion ratio is 


f Wy f22fp 19\° 
n= [2-14—(—*-—) | / 
2fs wr\8f, 8 


19W,’ 25W,’ 
[i+ — + ——- (3 
w 8w 


Wy 
4) (7) 


This expression reduces to the normal inversion ratio 
in the absence of any cross relaxation, R= —1+/,/2f, 
and agrees with Eq. (5) when W;’=0. Since the W,’ 
term appears in the denominator, it is seen that the 
five-spin process tends to decrease the inversion ratio in 
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agreement with the experimental results shown in 
Fig. 4(a). 

A similar analysis was carried out for the case in 
which the idle frequency fs; was pulsed on. Proper sub- 
stitutions and approximations result in the following 
expression for the inversion ratio, 


(7 ie oe: ae: §A 
Ra=[—+ ae ( es ’ “)\/ 
— 2s & CRT 
201 ;’ 4W,,’ W, 
l- (s+ )H- | 8) 
Sw w Sw 


where f, is still defined as fi; and f, as fiz. In the case 
of no cross relaxation, 
Ra=—((fr/2f.)+3]. (9) 


> 


The inversion ratio and the resultant gain are negative. 
In the case of f,=13.4 kMc/sec and f,=2.7 kMc/sec, 
which corresponds to the operating point under con- 
sideration, R= —3, so that the absorption is expected 
to triple when saturating power is applied. However, 
the experimental measurements made on the 0.1% 
crystal gave an inversion ratio of —5 in this frequency 
range, indicating that W,’ is not negligible. 

From Eq. (8) it can be seen that, as W,’ increases, 
the inversion ratio approaches zero. Since a five-spin 
process should depend more strongly on concentration 
than a four-spin process, W,;’ should become important 
at higher concentrations. This was borne out by meas- 
urements made on the 0.3% crystal, which gave smaller 
negative inversion ratios of from —0.4 to —0.6. 


IV. SUMMARY AND CONCLUSIONS 


It appears that at low chromium ion concentrations, 
cross relaxation effects in ruby can be described by 
specifying one or two specific cross relaxation processes. 
These effects can be taken into account by adding suit- 
able terms to the rate equations. Solution of the 
linearized rate equations then allows one to predict 
qualitatively the effects of the cross relaxation processes 
on maser performance and the behavior with varying 
concentration. The optimum concentration for maser 
action will depend on the particular operating point and 
the lowest order cross relaxation mechanism for which 
energy conservation is nearly satisfied. However, as the 
concentration is increased, so many higher order pro- 
cesses become important that it is impossible to 
maintain temperature differences in the spin system. 
This establishes a maximum allowable concentration 
above which maser amplification is not possible. 
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The Si—A center is a major, radiation-damage defect produced 
in “pulled” silicon by a room temperature irradiation. As a result 
of studies described in this paper (I), and the following one (II), it 
is concluded that this center is a lattice vacancy with an oxygen 
atom impurity bridging two of the four broken bonds associated 
with the vacancy. Spin resonance and electrical activity arise from 
an electron trapped in the other two bonds. In this paper (I), the 
spin resonance studies are described. A molecular orbital treatment 
of the trapped electron wave-function satisfactorily accounts for 
the observed g tensor, as well as the hyperfine interaction observed 
with neighboring 4.7% abundant Si” nuclei. Study of the changes 


I, INTRODUCTION 
Rie eee effort has gone into the study of 


radiation damage in the elemental semiconductors, 
germanium and silicon, over the past ten years.' Much 
has been learned about the changes in the physical 
properties of these materials as a result of irradiation, 
but rather little has emerged by way of understanding 
of the basic processes involved. In many cases it has 
been possible to identify specific electrical, optical, and 
mechanical property changes as arising from a specific 
defect that has been formed. However, in most cases, it 
has not been possible to identify the defect involved. 
The reason for this failure is that apparently the damage 
process is rather complex and it has not been possible 
so far to unravel this complexity with the macroscopic 
measurement techniques used in the past. 

Recently, several workers?~* have reported electron 
spin resonance studies in irradiated silicon. A number of 
well-resolved spectra have been observed indicating that 
many of the defects produced in this material can be 
studied by this powerful microscopic technique. Already 
one surprise has emerged from these studies. That is the 
discovery® of the hitherto unsuspected role of impurities 
in room temperature irradiated silicon. These results 
indicated that the interstitials or vacancies (or both) are 
mobile below room temperature and that the defects 
remaining after a room temperature irradiation result 
from the trapping of these primary defects by impurity 
atoms. Most previous workers had assumed that the 


! For a recent review of radiation effects in semiconductors, see 
J. Appl. Phys. 30, 1117-1322 (1959), containing papers and dis 
cussions presented at the Conference on Radiation Effects in 
Semiconductors, Gatlinburg, Tennessee, May, 1959. 

2 G. Bemski, G. Feher, and E. Gere, Bull. Am. Phys. Soc. 3, 135 
(1958). 

3G. D. Watkins, J. W. Corbett, and R. M. Walker, Bull. Am. 
Phys. Soc. 4, 159 (1959). 

‘FE. Schulz-DuBois, M. Nisenoff, H. Y. Fan, and K. Lark- 
Horovitz, Phys. Rev. 98, 1561(A) (1955); M. Nisenoff and H. Y. 
Fan, Bull. Am. Phys. Soc. 4, 159 (1959). 

5 G. Bemski, J. Appl. Phys. 30, 1195 (1959). 

6G. D. Watkins, J. W. Corbett, and R. M. Walker, J. Appl. 
Phys. 30, 1198 (1959). 


in the spectrum of a sample subjected to uniaxial stress are also 
described. Under stress, the amplitudes of the individual resonance 
components (which correspond to different orientations of the 
defect in the crystal) are observed to change. This results from (1) 
electronic redistribution of the trapped electrons among the de- 
fects, and (2) thermally activated reorientation of the defects 
themselves under the applied stress. These two effects are sepa- 
rated and a quantitative study of their magnitudes and signs, as 
well as their rates, is given. The results confirm many of the im- 
portant microscopic features of the model. 


defects stable at room temperature were the primary 
ones, (i.e., interstitials, vacancies, close pairs). 

In this paper, we will describe a detailed spin reso- 
nance study of one such defect stable at room tempera- 
ture. This defect, the Si— A center,’ is a major defect 
produced by high-energy electron irradiation in pulled® 
silicon. It was first observed in spin resonance by 
Bemski, Feher, and Gere.? In a subsequent study,® we 
have demonstrated that it is also the same defect as one 
previously studied by Wertheim! and Hill’® in electrical 
measurements (a net acceptor level at E,—0.17 ev). In 
this study® we also discovered that oxygen (normally 
present in pulled silicon in a concentration of approxi- 
mately 10'§ cm~*) is necessary for the formation of this 
defect. The role of oxygen has subsequently been con- 
firmed by others in spin resonance® and in electrical 
measurements." 

As a result of the spin resonance studies outlined in 


this paper and the infrared studies described in the 


7 We feel the question of nomenclature deserves a few remarks. 
It is clear experimentally that there are many distinct spin reso- 
nance spectra (we have already found approximately 20) which 
can be observed in irradiated silicon and presumably correspond to 
many different defect centers. (Some may be different charge 
states of the same defect.) Ideally each spectrum should be labeled 
in a manner descriptive of its microscopic constitution but this 
knowledge does not come until after protracted study of the 
spectrum and its correlative data, and even then with varying 
degrees of certainty. We had consequently taken to labeling the 
centers alphabetically, whence the A, £, etc., centers in footnote 6. 
This system runs into trouble very quickly when it encounters 
already existing terminology (e.g., the F, H, M, etc., centers occur 
in the alkali halides). For this reason, and since we hope other 
systems—Ge, InSb, etc.—will be as fruitful as Si, we suggest for 
general usage the designation of Si— A, Si— £, etc., for the centers 
we have previously labeled the A, #, etc. centers. In the remainder 
of the paper, however, we will retain the simpler label, A center, 
since it is clear this paper refers only to silicon. 

8 Silicon grown by pulling a single crystal from the melt. The 
melt is contained in a quartz crucible. 

*>G. K. Wertheim, Phys. Rev. 105, 1730 (1957); 110, 1272 
(1958). : 

” D. E. Hill, Phys. Rev. 114, 1414 (1959). 

‘1G. K. Wertheim and D. N. E. Buchanan, J. Appl. Phys. 30, 
1232 (1959) ; E. Sonder and L. C. Templeton, Bull. Am. Phys. Soc. 
5, 196 (1960). 
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Fic. 1. Method of applying 
uniaxial stress to the sample. 
The sample is held between two 
Teflon cups in the center of the 
cylindrical microwave cavity. 
A simple lever with weights 
outside the cryostat supplies 
the force to a stainless steel rod 
which transmits the force to 
the Teflon cups. 
































following paper,’ we are able to conclude that the A 
center is a single oxygen atom in a lattice vacancy. It is, 
therefore, presumably formed when a mobile vacancy 
is trapped by an interstitial oxygen atom." In this first 
paper the evidence which is based upon spin resonance 
studies will be presented. From the analysis of the spin 
resonance spectrum, it is possible to propose a detailed 
model for the defect. In addition, experiments will be 
described in which uniaxial stress is applied to the 
sample. The changes in the spin resonance spectrum 
accompanying the stress are interpreted to confirm 
several important features of the model. 

It is not possible to detect the presence of the oxygen 
atom directly in the spin resonance. Its presence is only 
inferred. However, in the following paper,” an infrared 
absorption band at 12 yu is identified as arising from the 
vibration of this oxygen atom. In this second paper, a 
detailed comparison of the infrared and spin resonance 
studies proves the presence of the oxygen atom and also 
confirms the detailed model as to how the oxygen is 
incorporated into the defect. 


Il. EXPERIMENTAL PROCEDURE 


The silicon samples studied were m type (phosphorus 
~ 10'°— 10'®/cm*). They were grown in an argon atmos- 
phere and were rotated while pulling from the melt, the 
melt being contained in a quartz crucible." The samples 
were 0.095 in. thick and were irradiated equally on both 
sides at room temperature by 1.5 Mev electrons from a 
resonance transformer accelerator. The current was 
adjusted to 2.5 wa/cm*, the maximum temperature rise 
in the sample being about 25°C. 


2 J. W. Corbett, G. D. Watkins, R. M. Chrenko, and R. S 
McDonald, Phys. Rev. 121, 1015 (1961). 

‘8 This model was suggested by the authors as part of the oral 
presentation in footnote 3. It has also been suggested by Bemski.° 

4 These samples were kindly supplied by Dr. R. O, Carlson. 
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Spin resonance was studied using a balanced bolome- 
ter spectrometer'’ at 20 kMc. Magnetic field modulation 
and lock-in detection at 94 cps were employed. The 
measurements were made in dispersion. At 20°K rapid 
passage effects'®'” gave absorptionlike spectra. The 
studies at higher temperatures gave derivative of dis- 
persion curves. 

Uniaxial stress was supplied to the sample as shown in 
Fig. 1. The sample was placed between two Teflon cups 
(which become quite hard at low temperatures). A 
simple lever with weights outside the cryostat supplied 
the force to a stainless steel rod which entered the 
cryostat through an “QO” ring and transmitted the force 
to the Teflon cups. 

Studies vs temperature were made below 77°K by 
first cooling to 20°K, expelling the liquid Hy, coolant, 
and observing as the cavity plus cryostat warmed up to 
the 77°K of the cryostat heat shield. For temperatures 
above 77°K, a heater connected to the waveguide ap- 
proximately 6 in. above the cavity was used. Tempera- 
ture was monitored by a copper-constantan thermo- 
couple on the cavity. 


III. GENERAL RESULTS AND DISCUSSIONS 


A. Experimental Results 
1. Summary of Previous Work 
Previous studies* have shown the following: 


1. The A center is an electron trap (0.17+0.01) ev 
below the conduction band (see Fig. 2). It is, therefore, 
the same “‘net-acceptor” defect found to be the domi- 
nant defect produced in nondegenerate n-type pulled 
silicon by Wertheim’ and Hill'® in electrical measure- 
ments. Spin resonance is observed only for defects that 
have trapped an electron. The experiment is therefore 
done in n-type silicon, the purpose of the donor (phos- 
phorus in Fig. 2) being to supply electrons to the deeper 
lying A center. 

2. The A center is not a primary defect (i.e., inter- 
stitial, vacancy, close pair, etc.) as was demonstrated by 
the fact that no A centers are observed after a 20°K 
irradiation. They do appear upon subsequent an- 
nealing.'® 

15 See, for instance, G. Feher, Bell System Tech. J. 36, 449 
(1957). 

16 A.M. Portis, Phys. Rev. 100, 1219 (1955); Technical Note 
No. 1, Sarah Melion Scaife Radiation Laboratory, University of 
Pittsburgh, Nov. 15, 1955 (unpublished). 

17 G. Feher, Phys. Rev. 114, 1219 (1959). 

8 An interesting feature is that the number of centers formed 
after a low temperature irradiation and anneal to room tempera 
ture is only a few percent of what is formed in an equivalent room 
temperature irradiation. This effect has also been observed by 
Wertheim® ” and Hill" in silicon, and by Brown and Augustyniak™ 
in germanium, using electrical measurements as their monitor. 
Bemski® has also observed lower A center production in spin 
resonance after a 90°K irradiation and anneal. The reason for this 
effect is not understood at present, although one explanation has 
been suggested.!® 

1” G. K. Wertheim, Phys. Rev. 115, 568 (1959) 


” W.L. Brown and W. M. Augustyniak, J. Appl. Phys. 30, 1300 
(1959), 





DEFECTS IN #1 

3. Hyperfine interaction with 4.7% abundant Si? 
has shown that the trapped electron is highly localized 
on two silicon atoms. The triangular symmetry of the 
center as deduced from the g tensor and the anisotropy 
of the Si*® hf interactions is shown in Fig. 3. 

4. Oxygen, normally present in a concentration of 
approximately 10'’/cm® in pulled silicon,' appears 
necessary for the formation of the A center. In vacuum 


floating zone silicon,” which may contain a factor of 
2 100 less oxygen,” the production rate of the A center 


is observed to be very low.” 


2. Role of Oxygen 


Since there may be differences between pulled and 
vacuum floating zone crystals other than oxygen content 
(dislocation content, for instance), it was desirable to 
demonstrate the role of oxygen in another way. This 
was done as follows: Two crystals were cut from the 
same boule of a pulled n-type crystal. One was heat 
treated at 1000°C for 100 hr, to reduce the concentra- 
tion of oxygen in solid solution by precipitation.” > The 
intensity of the 9-4 absorption band associated with 
oxygen in solution indicated that it had been reduced by 
a factor of 7.5. The A center production rate in this 
sample was measured and was found to be a factor of 2.5 
below the untreated sample. The fact that the A center 
production rate can be.altered in a way that can be 
correlated with the dissolved oxygen gives additional 
support as to the role of oxygen.”* 


3. Spin Resonance Spectrum 


The spectrum can be described by the spin Hamil- 
tonian 


i =6H-g-S+¥, 1,-A;-S, (1) 


with S=}. The first term is the interaction of the spin 
with the external magnetic field, and the values of the 
g tensor along the principal axes (see Fig. 3) are meas- 


*1 W. Kaiser, P. H. Keck, and C. F. Lange, Phys. Rev. 101, 1264 
(1956). 

* Obtained from the Merck Chemical Company. 

*3—In vacuum floating zone silicon, different spin resonance 
centers are observed. The dominant center, designated the 
center, we identify as a vacancy trapped next to a substitutional 
phosphorus; it will be treated in detail in a subsequent paper. In 
light of the identification we will make in the present paper of the 

{ center as a vacancy trapped by an interstitial oxygen, the £ 
center completes the picture as to where the vacancy goes when 
there is no oxygen to trap it. 

** W. Kaiser, Phys. Rev. 105, 1751 (1957). 

*5 H. J. Hrostowski and R. H. Kaiser, J. Phys. Chem. Solids 9 
214 (1959). 

26 One does not expect an exact one-to-one correspondence be- 
tween the dissolved oxygen content and the A center production 
rate. In fact, for us to get a change at all in the production rate, 
some other defects must be present to compete for the trapping of 
the mobile primary defects (vacancies). Oxygen is also present in 
precipitated form in these crystals, suggesting that these precipi 
tates are the competing traps. 
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Fic. 2. The A center is an electron trap (‘‘net-acceptor’’) at 
(£,—0.17 ev). The experiment is performed in phosphorus-doped 
silicon, the purpose of the donor being to supply electrons to the A 


center. Spin resonance is observed only for those defects which 
have trapped an election. 


ured to be 
g,= 2.0093+0.0003, 
ge= 2.0025+0.0003, 


g3= 2.0031+0.0003. 


The second term in Eq. (1) describes the magnetic 
interaction of the spin with nearby Si?* nuclei (4.7% 
abundant, J=}3). A; is the corresponding hyperfine 
tensor for the jth lattice site. 

In addition to the large Si*® hyperfine interaction at 
two atom sites mentioned previously, interaction at four 
other nonequivalent sets of atom sites are resolved?’ and 
the results are summarized in Table I. These sites are 
labeled A through £ in order of decreasing interaction 
and the corresponding multiplets in the spectrum are 
indicated in Fig. 4. The number of equivalent atom 
sites in each set is estimated by the relative intensity of 
each satellite. 

For each site the hyperfine interaction is found to be 
axially symmetric and therefore described by the mag- 
nitude of A parallel (A,,) and perpendicular (A,) to its 
axis. Each set of equivalent sites may be further divided 
in two in that half of the sites have their axis closely 
along the [111] axis, the other half along the [111] for 
the center depicted in Fig. 3. 

Careful analysis of the hyperfine interaction at the A 
sites reveals that the hyperfine axes are e=0.8-F0.2° 
away from the [111] and [111] axes as shown in Fig. 3. 
They are still in the (011) plane but rotated toward the 
[100 ] direction such as to make the angle between the 
two hyperfine axes slightly less than the tetrahedral 
angle. The accuracy of measurement for the other sets 
of sites was not sufficient to detect any departure from 
the indicated axes. 

A search for the hyperfine structure associated with 

7 Previous studies at 20°K® and at lower temperatures® did not 
resolve these additional hyperfine interactions. At these low tem- 
peratures, rapid passage effects'*!7 give a recorded absorptionlike 
spectrum. The derivative of dispersion shown in Fig. 4 at approxi- 
mately 40°K is similar to a second derivative of the absorption 
curve and, as a result, gives much higher resolution. 
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TABLE I. Observed Si® hyperfine interaction constants for the 
nonequivalent atom sites in the vicinity of an A center. The 
interactions are axially symmetric and half of the axes for each set 
are closely along the [111] axis, the other half along the [111] 
axis for the center depicted in l’ig. 3. The accuracy in the A is 
+0.5(10) cm™. 


Atom No. of equivalent Ay A,| 
site sites 10™ cm™ (10 cm) 


128.8 


153.0 
16.0 
10.6 

7.0 


©" (I= ) was made in a sample in which the dissolved 
oxygen had been enriched” to approximately 1.5% O". 
Originally p type, the material was converted to m type 
by diffusing lithium into it®* and it was subsequently 
irradiated. The resulting A center resonance was of 
sufficient intensity to observe the O" hfs if it were large 
enough to emerge from the Si*® hfs (B through E sites) 
in close to the lines. No hfs was observed, indicating 
that if an oxygen atom is involved in the A center, 
|A(O")| <5 10-4 cm".*9 


B. Discussion 
1. Model 


In order to interpret the experimental results it will 
simplify matters to present an approximate description 
of the model of the defect at the outset. This is shown 
in Fig. 5. It is comprised of a single oxygen atom in a 
lattice vacancy. We can visualize the construction of 
this defect as follows: Initially there are four broken 
bonds around a vacancy, one for each of the four silicon 
atoms surrounding it. The role of the oxygen is to 
bridge two of these broken bonds, forming an Si—O— ‘Si 
‘“molecule.”” The remaining two silicon atoms pull to- 
gether to form a Si—Si molecular bond. In the neutral 
state this defect is not paramagnetic, all electrons being 
paired off. Paramagnetism and spin resonance arise 
from an additional electron. which is trapped in the 
Si—Si molecular bond as shown. 

A more detailed consideration of the Si—Si bond is 
shown in Fig. 6. The defect is viewed from a different 
aspect than in Figs. 3 and 5, in order to show the Si— Si 
bond in the plane of the paper. Consider the construc- 
tion of this bond as follows: In the absence of overlap, 
the broken bond orbitals on Si, and Si,’ are given by 
Wa and Wx’, and their energy levels, let us assume, lie 
near the middle of the forbidden gap. In the presence of 
overlap, the molecular orbitals are split into a bonding 


*6 This sample, kindly supplied by Dr. H. J. Hrostowski, is the 
same sample studied in the following paper where the accompa- 
nying O'* isotope is studied. The lithium doping was kindly per- 
formed by Dr. E. M. Pell. 

* G. Bemski (unpublished) had previously attempted to observe 
the O" hfs in a sample from the same boule, also with a negative 
result. 
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Fic. 3. The g-tensor and hyperfine axes of the A center. 


and an antibonding orbital as shown, the splitting being 
proportional to the overlap integral or bond energy. For 
not too strong an overlap, the linear combination of 
atomic orbitals (LCAO) shown in Fig. 6 should repre- 
sent a good approximation. In the neutral state, the two 
electrons (one contributed by each atom) are paired off 
in the bonding orbital. The additional trapped electron 
goes into the antibonding orbital shown in the figure to 
be the level at (E,—0.17 ev). The position of /, with 
respect to the other orbitals is not known and is there- 
fore shown dashed. The bonding orbital may well be 
below £,. 

One might ask why a negative antibonding charge 
state is stable. To answer this, one must keep in mind 
the fact that an electron in the conduction band is also 
in a negative antibonding state, and stability really 
means only that the negative antibonding state on the A 
center is lower in energy. With this in mind, there are 
several possible reasons which may contribute to this 
stability: (1) The AA’ orbital is less antibonding than 
those of the conduction band because it is associated 
with a weaker bond. (The conduction band arises from 
the strong normal Si—Si bond of the lattice.) (2) In 
forming the AA’ bond there is considerable strain in the 
surrounding lattice resulting from the pulling of the two 
Si atoms together. When an antibonding electron is 
added, the atoms relax back toward their normal lattice 
positions, lowering this strain energy. (3) As has been 
considered by James and Lark-Horovitz,” in order to 
minimize the disturbance to the valence band wave 
functions, there is a tendency to extend the crystal 
wave functions through a defect. Since the A center core 
is electron deficient, this also represents a driving force 
toward the capture of an extra electron. It would be 
difficult to assess the relative importance of these effects 
(which are not entirely separable) but we suggest that 
their combined effect is to make the additional anti- 
bonding electron at the A center stable at (,—0.17 ev). 


~  H. M. James and K. Lark-Horovitz, Z. physik. Chemie 198, 
107 (1951). 
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Spin resonance thus arises from the electron in this 
antibonding orbital. Comparison of Figs. 3 and 5 shows 
that this model satisfies many of the essential features 
deduced from the resonance: (1) The electron is pri- 
marily localized on two silicon atoms. (2) The hyperfine 
axes at the silicon sites point toward the center of the 
vacancy, reflecting the symmetry of the broken bond 
atomic orbitals which make up the molecular orbital. 
(3) The principal symmetry axes of this orbital agree 
with the principal axes of the g tensor. 

In the next two sections, the hyperfine interactions 
and the g tensor will be considered quantitatively in 
terms of this model. Consideration of the additional 
hyperfine interactions, B through F (see Table I), will 
allow an extension of the model to include the electronic 
overlap with these more distant sites. 


2. Hyperfine Interactions 


The hyperfine interaction at a nuclear site arises from 
magnetic interaction between the nucleus and the sur- 
rounding electrons. This is given by® 


— (3(resa)(te- TD) —sx)-I 
K=2y6By > + 
k r,° ry 


Sr 
+-—§(r,)(s,-D) }, 
3 


(2) 


where y is the nuclear g value, 6 the Bohr magneton, By 
the nuclear magneton, I the nuclear spin, s; the spin 
and |, the orbital angular momentum of the &th elec- 
tron, and r;, is the radius vector of this electron from the 
nucleus. Averaged over the many-electron wave func- 
tion which describes the spin density of the paramag- 
netic center, the result can be expressed as 

Kryr=I1-A-S, (3) 
as in Eq. (1). For a wave function which is axially 
symmetric in the vicinity of the nucleus, the principal 
values of A are given by 


A,,=a-+ 20, 


A,=a-—5), 


A A 
\ 
A ~ 
Fic. 4. A center spectrum at approximately 40°K with the 
magnetic field /7||(100). Resolved Si® hyperfine multiplets for five 
nonequivalent sets of atom sites in the vicinity of the center 
(labeled A through /) are observed. 


31.4. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 
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where® 


167 . 
VBBN(D ¢ 6( rk) Sk: 
3S 


BBN . 3 cos’6;.—1 
(= ( sis) . 
> r,? S,=S 


Here 0; is the angle between r, and the axis of symmetry 
(z axis). 

Equation (5), in summing over all electrons, expresses 
the fact that in addition to the direct interaction be- 
tween the nucleus and an unpaired electron, there is an 
indirect interaction via the other electrons in the solid, 
(i.e., the magnetic field seen by the nucleus arises both 
directly from the spin of the unpaired electron and from 
the magnetization it induces in the closed shell bonding 
and ion core electrons**). The indirect interaction is ex- 
pected to be small with respect to the direct interaction. 
However, in special cases where the direct interaction 
is small but the unpaired electron wave function has a 
sizeable magnitude in the immediate vicinity (such as 
at a node in the wave function), the indirect interactions 
may be important.*® As a result, in the development to 
follow, we will consider only the direct interactions. We 
will keep in mind, however, the possibility that when 
the observed interactions are small, they may be 
indirect in origin. 

Let the function for the 
unpaired electron. We assume it can be constructed as a 
linear combination of atomic orbitals (LCAO) centered 
on silicon sites in the vicinity of the vacancy, 


us now consider wave 


V=D vj. (6) 


Here y; is an atomic orbital at the jth site and we 
construct it as a hybrid 353 orbital given by 


¥j=a;(V35) ; +B; (Wsp)i, 


% The contribution of |, in Eq. (2) has not been included. The 
small observed g shifts from the free electron value assure that this 
contribution is negligible 

% A. Abragam, J. Horowitz, and M. H. L. Pryce, Proc. Roy. Soc. 
(London) A230, 169 (1955). 

% H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 28, 107 
(1958). 

35 What we call the wave function of the unpaired electron is, of 
course, somewhat arbitrary. One could construct a one-electron 
wave function which completely describes all of the spin density. 
We would then have only a “‘direct” interaction. However, for this 
wave function, the spin and position dependent parts would not be 
separable. That is, the spin function would be position dependent. 
lor this reason, it is more convenient to consider one-electron wave 
functions for which the spin functions are position independent. 
We consider an unpaired electron as localized in one such wave 
function; the role of the other & electrons in the interaction is 
therefore “indirect.” 

36 Examples of this are the origins of the isotropic interaction 
[the a in Eq. (5) ] for the transition elements**7.8 and for the in- 
plane hydrogen atoms in aromatic organic radicals.* In both cases 
the ‘‘direct” interaction is zero. 

37 J. H. Wood and G. W. Pratt, Jr., Phys. Rev. 107, 995 (1957). 

38 V. Heine, Phys. Rev. 107, 1002 (1957). 
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Fic. 5. Model of the A center as a substitutional oxygen atom. 
The oxygen atom bonds between two of the four neighboring 
silicon atoms, and the remaining two silicon atoms pull together 
to form a covalent bond. Spin resonance arises from an additional 
electron which is trapped in the Si—Si molecular bond as shown. 
The g tensor and hyperfine axes are indicated. 


where, in each case, the p orbital is directed along the 
hyperfine symmetry axis for the jth site.*® Ignoring 
overlap, normalization requires 
a?+,67=1, (8a) 
> 97=1. (8b) 


For such a molecular orbital, the hyperfine interaction 
at the jth site will be determined primarily by the 
atomic orbital y; at that site. With Eq. (5), this gives 
a = (167/3)y88 va; 7! W3,.(0) |, 
b 4788 vB 7n7Xr 3) 3 


j—S5T 


(9) 


Therefore, we are led to conclude that since y for Si*® is 
negative, both a; and 6; are negative. As a result, even 
though only | A,,|; and | A,|; are determined experi- 
mentally, knowing the signs of a; and 6;, we can de- 
termine a; and }; from Eq. (4) unambiguously. As- 
suming negative signs for all sites, the results are given 
in Table II. [Indirect interactions which are not in- 
cluded in Eq. (9) can give contributions of opposite sign 
to a; and b;. As a result, the assumption of negative 
signs for the more distant B through £ sites may be in 
error. The consequences of this will be discussed at the 
end of this section. | 

We can make an estimate of |yW;,(0)|* and (r~*);, 

® That is, m:=0O along the axis of symmetry. Such a form is 
predicted by the model of Figs. 5 and 6 for the A sites, where the 
orbital involved is a broken tetrahedral bonding orbital. For the 
more distant sites, this form is also reasonable in that one can 
consider these orbitals as arising as a result of admixture of con- 
duction and valence band wave functions into the localized Si—Si 
molecular orbital. The conduction and valence bands are also 
made up primarily of 3s and 3p functions. 
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TABLE II. Hyperfine parameters (a; and b;) and the corre 
sponding molecular wave-function coefficients (@;*, 8,7, and 7,7) 
calculated from the observed hyperfine interaction constants for 
the nonequivalent atom sites in the vicinity of the A center. It has 
been assumed that the hyperfine interactions are direct in origin, 
giving negative signs for a; and ),. 


Atom a; b; 
site (10 cm) = (10-* cm~) 


4 ~ 136.8 


—8.1 
(—)1.3 
(—)0.9 
(—)0.6 


(—)13.3> 
(—)8.8 
(—)5.8 


B 
C 


D 
I 


from Hartree functions. Table III gives a summary of 
the results calculated from available published tabula- 
tions. (The estimate for Si’ was obtained from experi- 
mental fine structure constants.) We are dealing with 
an extra electron on a neutral bonded Si atom and we 
might expect the values for Si~ to apply to our case. 
However, molecular binding tends to pull the electron 
density of the valence electrons away from the core and 
may reduce their shielding effect somewhat. The correct 
values may be closer to those for the free Si® atom. In 
Table III the shielding effect of these valence electrons 
is apparent. Unfortunately, the calculations by the 
different workers were done with somewhat differing 
methods and only the trend is probably meaningful. 
Hartree, Hartree, and Manning“ tabulated both the 3s 
and 3p functions for Si** and the ratio of |W3,(0)|? to 
(r-*),,= 1.4 probably is meaningful. Since both |y3,(0) |? 
and (r~*);, are expected to vary with charge state in 
somewhat the same fashion, we make the assumption 
that this ratio also applies for the orbitals on the bonded 
silicon atoms with which we deal. If we use this, with the 
normalization requirement of Eq. (8a), the values a? 
and 87 can be determined for each site, and are as given 
in Table II. With the normalization requirement of 
Eq. (8b), the values of 74”, nz’, etc. can be determined 
and are also included.“ (An average value of 5 was 
taken for the number of equivalent D and £ sites in this 
calculation. The symmetry of the defect suggests that 
each must be an even number, either 4 or 6, but the final 
values of 7? are rather insensitive to the choice.) 

We have thus determined a, 8,7, and 7? for each site 
assuming only: (1) the LCAO wave function of Eqs. (6) 
and (7) for the electron, (2) the ratio of |W;,(0)|? to 
(r-*)3)= 1.4, and (3) direct hyperfine interactions only. 
We may now determine |y¥;,(0)|* using Eq. (9); this 
result, along with the corresponding value for (r~*);,, is 

“ W. Hartree, D. R. Hartree, and M. F. 
60, 857 (1941). 

‘| We here neglect as small the fraction of the wave function 
which is spread out over still more distant sites for which the 
hyperfine structure is not resolved. If the wave function were 
spread over a large number of such sites, a significant fraction of 
the wave function could be involved and still not contribute much 
to the residual width of the line. However, we do not anticipate 
this since the defect is charged negatively and there is no Coulomb 
attractive center. 


be 
Jap) 


Manning, Phys. Rev. 
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TABLE IIT. Available theoretical and experimental estimates of 
¥a.(0) |? and (r~*)s, for different charge states of silicon compared 
with the values determined from the A center analysis. The indi 
cated values were determined from (H) tabulated Hartree func- 
tions, (HF) tabulated Hartree-Fock functions, (FS) experimental 
fine structure constants, and (A) A center analysis. 


° 


W24(0) |? 
(1074 cm=) 


Charge 
state 


Pe 
\r ip 
(1074 cm~4) 


38.5(HF),* 42.9(H)» 
36.4(H)» 


27.6(HF)* 
23(HF)° 
15.7(FS)4 
17(A) 


Si? se 
bonded Si 24(A) 


W. Hartree, D. R. Hartree, and M. F. Manning, Phys. Rev. 60, 857 
(1941). 
» H. L. Donley, Phys. Rev. 50, 1012 (1936). 
¢L. Biermann and K. Liibeck, Z. Astrophys. 25, 325 (1948) 
R. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954). 


given in Table III. The values are in satisfactory 
agreement with what one would estimate for neutral 
silicon. 

It is interesting to note that for the B, C, and D sites, 
c=}, B?=%, which gives the tetrahedral sp’ orbitals of 
Pauling.” This physically plausible result serves to 
confirm the choice of the relative signs of a; and 6;. (If 
opposite signs were chosen, a®~0.01, 6°~0.99.) We 
therefore conclude that the magnitudes and relative 
signs (equal) of a; and 6; are correct. We have no check 
on the signs of these constants; the negative values, 
predicted by the direct interaction, are therefore 
bracketed in Table II. The calculated nj? value for any 
site has meaning only if the direct interaction is domi- 
nant. If one of these sites were at a node in the wave 
function, the values of a; and 6; could be positive and 
the corresponding value of ,;* incorrect. However, since 
only a small percentage of the wave function is involved, 
this would not alter the other values of n;* significantly. 

The orbitals on the A sites have somewhat larger s 
character, being closer to an sp’ orbital.” This is con- 
sistent with the distorted position of this silicon atom 
as can be seen as follows: Increased s character in this 
orbital means reduced s character in the orbitals which 
bond the A silicon to its three neighbors. Reducing their 
s character can easily be shown to cause these three 
directed orbitals to close slightly, the angles between 
them decreasing from the original tetrahedral angles. 
This is consistent with the required bond directions 
from the distorted silicon site, it being pulled away from 
its three neighbors toward the vacancy by the Sia— Six’ 
molecular bond. 

The failure to observe hyperfine interaction with O! 
can be explained as follows: The electronic wave func- 
tion is an antibonding orbital and antisymmetric about 
the plane midway between the A and 4’ sites. The 
oxygen’atom fin this plane, is therefore at a node in the 
wave functicn and only a small interaction would be 
expected. 

2. Pauling, The Nature of the Chemical Bond (Cornell 
University Press, Ithaca, New York, 1948), 2nd ed., Chap. 3. 
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Fic. 6. The Si—Si bond considered as a simple diatomic mole- 
cule. In the neutral state, two electrons (one contributed by each 
atom) are paired off in the bonding orbital. The additional trapped 
electron goes into the antibonding orbital at (/2.—0.17 ev). 


We thus conclude that the diatomic Si—Si molecular 
orbital on the A sites constitutes approximately 70% of 
the wave function o on each of the two A 
sites). The remainder of the wave function is spread 
over approximately 12 to 16 neighboring sites. We have 
not succeeded in identifying to which specific sites in the 
vicinity of the center these correspond. The fact that 
the B, C, and D sets have the same hyperfine axes is 
quite pertinent. We may conclude from this fact coupled 
with the number of equivalent B and C sites that the B 
and C sites must be in the plane of the Si4—Si,- 
molecule. It is tempting to argue that they are the next 
atoms proceeding out from the A sites along the 
“chain” in the [011] direction for the defect of Fig. 5. 
This argument, however, cannot be viewed as con- 
clusive. 

It might be hoped that a guide to the identity of these 
sites might come by approximating the nonlocalized 
part (30%) of the wave function by linear combinations 
of states from the six (100) valleys of the conduction 
band in silicon. Such an approach has been highly suc- 
cessful for the shallow impurity donors in silicon. The 
fact that the A center electron level (£.—0.17 ev) is 
much deeper than the shallow donors ~ (E,—0.05 ev) 
makes the approximation poorer in this case. However, 
one might still hope to obtain some hint as to site 
identity by such an approach. One can immediately rule 
out contributions from the valleys along the [100] 
direction (see Fig. 5) since the corresponding wave 
functions belong to a symmetry point group that cannot 
give the required antibonding character. Unfortunately, 


2. 250 
(Na =I /¢ 


*8W. Kohn, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 258. 
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ax’ 


Fic. 7. Localized excited charge transfer states considered in the 
g shift calculation for the A center. 


contributions from the remaining valleys do not appear 
to single out any particular sites unambiguously to 
correspond to the B—E sites. They do not even predict 
the (111)sp* character clearly indicated in the hyperfine 
interaction. 

We are thus at present of the opinion that the detailed 
description of the electron wave function will be more 
readily obtained by using molecular orbital theory 
throughout, coupled with considerations of the lattice 
distortions around the defect. We will see in the next 
section that the lack of more detailed knowledge of the 
wave function does not represent a significant impasse, 
since we will satisfactorily account for the observed g 
tensor by approximating the wave function as com- 
pletely localized on the A —A’ sites. 


3. g Tensor 


To first order in the spin orbit interaction AL-S, 
the shift in the g tensor from the free electron value 


(go) ij= 2.00236,; is given by* 


Agij= —2dAj;, (10) 
where 
(0 Ly nn| Ly 
Agj= Don —., (11) 
En— Eo 

The sum must be taken over all excited states of the 
defect. It would be a formidable task to try to treat 
Eq. (11) in detail, including all of the excited states of 
the solid. However, since the electronic wave function is 
highly localized, with approximately 70% on the two 
Si, sites, a reasonable first approximation would be to 
consider only localized molecular states. 


“4M. H. L. Pryce, Proc. Phys. Soc. (London) A63, 25 (1950). 
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Let us consider then the eight-silicon molecule shown 
in Fig. 7. This is made up of the two A atoms plus the 
six additional atoms bonded to them (three to each). 
The A atoms make three strong bonds to their nearest 
neighbor X sites** and a weak bond between themselves. 
In the ground state, there are thus 12 electrons in the 
filled V4x and V,4-x- bonding orbitals, two electrons in 
the filled ¥4 4" bonding orbital, and the additional spin 
resonance electron in the V44-* antibonding orbital as 
shown in the figure. In this ground state, we have thus 
made the simplifying assumption that the unpaired 
electron is localized on the two Si, sites only. 

The excited states of this molecule which give non- 
vanishing matrix elements of Eq. (11) are of two types. 
One is formed by an electron transfer from the bonding 
Wax and Wy-x orbitals to V44-*; the 
electron transfer from V44'* to the antibonding V4 x* 
and V4-x-* orbitals as shown in Fig. 7. The first of these 
represents a “hole” transfer from the W44'* level 
(equivalent to a negative \) and therefore gives rise to 
a positive g shift. The second represents an electron 
transfer (positive A) and causes a negative g shift. The 
net shift is a result of the difference between these two 
competing effects. 

Consider the four orthogonal orbitals of the A 
atom, a!, o!!, ol! nN 


other by an 


(or A’) 
, where the superscript repre- 
sents the orientation of the directed orbital as shown in 
Fig. 7. (By o', we denote an orbit in the opposite 
direction from the oa! orbit.) We may then cons 
one-electron L( 


, and a 


struct the 


‘AO molecular orbitals as follows: 


Waa'*= (2) ‘La! 
Wax,*=[2(1—S) F'[o"(A)—o "NX, 


L 
WVax,= [2(1+.S) } | [all(A)+o 1 (X,) |, 


(A)—o"(A’)] 


with similar expressions for the other V4 x 
orbitals. The strong bond WV, x orbitals 
normalized to account for overlap with 


and WV, 
have been 


(A)lo—1!(X,)). (13) 


S=(e" 
1’ bond has not been in- 
A typical matrix element of Eq. is 
(Wax, Li|Vaa* 

=3(14+5S)-Kol (A 


The weaker overlap in the 
cluded. 


If we consider o!!(A) to be the only orbital on atom A 
with significant overlap with o!!(X;), this 
written 


can 


ae vy Wg (4)+¢6—1(X,)\ ol 
Mle" C ange a'(A)) 
aaa (A)|L;|o"(A) 


=> 


(15) 

vag The distortion caused by the vacancy and the AA’ bond will 
destroy the equivalence of the bond energy in the three different 
AX orbitals. The in-plane bond (along the II direction in Fig. 7) 
will probably be stretched the most and, as a result, be weakened 
For simplicity, however, we will treat bonds as equal in 
strength. 


these 
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In this way, the matrix elements are reduced to 
atomic ones. From the symmetry of the center, the 
principal axes of the molecule are the 1, 2, 3 axes shown 
in the figure and the g shift along these axes is therefore 
given by 
p(s) _ 


l zB E, | 
X(a!(A)|L2\o'(A)), 


where £, is the energy separation between V4 4’* 
WV4x* and £, that between V4 4'* 
been made of the fact that 


(1—S) | 


Agi=Agii=jA 


(16) 


and 
and V, x. Here use has 


IV 
> (a1(A)| L;|o"(A)\Xo" 


m=lI 


a!(A)) 


=(01(A)|L2\/e'(A)). (17) 


As in Eq. (7), we take a hybrid orbital 


o'(A)=a4(Was) 1 t+Ba (Wap) a, (18) 


where the 3p orbital is directed along the I axis. The I 
axis is perpendicular to the 1 axis and makes an angle 
6=cos~!(3~!) with respect to the 3 axis (see Fig. 7) 

The matrix elements of L,* are therefore easily shown 
to be 

(a!(A) L; o!(A) Ba’, 

L? a! (A } B 4? cos’6 = 48,7, (19 
)| L3|o'(A))=B84? sin?@= 36 .°. 


(a! (A)| 


(a1 (A) 


The gris Agi:=+0.0070. If we use 84°=0.63 
(Table IT), = (0.02 ev,**S=0.7,"" and assume E,~ E,, 
we may i he (16) sail (19) fee these energies. The 
result is 


Eq Ey=2.6 ev. (20) 


This is a quite reasonable result corresponding to an 
energy difference between the bonding and antibonding 
states of approximately 5 ev. The magnitude and sign 
of the g shift is thus satisfactorily accounted for by the 
model. (The positive g shift arises primarily as a result 
of the overlap integral S in Eq. (16) which expresses the 
fact that the unpaired electron interacts more strongly 
with the bonding AX orbitals than the antibonding 
ones.**) Equation (19) predicts Agi: Ag3:Ago=3:2:1. 

46 As in the |Wz,.(0) |? estimate for the hyperfine interaction, we 
estimate that |A| is the value apernees to Si®. From Atomic 
Energy Levels, edited by C. E. Moore, National Bureau of Stand- 
ards Circular No. 467, (U. S. Government Printing Office, 
Washington, D. C., 1949), this is two-thirds the energy difference 
between the Py and P level giving |A| as ~0.02 ev. 

47 Estimated assuming tetrahedral hybrid orbitals (sp*) and the 
normal lattice Si— Si bond distance (2.35 A) from the tables given 
by R. S. Mulliken, C. A. Rieke, D. Orloff, and H. Orloff, J. Chem 
Phys. 17, 1248 (1949). : See 

48 The g shifts in organic free radicals are also positive. The 
situation there is completely analogous to the one here, the g shift 
arising from matrix elements of L; between the unpaired =z electron 
and the bonding o states of the same atom. H. M. McConnell and 
R. E. Robertson, [J. Phys. Chem. 61, 1018 (1957) ] have suggested 
that this reflects the fact that E a> &, i.e., that the antibonding 
state is more antibonding than the bonding state is bonding. This 
is true, but the effect of overlap, which they did not consider, is 
probably more important. 
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The observed values are Ag; = +0.0070, Ag;= +0.0008, 
Ag.= +0.0002. These depart significantly from the pre- 
dicted ratios but at least are in order Ag:> Ags> Age as 
predicted. 

This simple localized molecular model is thus capable 
of explaining the magnitude and signs of the g shift ina 
reasonably satisfactory way. We do not expect detailed 
agreement because only approximately 70% of the 
wave function is involved in the diatomic Si4—Si,’ 
molecule we have treated. The contribution of the re- 
maining 30% has not been treated. [Even within the 
framework of the localized molecular states considered 
here, a more detailed treatment could alter the relative 
values of Ag; to some extent. Such a treatment could 
include the effect of overlap between the A and . 
orbitals and between o~!!(X,) and orbitals other than 
a''(A) which were ignored in Eq. (15). Also, allowance 
could be made for values of &, and FE, for the AX, 
orbital different from those for the AX» and AX; 
orbitals. | Indeed, the agreement is rather remarkable 
when one considers that even though this electron state 
is only 0.17 ev from the conduction band, it can be 
treated with considerable success, completely ignoring 
the fact that it is in a semiconductor at all. 


IV. EFFECTS OF AXIAL STRESS 
A. General 


here are six possible orientations of the A center in 
the cubic silicon lattice corresponding to the 3! different 


0 LBs /iN2 
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Fic. 8. Change in the spectrum resulting from electronic 
redistribution under (110) stress at 77°K. The insets show the 
defect orientation corresponding to each multiplet. The decrease 
of the bc multiplet under stress confirms that the electron is in an 
antibonding orbital. 
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ways the oxygen atom can be placed between two of the 
four silicon atoms surrounding a vacancy (see Fig. 5). 
Because of the anisotropy in g, for an arbitrary orienta- 
tion of the crystal in the magnetic field, these six 
differently oriented defects will give rise to six separate 
resonance lines, each being identified with a particular 
defect orientation. These lines will be equally intense 
because each orientation is entirely equivalent to the 
others. 

However, if a uniaxial stress is applied to the crystal, 
the crystal is distorted from its normal cubic symmetry 
and the six differently oriented defects are no longer 
equivalent. Correspondingly, we find that the relative 
intensities of the lines change under the applied stress. 
Two mechanisms are found for this change. First, the 
energy of the electron trapped at the A center is raised 
or lowered depending upon the orientation of the defect 
with respect to the stress. The intensities therefore can 
change as a result of electronic redistribution between 
the defects. Second, at a sufficiently elevated tempera- 
ture, the defects themselves can reorient thermally and 
will seek a preferential orientation with respect to the 
applied stress.** These two effects occur in different 
temperature regions and are therefore readily separable. 
In the following sections, we will consider first the 
electronic redistribution and then the defect reorienta- 
tion in detail. 





(SECONDS) 


1 25(10%)¢ AT 
E=.203 .03ev 








Vp (210° ) 


Fic. 9. The rate of electronic redistribution between A centers 
vs temperature. The characteristic relaxation time r* is measured 
by observing the recovery of the spectrum after the stress is 
removed. 

49 The observation by spin resonance of the reorientation of 
defects under uniaxial stress was first made by G. W. Ludwig and 
H. H. Woodbury for Ni~ in germanium (unpublished). 
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B. Experimental Results and Discussion 
1. Electronic Redistribution 


Figure 8 shows the change in the spectrum resulting 
from an applied stress along a (110) direction at 77°K. 
That this results from electronic redistribution between 
the differently oriented defects is demonstrated by the 
fact that no change is observed when the number of 
centers are less than or equal to the original number of 
phosphorus donors. In this case, each A center traps an 
electron and is thus observed in the resonance, pressure 
on or off. The failure to observe amplitude changes in 
this case proves that the defect itself is not reorienting. 
The amplitude changes shown in Fig. 8 result only when 
the sample is irradiated sufficiently so that the A 
centers exceed the number of original donors. In this 
case, the electrons can redistribute between the traps 
(by thermal ionization) and seek out the lower energy 
ones. In the samples used for this study, the A center 
concentration was approximately 10 times the phos- 
phorus concentration. 

The rate at which this redistribution occurs was 
studied in the temperature region 60° to 70°K by moni- 
toring the recovery after the pressure was removed. A 
simple exponential recovery was observed with the 
characteristic relaxation time varying with temperature 
as shown in Fig. 9. This relaxation time is equal to the 
average time an electron spends trapped at a defect 
between ionization events and is given by 

(r*)-'=5(10") exp(— E/RT) sec 
with 
0.20-+0.03 ev. 


The frequency factor is a characteristic lattice vibration 
frequency and the activation energy is close to the trap 
level position at 0.17 ev. (The slightly higher value for 
the activation energy, though not outside experimental 
error, could represent a real difference. The level posi- 
tion at 0.17 ev is measured from steady state conduc- 
tivity and Hall measurements vs temperature and 
measures the position of the level below the conduction 
band. The transient rate of recovery measures the 
height of the barrier for the electron to get out. Since the 
defect is negatively charged when an electron is trapped, 
a slight excess barrier may exist resulting from the 
Coulomb energy associated with the concentration of 
charge.) 

Because the A center concentration greatly exceeds 
the electron donor concentration (10), the relative 
electron population for the differently oriented defects is 
given closely by a Boltzmann distribution between 
them. This is illustrated in Figs. 10(a)—(c) for samples 
stressed along the three principal crystal axes: (110), 
(100), and (111), respectively. (In the figures, the four 
silicon atoms surrounding the vacancy are labeled a 
through d. By the subscript ad we denote the defect for 
which the electron trap is shared between the a and d 
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Frc. 10. Boltzmann factors governing the populations of the different defect orientations for the separate (a) (110), (b) (100), and 
(c) (111) stress experiments, The subscript 77 refers to the defect for which the electron trap is shared between the i and j silicon 


atoms, 


silicon atoms.) For a (110) stressed crystal, there are 
three nonequivalent orientations for the defect. Two 
energy differences are therefore required to describe the 
Boltzmann distribution between them and they are 
taken as kT,.* and kT 3*, as described in Fig. 10(a). (The 
asterisk will be used for the electron trap energy differ- 
ences determined in this section.) For the (100) and 
(111) stressed samples, only two nonequivalent orienta- 
tions result and a single energy for each, kT ,* and k7T;*, 
respectively, is required. The relative amplitudes at 
77°K under a stress of 12 500 psi in crystals stressed in 
each of these three directions were studied ; the values of 
T.*, Ts*, Ty*, and 7,;* determined for this applied 
pressure are given in Table IV. 

A detailed consideration of these energy differences 
will be described in Sec. IV(C). However, at this point, 
an important observation can be made. From the signs 
of the observed energy differences we conclude that the 
trap energy is raised when the two silicon atoms of the 
Si—Si diatomic molecule are pushed together. This is 
seen easily in Fig. 8, where the resonance intensity is 
observed to decrease for the defect in which the two 
trapping silicon atoms are pushed together. This con- 
firms that the electron trap is an antibonding orbital 
between these two silicon atoms. (In Fig. 6, it is seen 
that pushing the two silicon atoms together lowers the 
energy of the bonding orbitals; raises that of the 
antibonding ones.) 


2. Defect Orientation 


At higher temperatures, the defects themselves can 
reorient thermally and seek a preferred orientation in 
the strained crystal. This causes an additional change in 
the amplitudes of the lines in the spectrum which is 


easily separated from that resulting from the faster 
electronic redistribution. 

In order to study this effect quantitatively we must 
first recognize the fact that the A center is a different 
defect depending upon whether it has trapped an elec- 
tron (charged) or not (neutral). The rate at which the 
defect reorients, as well as the degree of preferential 
alignment, will be different for the two charge states. As 
a result we have chosen to study the properties of the 
neutral state. In order to do this, the experiments were 
again performed on samples in which the A center 
concentration was approximately 10 times that of the 
phosphorus. In this way, approximately 90% of the 
time an individual defect does not have a trapped elec- 
tron and its average® properties thus reflect closely 

TaBLe [V. Comparison of the observed and calculated energy 
differences (in °K) for the differently oriented defects under stress 
(see Fig. 10). The 7; refer to the relative stability of the different 
defect orientations and the T ;* refer to the differences in energy of 
the electron trap associated with each defect orientation. The 
applied stress is 12 500 psi. 


Calculated 
(°K) 
ee 8 —7 
| 47 —51 
1 
1 


Observed 
Stress T; (°K) 
110 
84 


x 
8 
~ —J 


* 


+164 


%® Because the reorientation rate of the defect is many orders of 
magnitude slower than the electronic redistribution rate, a single 
defect has trapped and thermally released an electron many times 
over the characteristic time of reorientation. We are thus con- 
cerned with average properties, i.e., 90°% neutral, 10% charged. 
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Fic. 11. The rate of A center reorientation vs temperature. 
characteristic relaxation time r+ is measured by observing 
recovery of the spectrum after the stress is removed. 


those of the neutral state. The electrons are used then 


only as a means of sampling the defects without 
significantly altering their properties. 

The rate at which the neutral defect reorients was 
studied by measuring the recovery after pressure was 
removed in the temperature region 120°-145°K. The 
crystal was originally stressed in the (110) direction and 
the recovery of the ab+ac+bd+cd defects (see Fig. 10) 
was observed. After an initial ‘‘instantaneous”’ electronic 
recovery, the slower reorientation followed a simple 
exponential recovery. The results are given in Fig. 11. 
The characteristic relaxation time r was determined to 
be 

7 '=3(10") exp(— E£/kT) sec, 
with 
E=0.380.04 ev. 


For the model of Fig. 5, this activation energy is the 
barrier the oxygen atom must overcome to switch to 
another pair of silicon atoms surrounding the vacancy. 
\ value of approximately 0.4 ev does not appear 
unreasonable, the probable motion being to break one 
Si—O bond while pivoting around the other.®! 

The magnitude of the effect is shown in Fig. 12. The 
sample studied in this figure has been quenched from 

5t The exact relation between the observed relaxation time 7 and 
the time characteristic of the microscopic jump process depends in 
detail upon the jumps involved. If the dominant jump involved is 
this pivoting process, the lifetime between jumps can be shown to 
be (3/2)r for the particular (110) stress recovery experiment 
performed here. 
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125° to 77°K with the pressure on and then observed 
with the pressure removed. When the pressure is re- 
moved, the polarization associated with the electronic 
redistribution disappears, leaving only that resulting 
from the defect reorientation frozen in. The relative 
amplitudes of the lines reflect the relative number of 
correspondingly oriented defects at the temperature of 
quench (125°K). These in turn are given by a Boltzmann 
distribution between the various orientations at this 
temperature. Using this quench technique, and a stress 
of 12 500 psi, the results for 7, 73, Ty, and 7; of Fig. 10 
were determined and are as given in Table IV. 

These results will be analyzed in detail in the next 
section but again a few qualitative observations can be 
made. From the model (Fig. 5) we expect the orientation 
preference to be determined primarily by the Si-O—Si 
molecular bond and the corresponding Si— Si molecular 
bond across the vacancy from it. Each is a stretched 
bond® and therefore lowers its energy by aligning its 
bond axis along the direction in which the crystal is 
compressed. 

This is clearly indicated in Fig. 12. The ad orientation 
is enhanced because the Si— O— Si bond is aligned along 
the direction of squeeze. The bc orientation is also 
enhanced because it presents the Si— Si bond axis along 
the direction of squeeze. They are enhanced at the ex- 
pense of the other orientations the other 
orientations have little resolved strain along these two 
molecular axes. Similarly, the near zero value of 7; 
results from the fact that the two bonds are competing 
directly [see Fig. 10(c)] for this (111) squeeze. The 
large value of 7y for the (100) squeeze, on the other 
hand, results from the fact that the two bonds are both 
stretched for one of the two nonequivalent defect 
orientations, and compressed for the other, their effects 
adding. 


because 


C. Analysis of the Data 


Let us assume the following: 

(a) The change in energy of the electron trap is 
determined primarily by the change in the Si4—Six: 
distance in the strained lattice. We define the change in 
this energy per unit strain along this direction as 

M*=[ (dE, de)* |si Si- (21) 

(b) The relative stability of the different defect 
orientations is determined by the competition between 
the Si—O—Si and Si,—Si,, molecular bonds to align 
along the compressed direction. Further, the change in 
energy of each bond is primarily determined by the 
component of strain along the bond axis. We thus define 


2 The Si—O distance for an oxygen atom placed at the center of 
the vacancy is 40% greater than the Si—O distance in ‘a free 
molecule. Similarly, the Si—Si bond is between normal next- 
nearest neighbors and therefore gains energy by bringing the 
silicon atoms closer together. Since these two axes are at right 
angles we expect the relative stability of each orientation to be the 
result of the competition between these two bonding halves to 
align along the compressed direction. 
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two additional parameters 
M = (dE dé) si Si, 
V=(dE de) si O-—Si- (2. 


With these assumptions, we may calculate the various 
T and T* of Table IV as follows: 


1. (100) Stress 


Under stress, the electron trap on the 7 silicon atoms 
(see Fig. 10) is changed in energy by the amount M *e,,, 
where ¢,; is the fractional strain along the line joining 
the iand j silicon atoms. The resulting energy difference 
between the trap energies of the ad orbital and the ad 
orbital (by definition, k7;*) is given therefore by 

kT;*= (24a) 


(€aa— €av)M*. 


Both M and NV contribute in determining 73. The ad 
defect (electron trap between the a and d silicon atoms) 
is changed in energy by Mega contributed from the 
Si—Si bond and Vey.=-Veaa from the Si—O—Si bond. 
The energy of the ab defect is similarly changed by 
€ap(M+.\), giving 

kT; 


(€aa— €as) (M+.)). (24b) 


The fractional strains €4, and €ga¢ can be computed in 
terms of the elastic moduli (511,512,544) and applied pres- 
sure P by conventional means® and are given by 
—Si2P, 


€ad=— Ebx 


—3(SiutSi2)P. 


€ab= Cac €bd= Ecd 


2. (110) Stress 
\ similar calculation gives 
ie 
kT 3*: 
AT 
kT p= (€aa— 


= (€ga— €»-) M*, 
(€aa— €av) M*, 
(€aa— €s-)(M—.V), 


€ap) M+ (€n-— €av)-V, 
with 
1 25S 
—2P(2s1:4+ 2512—S44), 
€bc= —4P (2514+ 25124+544), 


éeq=— +P (54; +3512). 


€ab= Cac €bd= 


3: f 111) Stress 
Similarly, 
kT; = (€ac— €ar) (M—.N), 


kT s* = (€ac— €av)M*, 


28a) 
(28b) 
with 
(29a) 


—$P (25, +45124+544), 


€ac= €bc= Ecd= 


€ab= €ad= Ebd —2P(2sy:+4512— 544). (29b) 


8W. Voigt, Lehrbuch der Kristallphysik (B. G. 
Leipzig, Germany, 1928), p. 589 ff. 
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lic. 12. Change in the spectrum resulting from A center 
reorientation under (110) stress. (The stress was applied at 125°K 
and the resulting alignment was frozen in by quenching to 77°K 
where the spectra were taken). The insets show the defect orienta- 
tion corresponding to each multiplet 


With 5,,=7.68X10-"%, s;.=—2.14K10—, and s44 
= 12.56 10-" cm?/dyne,™ selection of M*, M, and V 
for the best fit of Eqs. 24-29 with the data of Table IV 
gives: 
M [ (dE de) |si Si 
\ [ (dE de) |si O-Si 
M*=[ (dE/de)* |si-si 


+16.0 ev/unit strain, 


+17.2 ev/unit strain, (30) 


— 8.0 ev/unit strain. 


The values computed with these constants are given in 
Table IV. 

The magnitudes of M, M*, and .V appear reasonable, 
being of the same order of magnitude as deformation 
potentials in silicon.*° In addition, the fact that 
M*=-—434M is an important confirming feature of the 
model: M* is the change in energy per unit strain for a 
single electron in an antibonding Si4—Six’ orbital. It 
should therefore be of the opposite sign and approxi- 
mately half the value of M, which is that for two 
electrons in the bonding orbitals. 

Considering this additional relation behind M and 
M*, it has thus been possible to predict in sign and 
magnitude all eight observed energy differences in 
Table IV with only two parameters: M and_N, both of 
reasonable magnitude. This must be considered strong 
confirmation of the model. 


54H. B. Huntington, in Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, 
p. 274 


56 C. Herring and E. Vogt., Phys. Rev. 101, 944 (1956). 
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V. SUMMARY 


The spin resonance studies outlined in this paper 
substantiate many of the features of the model of the 
A center as a substitutional oxygen atom. The A center 
is presumably formed when a mobile lattice vacancy 
(produced by the irradiation) is trapped by an inter- 
stitial oxygen atom impurity. The detailed model de- 
duced from these studies is one in which the oxygen 
atom bonds to two of its four nearest silicon neighbors, 
with the remaining two silicon neighbor atoms pulling 
together to form a covalent bond. An additional electron 
can be trapped in an antibonding orbital of this Si—Si 
molecule at (£.—0.17 ev) and it is this additional 
electron that is observed in the spin resonance. The 
primary confirming features in the spin resonance are 
summarized as follows: 


1. Analysis of the resolved hyperfine interactions 
with Si nuclei indicates that approximately 70% of the 
wave function of the trapped electron is localized on 
two silicon atoms. The magnitude and symmetry of the 
hyperfine interactions on these sites is in good agree- 
ment with that predicted for the two bonding silicon 
atoms adjacent to the vacancy in the model. (The re- 
maining 30% of the wave function is spread over 
approximately 12 to 16 neighboring sites.) 

2. The magnitude and symmetry of the g tensor has 
been satisfactorily accounted for in terms of the model. 

3. Studies of electronic redistributions between the A 
centers under uniaxial stress confirms that the electron 
is in an antibonding orbital. The rate of redistribution 
vs temperature has also been studied, giving an activa- 
tion energy close to the level position at (#,—0.17 ev). 

4. The thermally activated switching of the oxygen 
atom from one pair of silicon atoms to another in the 
vacancy has been observed indirectly by observing the 
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preferential alignment of the defects resulting from 
uniaxial stress. The activation energy for this motion is 
0.38--0.04 ev for the neutral charge state of the defect. 
5. It is possible to account quantitatively for the 
observed defect alignment as well as the magnitude of 
the preferred electronic redistribution by a simple 
analysis of how the defect distorts under stress. This 
analysis involves resolving the applied strain along the 
two orthogonal bonding axes (Si—Si and Si—O—Si) 
and, using a single experimentally determined value for 
the change in energy of each bond in terms of the strain 
along its axis, calculating the resulting stability of each 
orientation. The magnitude of these constants is reason- 
able, being of the order of observed deformation 
potentials. 


The oxygen atom has not been observed directly in 
the resonance studies. Its presence is only inferred. In 
the following paper,” an infrared absorption band at 
12 uw will be identified as arising from the vibration of 
this oxygen atom. By studying the effect of stress on the 
absorption band and by comparison with the stress 
experiments described in this paper, it will be possible 
to prove conclusively the existence of the oxygen atom 
and also confirm the detailed model as to how the oxy- 
gen is incorporated in the defect. 
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The Si-A center is a major, radiation-damage defect produced 
in “pulled” silicon by room temperature irradiation. In this paper 
(II), we present the infrared measurements which, in conjunction 
with the spin resonance measurements of the preceding paper (1), 
establish the identity of the Si-A center. A new infrared absorption 
band is observed at 12 w in electron-irradiated silicon. This band 
is shown to bea vibrational band of impurity oxygen in the lattice. 
Macroscopic and microscopic correlations between the 12-4 band 
and the spin resonance of the Si-A center are presented. The 
macroscopic correlations are of production rate, recovery, etc. 
The microscopic correlations derive from the absorption of polar 
ized infrared radiation by samples of various crystallographic 
orientations, subjected to a uniaxial, compressive stress. Partial 
alignment of the defects is induced by the stress and is detected 


I. INTRODUCTION 
i this paper we consider some infrared absorption 
experiments which are correlative to the spin reso- 
nance experiments discussed in the preceding paper.' 
There have been many infrared absorption bands 
observed in irradiated silicon. The work in this area has 
been summarized recently in a paper by Fan and 
Ramdas.’ In some there have been tentative 
assignments of energy levels, and other macroscopically 
measured properties, to certain infrared absorption 
bands. However, none of these bands has been clearly 
identified with a microscopic defect configuration. In 
this paper we discuss a new absorption band at approxi- 
mately 12 yw, which appears upon electron irradiation 
of oxygen-containing silicon. This band is sharper and 
weaker than those bands previously observed, but is 
adequately intense. We will present evidence which 
shows that this band is an oxygen vibrational band and 
that it arises from the same defect which gives rise to 
the Si-A center spin resonance.’ In addition, we will 
conclude that the position of the oxygen in the pre- 
viously proposed model for the A center is correct. 
This evidence is of two types. First, there are a variety 
of macroscopic comparisons between the 12-u band and 
the A center resonance (e.g., production rate, annealing, 
etc.). Second, there are the infrared measurements on 
samples subject to a uniaxial stress. These measure- 
ments agree with the predictions based on the model 
for the A center and on the results of the spin resonance 
on samples subjected to a uniaxial stress. They represent 
a correlation between the 12-~ band and the spin reso- 
nance results, on a microscopic level, and are the most 
cogent arguments for establishing the model for the A 
center. 


cases 


1G. D. Watkins and J. W. Corbett, Phys. Rev. 121, 
(1961). 

2H. Y. Fan and A. K. Ramdas, J. Appl. Phys. 30, 1127 (1959). 

3 In the remainder of this paper (except for the summary) we 
will refer to this center as the A center. 
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as a dichroism in the 12-4 band. This alignment is compared to 
the corresponding alignment studies in the spin resonance meas- 
urements in Paper I. It is shown that the kinetics and magnitude 
of the response to the stress are the same for the defects observed 
in both types of measurements. This shows that the 12-~ band 
arises from the Si-A center and established the configuration of 
the oxygen in the defect. These results, together with the results 
of Paper I, allow us to conclude that the Si-A center is a lattice 
vacancy with an oxygen atom bridging two of the four broken 
bonds associated with the vacancy. The remaining two bonds can 
trap an electron, giving rise to the spin resonance spectrum of the 
defect. The identification of the Si-A center indicates that the 
vacancy is mobile in a room temperature irradiation. 


II. EXPERIMENTAL 

The only experimental matters we will discuss in this 
paper are those unique to the infrared experiments. For 
such matters as sample material, irradiation procedure, 
etc., see the preceding paper. 

Several types of infrared spectrometers were used: 
two Perkin-Elmer prism spectrometers [a model 112 
(4000 to 350 cm~') and a model 21 (700 to 300 cm-) | 
and a Beckman (IR7) grating spectrometer (3000 to 
650 cm~'). The spectral slit width of these instruments 
differ. The smallest spectral slit width we used was 
~1 cm in the Beckman. The data were reduced to 
values of absorption coefficient by using the formula 
which includes multiple reflections, given by Fan and 
Becker.* When accurate values of intensity were re- 
quired, care was taken that the spectral slit width of the 
spectrometer was small compared to the natural width 
of the absorption line. Then the product of the maxi- 
mum absorption coefficient and the half-width at half 
maximum was used as the measure of the intensity of 
the absorption band.°® 

The device shown in Fig. 1 was used to apply a uni- 
axial stress to samples during infrared measurements. 
It is essentially a “C” clamp with a movable member on 
top. By tightening the screw at the open end, a force 
can be applied through the leveling pedestals to the 
silicon sample. The strain gauge allows the force to be 
applied in a calibrated and reproducible way. The cali- 
bration of this strain gauge, and the temperature de- 
pendence of the calibration, was obtained by com- 
parison with a strain gauge mounted on a dummy 
sample, which had been calibrated on an Instron 
machine. As is shown in Fig. 1, the infrared aperture 


*H. Y. Fan and M. Becker, Semiconductor Materials (Butter- 
worths Scientific Publications, Ltd., London, 1951). 
® See Chemical Applications of Spectroscopy, edited by W. West 


(Interscience Publishers, Inc., New York, 1956), p. 271 ff; 
D. A. Ramsay, J. Am. Chem. Soc. 74, 72 (1952). 
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Fic. 1. Device for applying a uniaxial stress to samples 
during infrared measurements. 


is smaller than the sample size. The whole device shown 
in Fig. 1 could be placed inside a cryostat so that in- 
frared measurements could be made as a function of 
stress applied at low temperatures. In this case sample 
temperatures were monitored by a_ thermocouple 
mounted on the side of the sample, but shielded from 
the infrared beam. 

Some of the infrared absorption measurements were 
made with an Eastman Kodak Far Infrared filter, series 
230, placed before the sample. This filter absorbs the 
radiation of wavelength less than 3 u. No differences in 
the 12-u band were observed in measurements with and 
without this filter. The filter was used to reduce the 
amount of the sample heating by radiation from the 
source. 

When polarized infrared measurements were re- 
quired, an analyzer was used which had a polarization 
efficiency of approximately 85%, as estimated by meas- 
urements of transmission through two crossed analyzers. 
Of course, the combination of cryostat, polarizer, and 
beam filter resulted in considerable light loss. As a 
result, adequate signal-to-noise for the intensity meas- 
urements was achieved by using a long integration time 
and slow scan. All the intensity data presented represent 
an average of several spectrometer runs. 


III. INFRARED ABSORPTION IN 
UNIRRADIATED SILICON 


Before discussing the observations on irradiated sili- 
con, it is helpful if we discuss the infrared absorption 
before irradiation. There are three types of absorption 
which concern us: free-carrier absorption, lattice bands, 
and impurity vibrational bands. In our samples the 
free-carrier absorption is small and readily assessable. 
Upon irradiation it disappears because of carrier re- 
moval. It will not enter further into our considerations. 
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The lattice band absorption® is appreciable, but, in the 
spectral region of our interest, appears to be unaffected 
by irradiation. 

The impurity vibrational bands that will concern us 
are associated with oxygen. Several bands have been 
previously observed and ascribed to isolated oxygen 
atoms in the silicon lattice.” We will discuss primarily 
the most intense band, the one at approximately 1136 
cm~ (and its isotopic shift upon the substitution of 
O'8 for O'*). It is conventional to refer to this band as 
the 9-u band. 

The configuration of oxygen in the silicon lattice 
which has been suggested’ to account for these bands 
is shown in Fig. 2(a). The oxygen does not oc- 
cupy a substitutional site, but, rather, interrupts a 
normal Si-Si valence bond, forming a nonlinear Si-O-Si 
molecule imbedded in the Si lattice. We will refer to the 
oxygen in this molecule as interstitial. The various 
bands are then attributed to the normal vibrational 
modes of this nonlinear molecule. Specifically, the 9-u 
band is identified with the antisymmetric stretching 
vibration (v3).7° 

In this configuration the Si-Si axis of the molecule is 
an axis of rotation of the Si-O-Si molecule, there being 
six equivalent positions for the oxygen. There is a mode 
of oscillation corresponding to this degree of freedom. 
The 9-p band has a fine structure which causes the band 
shape and position to vary substantially with tempera- 
ture.’ This fine structure has been interpreted as arising 
from the coupling of the vs vibration and this “rota- 
tional” mode of oscillation.® 


Fic. 2. Configuration of the nonlinear Si-O-Si molecule for 
(a) the case in which the oxygen is in the “‘interstitial’’ site which 
is associated with the 9-u band, and (b) the case in which the 
oxygen is in the “substitutional’’ site which is associated with the 
12-u4 band and the A center. The v3; dipole moment direction is 
indicated. 


6 For a discussion of these bands, see R. J. Collins and H. Y. Fan, 


Phys. Rev. 93, 674 (1954); M. Lax and E. Burstein, ibid. 97, 39 


(1955); and F. A. Johnson, Proc 
(1959). 

7H. J. Hrostowski and R. H. Kaiser, Phys 
(1957); J. Phys. Chem. Solids 9, 214 (1959). 

*G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1945), p. 168 ff. 

°H. J. Hrostowski and B. J. Alder, J. Chem. Phys. 33, 980 
(1960). 
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IV. INFRARED ABSORPTION IN IRRADIATED SILICON 
A. 12-u Band 


We are now ready to consider what happens. upon 
irradiation. We have observed the growth of a new in- 
frared absorption band as a result of electron irradiation 
of silicon."”:"' The temperature dependence of this band 
is shown in Fig. 3. As can be seen, the band narrows and 
shifts to high frequency with decreasing temperature. 
We will refer to the band as the 12-y band. The relative 
intensity variation with temperature shown in Fig. 3 
cannot be considered quantitative since the band 
narrows to appreciably less than our spectrometer 
spectral slit width, making quantitative measurements 
unfeasible. The band as it appears in a double-beam 
spectrometer run at room temperature is shown in 
Fig. 4. Here the normal lattice band absorptions are 
retained in the figure. In Fig. 5 we show the same type 
of data for two successive irradiations of a sample of 
silicon kindly supplied us by Dr. H. J. Hrostowski. This 
sample was doped with oxygen enriched to approxi- 
mately 12% O'’. We see from the figure that not only 
do we get the usual 12-4 band (828 cm), but we also 
get a band at approximately 791 cm, corresponding 
to the isotopic substitution of O'* for O'*®. This clearly 
established that the 12-u band is a vibrational band 
involving oxygen. 

It will be recalled that for interstitial oxygen [see 
Fig. 2(a)] the most intense band, the 9-u band, is 
identified with the antisymmetric stretching vibration 
(v3). We therefore suggest that the 12-u band is the 
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Fic. 3. The temperature dependence of the 12-4 band. As men 
tioned in the text, with decreasing temperature the band narrows 
to less than our spectral slit width (shown) so that the absorption 
coefficients and apparent half-widths must be 
instrumental. 
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© J. W. Corbett, G. D. Watkins, and R. M. Chrenko, Bull. Am 
Phys. Soc. 5, 25 (1960). 

'! Some other bands were observed upon irradiation but only 
in one silicon boule. See also A. K. Ramdas and H. Y. Fan, Bull 
Am. Phys. Soc. 5, 197 (1960). 
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Fic. 4. Infrared transmission (double beam) of oxygen-doped 
silicon measured before (I) and after an irradiation of 1.710" 
elec/cm? (II). The band at 830 cm™ (~12y) appears superim- 
posed on the normal lattice bands. The transmission scale is cor- 
rected for the reflection losses at the surface of the sample. The 
spectral slit width is shown. 


corresponding vibration” for the oxygen configuration 
in the model of the A center discussed in the preceding 
paper and shown in Fig. 2(b). We will refer to the 
oxygen in this nonlinear Si-O-Si molecule as substitu- 
tional. In this configuration, the oxygen bridges the 
valence bonds of two of the nearest neighbor silicons of 
a silicon vacancy site. As discussed in the preceding 
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Fic. 5. Infrared transmission (double beam) of a silicon sample 
doped with oxygen containing 12°) O'8, before irradiation (I), 
after a total flux of 2.6 10"8 elec/cm?® (II), and after a total flux 
of 5.8X10'8 elec/cm*? (III). The transmission scale is corrected 
for reflection losses. The spectral slit width is shown. 


2 The assignment of the 12-« band to this particular vibration 
receives support from the polarized light absorption measurements 
described in Sec. IV(B-2). 
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paper’ the remaining two valence bonds neighboring 
the vacancy site form a molecular bond. In this state 
[as shown in Fig. 2(b) ] the defect is electrically neutral. 
The molecular bond can trap an additional electron and 
give rise to the spin resonance of the A center. In all 
the infrared measurements in this paper the defect is 
observed in the neutral state. 

In the valence force treatment® of the vibrational 
modes of the Si-O-Si molecule, the frequency v3 is 
given by 


(2ev3)?=[1+(2Msi/Mo) sin’a jki/ Msi, (1) 


where Mo is the mass of the oxygen atom, Mg; the 
effective mass of the silicon atom, &; the restoring force 
constant for changes in the equilibrium Si-O bond 
distance, and 2a the interior angle between the two 
Si-O valence bonds. In the isotope shift it is assumed 
that the only parameter change is the change in Mo 
corresponding to the substitution of O'* for O'*. Since 
for the 12-» band the ratio of the observed frequencies 
in the isotope shift v3 (16)/v3 (18) = 1.047 is the same as 
the ratio observed for the 9-u band,’ Eq. (1) implies 
that the quantity [1+(Ms\/Mo) sin’a] is the same 
for the 12-u band as for the 9-u band. Since we do not 
expect the effective mass of the silicons to change much, 
this implies that the angle: between the bonds is not 
much different in the two configurations. 

From Eq. (1) and the change in frequency from that 
for the 9-u band to that for the 12-4 band, we can con- 
clude that the restoring force constant &, for the 12-u 
band is approximately one-half that for the 9-p band. 
This we interpret as the result of the increased Si-O 
bond distance for the 12-4 configuration [Fig. 2(b) ] 
over that for the 9-» configuration [Fig. 2(a) ]}. 

It is interesting to inquire as to why the 12-u band 
does not exhibit fine structure as does the 9-u band. As 
has been mentioned in Sec. III, an interpretation of the 
9-4 band fine structure has been given by Hrostowski 
and Alder’ in terms of a coupling between the v3 vibra- 
tion and the “rotational” mode of oscillation around 
the axis joining the two silicon atoms of the Si-O-Si 
molecule. We notice that for the 12-4 configuration 
Fig. 2(b) ], this axis is not an axis of rotation in that 
there is not the multiplicity of equivalent sites for the 
oxygen that exists in the 9-» configuration. There is 
still a mode of oscillation corresponding to this degree 
of freedom but it is not a rotational mode. This suggests 
that the absence of fine structure for the 12-4 band may 
be the result of the difference in the character of this 
mode for the two defect configurations. 

We made a cursory search in the range 4000 to 350 
cm and found no additional bands we could associate 
with oxygen. We attribute this to the fact that in 
analogy with the additional bands found for inter- 
stitial oxygen, the other vibrational modes of the sub- 
stitutional Si-O-Si molecule should be much weaker 
than the v3. 
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B. Identification as the A Center 


We are now ready to consider if the defect which 
gives rise to the 12-u band is the same defect seen in the 
spin resonance of the A center. We will conclude that 
it is. The arguments fall into two categories. First, there 
are macroscopic correlations between: the infrared and 
spin resonance experiments. Second, there are micro- 
scopic correlations between the experiments. 


1. Macroscopic Correlations 


Of the macroscopic correlations, we will consider 
first the production of the 12-4 band as a function of 
sample material and total irradiation flux. As is ob- 
served for the A center in spin resonance, the production 
rate varies grossly with total interstitial oxygen content 
(as estimated from the intensity of the 9-u band). That 
is, in floating zone silicon (oxygen concentration equal 
to approximately 10'*/cm*), the production rate is 
below detectability; in pulled silicon (oxygen concen- 
tration equal to approximately 10'*/cm*), the produc- 
tion rate can be quite high. 

In detail, however, the production rate curve can 
vary significantly from boule to boule in a way that 
does not appear to be correlated simply with oxygen 
content alone. Even so, a detailed correlation between 
the production rate of the spin resonance of the A center 
and the production rate of the 12-u band is found to 
exist. Consider, for example, the two production curves 
shown in Fig. 6. These are for samples from two dif- 
ferent pulled crystal boules, the 410 boule containing 
approximately twice as much oxygen as the 404 boule. 
For doses above approximately 10'* elec/cm? the 12- 


INTENSITY (cm*?) 
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(IN 10° ELEC/ cm? ) 


Fic. 6. Intensity of 12-u band vs total flux of irradiating elec- 
trons for samples from two boules; No. 410, solid points and 
No. 404, open points. The solid diamond refers to the irradiation 
of a No 410 sample heat-treated to ‘‘precipitate’’ the oxygen in 
solution in the silicon. 
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intensity is greater in the 410 than in the 404, corre- 
lating with their relative oxygen contents. However, at 
lower doses, the 404 curve actually crosses over the 410 
curve, giving a higher initial 12-~ production rate in 
this lower oxygen content material. It is this low-dose 
production rate that must be compared to the spin 
resonance A-center rate, which is taken in the dose 
range less than 10" elec/cm? (see preceding paper’). 
The A-center spin resonance production rate n measured 
in the identical 404 sample was 7=0.14 cm™ (i.e., 
defect/cm* per 1.5-Mev electrons/cm?*); for the 410 
sample, the result was 7=0.07 cm. The absolute values 
of these production rates may be in error by a factor 
of ~1.5—2," but the ratio of 2, being insensitive to 
some of the instrumental errors, should be somewhat 
more accurate. The accuracy of the infrared measure- 
ments in this low-flux region is poor, the bands at ap- 
proximately 10’ elec/cm* being just above the noise. 
However, it is clear that the initial production rate in 
the 404 boule is the greater (see Fig. 6) in agreement 
with the spin resonance result, and a ratio of 2 between 
the two boules is not inconsistent with the experimental 
data. 

In addition to the relative production rate corre- 
lations, it is possible to make a rough comparison of the 
absolute production rates. To obtain an estimate of the 
defect concentration corresponding to a certain in- 
tensity of the 12-4 band, we use the correlation estab- 
lished by Hrostowski and Kaiser’ between the intensity 
of the 9-4 band and the oxygen content as measured by 
vacuum fusion analysis. Estimating the 12-u defect 
concentration in this way in essence assumes the same 
oscillator strength for the 12-4 band as for the 9-u band. 
This assumption is weak, but is the best that can be 
done at this point. The value estimated in this way for 
the 404 defect production rate from the initial slope of 
Fig. 6 is n»~0.15 cm. This agreement must be con- 
sidered fortuitous in view of the possible errors in both 
the spin resonance and 12-u estimates, but it certainly 
demonstrates that the rate data are consistent. 

It is the high-dose region of Fig. 6 that correlates most 
closely with the oxygen content. Also shown in Fig. 6 
is the 12-u intensity at 8-10'* elec/cm? in a 410 sample 
which had been given a heat treatment (100 hr at 
1000°C) prior to irradiation. The 9-y band intensity 
had been reduced by a factor of 7.5 as a result of this 
treatment, in close agreement with the subsequently 
produced 12- intensity. This would tend to confirm 
that the 12-4 band results when a vacancy is trapped 
by an interstitial oxygen atom in that the total number 
of such defects that can be produced is proportional to 
the initial interstitial oxygen content. 

The variation of the initial production rates suggests 
a competition with other traps for the vacancy. It is 
known that oxygen exists in unirradiated silicon in a 


'G. D. Watkins, J. W. Corbett, and R. M. Walker, J. Appl. 
Phys. 30, 1198 (1959). 
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variety of agglomerate configurations" as well as in the 
isolated form. It is possible that oxygen in these con- 
figurations can also trap vacancies causing the varia- 
tion, for instance, between the 404 and 410 samples of 
Fig. 6. The equilibrated concentration of the competing 
agglomerates should increase as a relatively high power 
of the oxygen concentration," explaining the decreased 
A-center production rate in the higher oxygen content 
material (410). On the other hand, reducing the isolated 
oxygen content by heat treatment should reduce the 
A-center production rate because the higher aggregates 
are being formed in the the process. This is borne out in 
the heat-treated 410 sample of Fig. 6 in that the A- 
center production rate was measured by spin resonance 
to be reduced a factor of 2.5 (see previous paper’). 

The association of a vacancy with an oxygen to form 
the A center removes the oxygen from its normal con- 
figuration. Therefore, we would expect to observe a 
decrease of the 9-4 band upon irradiation. We have 
performed such measurements and find, at best, a 
qualitative correlation. There is a change upon irradia- 
tion which saturates upon increasing irradiation. How- 
ever, depending upon the temperature at which meas- 
urements were made, we found different results. We 
attribute these difficulties to the problems in assessing 
the lattice bands under the 9-u band, and to possible 
changes in the agglomerate oxygen bands under the 
9-u band. 

Next in the way of macroscopic measurements we 
consider the behavior of the 12-4 band upon annealing. 
In Fig. 7 are shown the isochronal recovery of the 12-y 
band and of the A-center spin resonance. Again we see 
the correlation between the two measurements. Also 
shown in Fig. 7 is the recovery of the lifetime in irra- 
diated silicon as measured by Bemski and Augustyniak.'® 
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Fic. 7. Recovery of the 12-4 band (open circles) and the A- 
center spin resonance (closed circles) during a (15 min) isochronal 
anneal. The solid line is calculated from the recovery of lifetime 
data of Bemski and Augustyniak (see footnote 15) using their 
activation energy of 1.3 ev. 


44 W. Kaiser, H. L. Frisch, and H. Reiss, Phys. Rev. 112, 1546 
(1958). 
*G. Bemski and W. M. 
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It has been thought that the recombination did not'® 
proceed through the A-center level at (EZ.—0.17 ev), 
but more recent work has been interpreted’ as showing 
that it does. The agreement of our data with the life- 
time recovery suggests the latter interpretation but is 
not decisive on this question. 

More information concerning the end product of the 
recovery is available in the infrared measurements.'* 
These data are again consistent with the detailed iden- 
tification of the A center, but a more extended dis- 
cussion must be deferred to a subsequent publication. 


Microscopic Correlations 


Thus far we have discussed macroscopic correlations 
between the 12-4 band and the A-center resonance. 
These have all been accounted for by the model for the 
A center. However, we have not as yet considered a 
comparison of microscopic information obtained in the 
infrared with the detailed predictions of the spin reso- 
nance. This type of information can be obtained by 
studying the absorption of polarized infrared radiation 
by a sample subjected to a uniaxial stress. As discussed 
in the preceding paper,' as the result of a uniaxial stress 
applied to the crystal, all the defect orientations are no 
longer equally probable. If the stress is applied at a 
temperature at which the defects can reorient, the re- 
sultant population of the various sites will reflect the 
influence of the stress. This means that the Si-O-Si 
molecules will be preferentially oriented along certain 
directions. Hence the dipole moment for the v3 vibra- 
tion, which is parallel to the Si-Si axis in the Si-O-Si 
molecule, will also manifest this alignment. Conse- 
quently, the absorption of polarized infrared radiation 
will no longer be independent of the orientation of the 
plane of polarization with respect to the crystal axes. 
Rather, we will find an induced dichroism for polarized 
radiation as a result of the uniaxial stress. Using this 
technique we can compare the results of uniaxial stress 
experiments performed in the infrared to those per- 
formed with the spin resonance. 

In the first type of experiment, the rate at which the 
induced dichroism decays upon releasing the stress is 
measured. We have done this type of experiment both 
isothermally and in a tempering experiment. The iso- 
thermal experiments are conceptually the simplest. A 
stress is applied to the crystal to induce a dichroism and 
then the sample temperature is lowered to the 
thermal temperature. The spectrometer is set to the 
frequency of maximum absorption. Upon releasing the 
stress the decay of the additional intensity is con- 
tinuously recorded. From this record the relaxation 
time can be measured. The isothermal experiment, of 


iso- 


16 G, _K. Wertheim, Phys. Rev. 105, 
(1958); 111, 1500 (1958). 

17G. N. Galkin, N. S. Rytova, 
Tela. 2, 2025 (1960). 

18 G. 'D. Watkins, J. W. Corbett, 
Am. Phys. Soc. 5, 26 (1960). 
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measurements in the infrared (closed circles) and spin resonance 
(open circle). 


course, requires care in maintaining the 
control in the cryostat. Results for relaxation times in 
the isothermal infrared measurements are 
Fig. 8, superimposed on the spin 
data from the preceding paper. 
In the tempering experiment the stress is applied to 
induce the dichroism and then the temperature is 
lowered to the point at which the defects cannot re- 
orient. Then the stress is removed. The 
chroism remains “frozen in.” 
to warm slowly. The spectrometer scans through the 
absorption band periodically during the warming. The 
results of such an experiment are shown in Fig. 9. The 
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Fic. 9. The fractional recovery of the stress-induced dichroism 
Pt sat a ‘tempe ring experiment. The circles indicate experimental 
values. The solid line was calculated from the spin resonance data. 
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warming rate in this experiment was quite constant 
over the temperature range considered. This. simplifies 
the comparison to the spin resonance data. The mathe- 
matical description of a constant warming-rate temper- 
ing curve has been given by Primak.'® Using the re- 
covery parameters from the preceding paper and the 
warming rate of 6.9 10-*°K /sec we arrived at the solid 
curve in Fig. 9 for the corresponding recovery of spin 
resonance. 

As can be seen from Figs. 8 and 9, the defect reorien- 
tation which takes place in the infrared is the same 
reorientation that takes place in the spin resonance. We 
therefore conclude that the 12-u band arises from the 
same defect as does the A-center resonance. 

In the second type of experiment, we compare the 
amount of defect alignment produced in the infrared 
experiments to the amount expected from the spin 
resonance experiments. In these experiments a stress is 
applied along a specific crystallographic axis and the 
infrared absorption measured parallel and perpendicular 
to the stress axis. The type of results obtained can be 
seen in Fig. 10. Here we see a double-beam spectrometer 
recording of the 12-4 absorption at room temperature 
before stress, and after stress with the E vector of the 
analyzer parallel and perpendicular to the stressed axis. 
The actual data in the numerical comparison are given 
as the ratio R of absorption coefficient for the stressed 
sample to that of the unstressed sample, for a given 
analyzer orientation. These data are sensitive to changes 
in the experimental conditions (e.g., sample position) 
upon applying the stress and hence are more difficult to 
obtain than data comparing parallel and perpendicular 
polarizer orientations (the dichroic ratio) for a given 
sample configuration. However, this procedure pre- 
serves more information and is a more critical test. 

The data obtained in these experiments are presented 
in Table I. These data were taken at 310°K. We also 
took data at 155°K. Lowering the temperature, of 
course, increases the Boltzmann factor which describes 
the defect alignment and, consequently, the ratios were 
larger. However, obtaining quantitative data at 155°K 
was not feasible because the absorption band was too 
sharp for the spectrometer spectral slit width. More- 
over, the apparent linewidth changed upon stressing. 
While this is quite interesting, our apparatus was 
unable to cope with these problems. Therefore, we 
present only the room temperature data where these 
effects do not introduce errors. 

Also shown in Table I are predictions based on the 
spin resonance data! of the ratio to be observed in the 
infrared. These predictions were arrived at by using the 
formulas for the populations of the various nonequiva- 
lent sites given in the preceding paper,' correcting the 
Boltzmann factors for the fact that the infrared experi- 
ments were performed ai 301°K and a stress S higher 
than the spin resonance measurements. (The spin reso- 


19 W. Primak, Phys. Rev. 100, 1677 (1955). 
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lic. 10. Infrared transmission (double beam) for the case of a 
(100) unaxial stress experiment. The data shown are for 0 stress 
and for 26 800 psi stress, with the polarizer E vector 1 and || to 
the stress axis. The lattice bands are also shown and the trans- 
mission scale is corrected for reflection losses. 


nance measurements were performed at 120°K and 
S= 12500 psi.) Once the various populations were ob- 
tained the predicted ratios were readily obtained by 
resolving the components of the dipole moment for each 
site along the analyzer directions (£, and E,,) and cor- 
recting for the polarization analyzer’s efficiency. We see 
there is rather good agreement. Since the axis of the 
dipole moment of the v; vibration is perpendicular to 
that of the other major modes of vibration of the 
Si-O-Si molecule, this agreement supports the assign- 
ment of the 12-u band to the v; vibration. 

The data in Table I show that the Si-O-Si molecule 
alignment by the stress field is as predicted by the spin 
resonance. (An interpretation of this response in terms 
of the model of the center and how it reacts to the local 


ras_e I. Results of measurements of the ratio R of the 12-y ab- 
sorption coefficient at stress S to that at 0 stress for experiments 
performed on crystals of different orientations. The column 
marked ‘“‘polarization” refers to the orientation of the £ vector of 
the polarizer with respect to the stress axis. 
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Fic. 11. Model of the A center showing the unpaired electron 
which gives rise to the spin resonance, in the Si-Si molecular bond. 
The associated electrical level is at (/2.—0.17 ev). 


strain field is presented in the preceding paper.') These 


data we consider sufficient to establish that the oxygen 
is properly placed in the model of the A center. 


V. SUMMARY 
In these papers we have discussed the detailed prop- 


erties of the Si-A-center spin resonance and the 12-u 
infrared band. On the basis of both macroscopic and 
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that the preyiously proposed model for the Si-A center 
correctly described this defect. 

The Si-A center is then a vacancy associated with an 
oxygen atom as shown in Fig. 11. The oxygen bridges 
two of the dangling bonds of the vacancy and the re- 
maining two bonds form a molecular bond. This molecu- 
lar bond can, provided the Fermi level is high enough, 
trap an extra electron in an antibonding orbital. This 
state we have previously shown to be the (E,—0.17 ev) 
level of Wertheim'* and Hill.” 

We have previously" drawn conclusions concerning 
the mobility of the lattice vacancy. These conclusions 
were contingent on the identification of the Si-A center 
and another center (Si-Z) as containing a vacancy. In 
this paper we have seen that the Si-A center does have 
a vacancy as previously proposed. In a subsequent 
paper”! we will show that the Si-E center also incorpo- 
rates a vacancy. The identification of these centers 
being established, we can conclude that the silicon lattice 
vacancy is mobile under the conditions of the irradiation 
experiment. 
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microscopic correlations, it is concluded that these are 
properties of the same defect. It is, moreover, concluded 
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Solution of the Functional Differential Equation for the Statistical 
Equilibrium of a Crystal* 
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The s-particle distribution functions (s=1, 2, - - -) of classical equilibrium statistical mechanics are deter 
mined for a crystal, as power series in the temperature. They are obtained by solving Bogolyubov’s 
functional differential equation. From the distribution functions, the thermodynamic functions of a crystal 
are computed as power series in the temperature. The leading terms in these series are the usual classical 
results which are customarily derived by assuming that the potential energy is a quadratic function of the 
particle displacements. The further terms, which depend upon the nonquadratic or anharmonic terms in 
the potential, provide corrections to the usual results, which become more important as the temperature 
increases. If only a few terms in the series are used, the results will be valid at temperatures low compared 
to some characteristic temperature of the crystal, e.g., the melting temperature. Since they are based on 
classical mechanics, the results are valid only at temperatures high compared to the Debye temperature 

The series expansions of the distribution functions and thermodynamic functions may be viewed as the 
low-temperature analogs of the virial expansions, which are low-density expansions. As in the case of the 
virial expansions, all the terms are determined explicitly in analytic form, but their actual evaluation is 
difficult. 


1. INTRODUCTION 


of statistical mechanics.' If the system consists of a 


large number of interacting particles, the evaluation of 


HE properties of a classical mechanical system in 
thermal equilibrium are expressible as multipie 
integrals involving the canonical distribution function 
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! This is so provided that the energy is the only measurable 
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these integrals is exceedingly difficult. For a gas at low 
density Ursell? and Mayer* have evaluated them and 
obtained the virial expansions of the thermodynamic 
functions. This suggested to us that it might be possible 
to obtain a corresponding expansion in the opposite 
extreme of high density. We first observed that such an 
expansion could be obtained from the low-temperature 
expansion just as the high-temperature expansion can 
be obtained from the low-density (virial) expansion. 
Therefore we have determined the low-temperature ex- 
pansion. We find that in this expansion the particles 
are associated with a mechanical equilibrium configura- 
tion. This configuration becomes a crystal lattice as the 
number of particles becomes large. Thus our results 
provide expansions in powers of the temperature, of the 
distribution functions and thermodynamic functions of 
a crystal. These expansions are useful at temperatures 
low compared to some characteristic temperature of the 
crystal, e.g., themelting temperature, but high compared 
to the Debye temperature, since they are based on clas- 
sical mechanics. Although the coefficients in these ex- 
pansions are all determined explicitly in analytic form, 
their actual evaluation is difficult, as is that of the 
coefficients in the virial expansion. 

Instead of evaluating integrals, we seek the s-particle 
distribution functions (s=1, 2, ---) from which all 
properties of the system can be found. For them Bogo- 
lyubov‘ has introduced a generating functional which 
satisfies a certain functional differential equation. This 
equation was first solved by Zumino® in terms of a 
power series in the density from which the virial expan- 
sion of the distribution and thermodynamic functions 
was obtained. The corresponding nonequilibrium equa- 
tion was solved in a similar way by Lewis.® In this paper 
we solve the equilibrium equation in terms of a power 
series in the temperature and from it we obtain our 
results. The form of our solution was suggested by a 
consideration of the asymptotic evaluation, for low 
temperature, of the integral defining the generating 
functional. Although this is not a practical method of 
obtaining the series expansions, it has been carried out 
for the first term of the partition function.’ This con- 
sideration suggests that our expansions are asymptotic 
rather than convergent. 

Previous calculations of the thermodynamic proper- 
ties of crystals on the basis of classical mechanics are 
equivalent to the asymptotic evaluation of the integral 
representing the partition function. Therefore they are 
actually low-temperature calculations, although this has 


not always been pointed out. It appears to be compu- 
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tationally difficult to obtain more than the first term 
by this method, or to obtain the distribution functions. 
However these quantities are determined by our 
method. 

The first terms in our expansions of the pressure and 
the internal energy coincide with the results of the 
usual classical theory of a crystal. In that theory the 
potential energy contains only quadratic terms in 
the coordinates. Our further terms involve the non- 
quadratic or anharmonic terms and provide corrections 
to the usual results. The corrections become larger as 
the temperature increases. At temperatures high com- 
pared to the Debye temperature, the results of the usual 
quantum-mechanical theory of the thermodynamic 
properties of a crystal agree with those of the usual 
classical theory. This is because both these theories are 
restricted to quadratic potential energy functions. If a 
nonquadratic potential were employed in the quantum- 
mechanical theory, its results should coincide with ours 
at temperatures high compared to the Debye tem- 
perature. 

In the next section we derive the functional differ- 
ential equation. In Sec. 3 we solve it for the generating 
functional. From the generating functional we deter- 
mine the s-particle distribution functions in Sec. 4 and 
obtain an expression for the mean value of any function 
of the particle coordinates. In Sec. 5 we apply the 
formula for mean values to the calculation of the ther- 
modynamic functions. In Sec. 6 we apply the results to 
a crystal. In Sec. 7 we derive the equation of state of a 
crystal up to linear terms in the temperature, and in 
Sec. 8 we calculate the internal energy of a one-dimen- 
sional crystal up to quadratic terms in the temperature. 
These calculations involve circulant and generalized 
circulant matrices which are discussed in the appendix. 


2. DERIVATION OF THE FUNCTIONAL 
DIFFERENTIAL EQUATION 


Let us consider a classical mechanical system of .V 
identical interacting monatomic particles in a region of 
volume V. Although we are primarily concerned with 
particles in three dimensions, we find it convenient to 
permit the number of dimensions to be an arbitrary 
positive integer m. This enables us to examine readily 
the mathematically simple one-dimensional case. To 
represent the position of a particle we introduce a skew 
coordinate system with m linearly independent basis 
vectors ™, -+*, %, Spanning a parallelopiped of volume 
v. Then the (skew) coordinates of the point £%#+--- 
+é"u, are E,---, &" 

Let £,= (&',---,&") denote the position of particle v 
and let ¥(&,,---,é,) be any function of the coordinates 
of s particles. Then the statistical mechanical mean ¥ 
of ¥ in a “canonical ensemble” is defined by 


Y= frot --déy, 
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Here ® is defined by 


D=2 (2.2) 


~~ 
The function U (£),---,éy) is the potential energy of the 
system, 6=kT where & is Boltzmann’s constant and 
T is the absolute temperature, and 


. 
e= fe WOUdE,- + -déy. 


Each of the V integrations in (2.1) and (2.2) (and in 
integrals throughout this paper) is to be taken over the 
n-dimensional parallelopiped defined by 


(2.3) 


O<#sS7r, a=1,---,n. (2.4) 


The volume of this parallelopiped is V=r"v. We shall 
take V=r" and then V= Nv. Hence 2» is the specific 
volume of the system. 

We now introduce the s-particle distribution functions 


) fou pir dé, g=], 


the mean value of ¥(&,,---,&) is given 


g, defined by 


g,(£1,°°°,& 
Sa\sly *s 


In terms of g,, 
by the s-fold integral 


v= | Wg.dé,- . 


Thus mean values can be computed with the aid of the 
functions g,. In order to determine them we introduce 
their generating functional J[7 ]. It is closely related to 
the one introduced by Bogolyubov‘ and is defined by 


-dé,. (2.6) 


JEn]= f 9 IL n(e desde. 
v=] 


J depends upon the “independent function” 9(£). By 
functional differentiation of (2.7) s times with respect 
to n, we obtain 


6°J N! 


\ 
fr II n(& )dé.41°- -déy. 


yest 


5n(&1)---dn(E,) (V—s)! 
(2.8) 


If we set n= 1 in (2.8) and compare the result with (2.5) 
we see that 

(V—s)! oJ 
gs(81,°° +E) = — (2.9) 
Vi bn(&:)- + -6n(E5) | pat 
Thus the functions g, are generated by the functional 
J{n). 

Although J[m] is given explicitly by (2.7), that 
expression for it is inconvenient because it involves V 
integrations where .V is very large. Therefore we shall 
now show that J also satisfies a functional differential 
equation. Afterwards we shall determine a_more use- 


ae Oe, 


ful expression for J by solving this equation. To this 
end we assume that the potential U is given by 


\ \ 
U=3 Dd p(t:—£&)+>d B(é,). (2.10) 
1,31 i 


l 
‘*) 
Here p(é) is a pair interaction potential and 6(£) is an 
external potential. From (2.2) and (2.10) we obtain 


dD 1 N 
—=——D[2 pa(ti— &) +Ba(Es) ] 
0€,* 7] vel 
Here pa(&)= 0p(&)/dE* and B,(£)= 08(E)/ dE. 
To derive the functional differential equation we need 
only set s=1 in (2.8) and differentiate it with respect 
to £:*. We then obtain 


(2.11) 


0 6/ N 


N 
— = f PCE oo(&-&)+86(6)1 
O&1* 6n(E1) 0 y=? 


N 
XI] n(é,)d&o- + -déy 
6/ V(V—1) 


6n( £1) 0 


x f 29.(6:-&) 


The second form is obtained by permuting the integra- 
tion variables and by making use of the fact that D is 
a symmetric function. With the aid of (2.8) for s=2, 
we obtain from (2.12) 

0 6 1 


g --+- Bal€1) 
OE ,* 6n(E1) 6 


6J 
6n( £1) 


5°] 
x df= 
dn(£1)dn(E2) 


This is the functional differential equation satisfied by J. 
From the definition of J, also obtain the 
“boundary conditions” 


JT1J=1, 


(2.7) we 


J{0J=0. (2.14) 


We may obtain an integrated form of (2.13) by 
multiplying it by an arbitrary function y(&) and 
integrating with respect to &,. In the first term we 
integrate by parts and assume that y is so chosen that 
the boundary terms vanish. The result is 


6J 1 6J 
- [vate dé.+ fvcens.e) ? 
6n(£:1) 6 bn(£ ) 


s $1 


dé, 


5° J 
dé dé. 
6n(£1)6n(E2) 


1 
+ verte ean $2) 
i] 
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3. SOLUTION OF THE FUNCTIONAL 
DIFFERENTIAL EQUATION 


In this section we shall derive a useful expression for 
the functional J[] which is valid for small values of 0. 
We first attempted to do this by applying the Laplace 
method of asymptotic expansion to the integral (2.7) 
which defines J[n]. In this method, one expands the 
exponent U(&,---,év) about a minimum point 


(£1,°- + Ev) = (1i,-+ +n). 


This leads to a series for J[m | in non-negative integral 
powers of @. In this series the coefficient of # involves 
the function »(&) and its derivatives of order up to 2 y, 
evaluated at the minimum point. Although this method 
yields the general form of the terms in the expansion, 
it is not convenient for their complete determination. 
The method makes no explicit use of the expression 
(2.10) for U and thus leads to unnecessary complica- 
tions. Therefore we turned to the functional differential 
equation (2.15) and attempted to solve it in terms of a 
power series in 6. The Laplace method supplied us with 
the general form of this series. By inserting this form 
into (2.15) we were able to determine the series com- 
pletely. The details follow. 
We begin by defining the functional 


(3.1) 


J'(nj=II n(v,). 


J°® depends on N vector parameters y,= (y,',- ++ ,y") as 
well as on the argument function n(£). We also introduce 
a differential operator, , defined by a power series in @: 


L=1+ y OL. 


Here L, is a differential operator of order 2 u defined by 
m | A : 


L. LY An bg” Do, 
s= 
0% 
Do; = ° 
Oyo: Ob, OY + Ayn,” 
For convenience, we have introduced vector indices 
the form b= (v,a) ranging over the index set A defined 
by the conditions: 1SvSN, and 1SaSn. Thus A 
contains nN points. In (3.3) and throughout this paper 
we employ the summation convention with respect to 
repeated indices of this kind which are to be summed 
over A. If we define L)>=1 and L,=0 for n.<0, then we 


may write 


OL y. 


In terms of the above definitions the general form 
of the series resulting from the Laplace method is 
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given by 


I [n= LJ®| w= ty. (3.6) 


We shall now take (3.6) as an assumption and show 
that it is indeed a solution of the functional differential 
equation (2.15) and the “boundary conditions” (2.14). 
In so doing we shall the coefficients 
Ab,---bs™ in (3.3). 

It is convenient to begin by defining the functions 2’: 


determine all 


. 
v(y,) IT n(y,). (3.7) 
u=l 


pr 


By functional differentiation of (3.1), we obtain 


II n(y.). 


ou 


=> 6(¢ (3.9) 


Here, 5(&) is the m-dimensional Dirac delta function. 

Corresponding to the three terms of Eq. (2.15) with 
J replaced by J°, we define three quantities, Q%, R*, 
and P*: 


f v(qds.(e0 dé, 


\ \ 


Y ¥(y,)Balv) II nly.) =d Baly)2"; (3.11) 


82] 
: ; dé\d&é. 
5n(£1)6n( £2) 


\ \ 
=> II a(vo¥ (yw) 2 palvr— Yu) 


v=1 wv 


(3.12) 


Pal Yv— Yu)- 


Let U(y) denote Then from (3.11), 
(3.12), and (2.10) 
\ au (y) 
Re+Pe=>° 2 : (3.13) 


v=l oy,* 


It is not difficult to show that the operator Z and the 
functional differential operator commute when applied 
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to J°. Hence, if we insert the trial form (3.6) into the 


functional differential equation (2.15), we obtain 


at y,=/,. (3.14) 


1 
LQ*+-L[R*+P*]=0, 
6 


If we use (3.5) in (3.14) and equate coefficients of each 
power of @ to zero, we obtain 


L,-:0°+ L,[R*+ P*]=0, at y=1,; 


p=0, 1,2, --- 


If we use (3.10) and (3.13) in (3.15), it becomes 


\ 02” ou’ 
—> Ly ; ' ) 0. at+,=/,: 


1 Oy," ay," 


u=0,1,2,---. (3.16) 


In order that (3.16) be satisfied, it is sufficient that for 
every 2(y) and for all a in A, 


— Ly i(ta) +L, (2U.)=0, 
17) 
Here U,=0U (y)/ Ova, and 24= 02/ OYa. 
We now set u=0 in (3.17) and since z is arbitrary we 
obtain, for all a in A, 


(3.18) 


Thus (/;,---,/y) is a stationary point of U’. This agrees 
with the result of the Laplace method where (/,,- - - Jy) 
was not only a stationary point but was actually a 
minimum. Let us now determine the coefficients in L, 
so that (3.17) is satisfied for u=1, 2, 3, ---. Since the 
order of differentiation in (3.3) is immaterial we see 
that without loss of generality we may assume that 
Ab,---b, is symmetric, i.e., invariant under permuta- 
tion of the subscripts. Then it is easy to show that 


b,(sU) 


s § 
b, >» ( Jo : bpUber1-- 5. (3.19) 
t0 \/ 
s—l Ss 
«+b # = ( Ja be 
t=O l 


+U,L,(2); 


Ab, b,” Do, 


=Aby 


XU ebist p=1,2,-°> 


Furthermore, 


aus 
Ly—1{2a) = z Abj-+-b 
s=l 


AND J. B. 


KELLER 


By simple manipulations of the indices the last two 
equations may be rewritten in the forms 


2-1 
Ly 1(Za) = ® Sb +» -byDabpA by - + -by_1 
t=2 


We insert (3.22) and (3.23) in (3.17) and equate to 
zero the coefficient of each derivative of z, 
arbitrary. We obtain, for u=2, 3, - 


since z is 


, and all a in A, 


b, U ab, 


26 Ss 
> ( Jan. b,” Uabys 
s=t+l l 


— Sb babs A by 


(3.24) 


Here S»,---+; is a symmetry operator defined as follows: 
If {P1,---,Pt} denotes a permutation of the numbers 
{1,--+,¢}, then 


Sb1 -byll ‘by 


The sum in (3.25) is to be taken over the é! permutations 
of {1,---,#}. The symmetry operator appears in the last 
of Eqs. (3.24) because 2;---+; is invariant under per- 
mutations of its subscripts. It does not appear in the 
first term of that equation because that term is already 
symmetric in {b,- + -d¢}. 

For w= 1 and every 2(y) and all ain A, (3.17) becomes 

L;(2U,)—2,.=0, aty,=J,. (3.26) 


If we insert (3.23) for u 
every 2(y) and all ain A, 


1 in (3.26), we obtain for 


sLA 1? UatA be © Ug. |+ 220. | be l # Via ZH0ab =(), 
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Irom this it follows that for all @ in A 


Ap U gatA re Ua.=9, 


2A oe VL lac= bad, 


at 7,= /,; 
(3.28) 
at 7,=J,. 
Let (M,») be the inverse of the matrix (Us), i.e., 
M aU be= Bac. If we multiply the first of Eqs. (3.28) by 
Maa (and sum over a) we obtain 


A, = —4U ycaMy-M aa. (3.29) 


From the second equation we see that 
Ase 


$M w-. (3.30) 


Thus the coefficients for .=1 are determined. 

In order to soive (3.24) for the higher order coef- 
ficients, we first change ¢ to (¢—1) in the last of these 
equations: 


bb Uabie+ } 2 ( )av - +b) Uady- + +be 
s=t+1\/—1 


_ 


1Ab,- 
-be-10ab¢-1A 1 - 
t=2y, 2u—1, ---, 4,3. (3.31) 


If we multiply this equation by M,.q and carry out the 
symmetrization operation, we obtain 


S 
) Mat aby: . -beAdy ++ eb, 4 
1 


t—1 
i(t—1) = 
t=2y, 2u—1,---,4,3; p=2, 3, 


From the first two equations of (3.24), we obtain 


2a 
Ab, al =—} t SM caV ads - b Ab, «+b, * 
s=3 


? 
2, 3, 


L= 
and 


Ac — > M caU aby -- bp Aby 


p=2,3,--:, 3.34) 


22 


Equations (3.32), (3.33), and (3.34), give all of the 
coefficients of L recursively for w= 2, 3, ---. We recall 
that Lo=1, but for w= 1, 2, ---, the operator L, contains 
no term without a derivative. We could have included 
such a term in the definition (3.3) of L, and all equations 
except (2.14) would have been satisfied. It is easy to 
see that the “boundary conditions” (2.14) are satisfied 
if and only if these terms are all zero. 

The preceding calculations show that (3.6) is indeed 
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the solution of the functional differential equation 
(2.15) and the “boundary conditions” (2.14), and we 
have completed the calculation of all the coefficients 
in L. For convenience we list the coefficients of L2: 


(1/24)[M b1>4M 6263+ M bob4M byb3 
+ M b3b4M byb2 |, 
— Py U osbebz[2M b165M dob6M bsb7 
+ M 165M bob3M b6b7 + M bobsM 003M b¢6b7 
+ M b3b5M b:boM b607 |, 
= § Ubgb4bgU bsbeb7[_2M 165M bobgM b3b7 
X M b4b6-+ M 0305M bobsM 6 364M b6b7 
+ 2M 613M b2b3M 645M b607 |] 
= : U bgbabst 6M b1b3M bobgM b4bs, 
— M ca abyb2A byb2 — Mca abybob3 
X A bybobs"?? — M cal abybob3b 


4A bybobab4° 
For the calculation of the internal energy of the 
system we shall have to apply /» to the function U(y) 


at y,=TI,. This yields 


LeU = (1/24)0:+ (1/8)Q». (3.36) 


Here 


1 oMi t Mi 556 2 (3.37) 


(3.38) 


4. DISTRIBUTION FUNCTIONS AND MEAN VALUES 


We shall now use our solution of the functional dif- 
ferential equation to obtain useful formulas for the 
distribution functions g, and the mean values ¥. From 
(3.1), we obtain, by functional differentiation, 


I] aly). (4.1) 


In (4.1) the summation is taken over all integer values 


from 1 to N of the indices 1, v, except those 
values where two or more indices are equal. By analogy 


with (2.9) we define g,° by 
(V—s)! 6*J° 


8s (£1,°° + Es) 
N!  6n(E1)- + -6n(E,) | n =1 


(V—s)! N s 
¥ T18&—y). 
ve=1y=1 


x) 
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Now from (2.9) and (3.6) we obtain 


(N—s)! LJ 
N! 


=[Lg,° lv =1. 


Then from (2.6) and (4.3) 
¥= [vised - dtl yw =h 


: lif ve “dt,-- -dé, 


From (4.4) and (4.2) we obtain 


(N—s)! N 
v=|L rH 
N! . vy =1 


# 


V(¥,5" 9 a) 
y=l, 


If ¥ is a symmetric function of its .V 
we see from (4.5) that 


arguments, then 


SFL (y,,°*>y5) In <t (4.6) 


Equation (4.6) may be considered the main result 
of this paper. It shows that the statistical mechanical 
mean of a symmetric function VW can be obtained by 
applying to it the differential operator L. 


5. THERMODYNAMIC FUNCTIONS 
The total energy of the system of particles is given by 
H=G+U. (5.1) 
Here the potential energy, U’, is given by (2.10), and 


the kinetic energy, G, is given by 


N p 
G=)>> —. 5.2) 
v=1 2m 


p, is the momentum and m is the mass of the vth particle. 
By the well-known theorem on “equipartition of 
energy,” the statistical mechanical mean of G is given by 


G=nN@/2. (5.3) 
Since U is a symmetric function of (£,---,E), we see 


from (4.6) that 


U =[LU(y) J = =[U+OLU+E OL,U}w=1. (5.4) 


Now from (3.3), (3.29), (3.30), and (3.18), 


LU =AgU gt Ase Us-= 3M aU s-= fun, 
at 7,=I,. 


AND J. B. 


KELLER 


Thus the internal energy, /, of the system is 


k= =G+U ={U+nN0+>D. &L,U} 


This equation expresses E as a power series in @. 
According to a well-known formula of statistical 
mechanics, the scalar pressure, P, of the system is given 
by 
0 6 a0 
InO 
OV V on 


P=6 InQ. 


Here Q is the configuration integral, given by Q=0* 
since the volume element in skew 
Then using (2.3) for 9 we have 


(o) 
~ 
£ 
S. 


coordinates is vd 


) N 
Ing=—— 


Or v 


The fact that U depends upon 7 results from the fact 
that p does. The interaction potential p(é;—£,) is 
actually a function of the interparticle distance which 
is proportional to the length of &;—&; multiplied by o!”’ 
7 


as we see from dimensional considerations. Thus (5. 


yields 
ou 
| 
( Ov ty, =I 


(5.9) 


In order to evaluate 1, 
(3.18) 


we observe that by 


0 aU 
(5.10) 
OVa O1 
Hence 


oU 1 


Ly oe Mw 
ov 2 


1 al U 
rt ul 
2 rari 


Here 0(U)/dv denotes the derivative of the matrix 
(U)=(Uq), (M)= (Ms), and “Tr” denotes the trace 
of a matrix. In order to simplify (5.11) we shall make 
use of the following theorem. 

Theorem. Let Q=(qix) be a nonsingular matrix 
which depends differentially on a parameter v. Then 


dQ d 
(0 )- log detQ. (5.12) 
dv dv 
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Proof. Let 
dQ 

C= (cx) =O" : 
dv 
and denote 

d 
Qik by qd rig 


di 
Let Qj be the cofactor of g4. It is well known that 
Q*= (ain) = (detQ) (Qi), 
d 


and 


detO > Orig’. 


By matrix multiplication we obtain 


TC=>0 ci=X ange’ = (detQ) Y Qegns’ 
i i,k 
d d 
(detQ)—'— detO=— log detQ. 


at adi 


This proof was suggested by Walter Pressman. 
With the aid of this theorem, and (5.11) we obtain, 
from (5.9), 


L— 


Ov 


} es 
} 


Equation (5.13) is the equation of state of the system. 
It gives the pressure P as a function of the specific 
volume v and the temperature 6. The term of order 6 
involves only the determinant of the matrix (U’) rather 
than the inverse matrix, and therefore it can be evalu- 
ated easily. 

All the thermodynamic functions of the system can 
be computed by the usual thermodynamic methods 
from E given by (5.6) and P given by (5.13). For 
example, the coefficient of thermal expansion «= v7v~! 
= kygv can be obtained by differentiating the equation 
of state P= P(6,v) with respect to @ for P=constant. 
This yields 19== — Ps/P, and thus 


k= —kPo ‘vP.. 5.14) 


When (5.13) is used in (5.14), it becomes 
| 2Nk—kv(0/ dv) In det(U) | 
~] 7 


Similarly, the specific heat per particle at constant 
volume c,= N—Er=kN-£, is, from (5.6), 


+0(6). (5.15) 


27°?U / dv" I, 


Co=nk+RNUD pOOL,U} y=. (5.16) 
p=2 


IL 


I 
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The first term in (5.16) agrees, for n=3, with the clas- 
sical law of Dulong and Petit. The term 20L.U will be 


calculated, for a special case, in Sec. 8. 


6. APPLICATION TO A CRYSTAL 


Thus far our results are associated with a mechanical 
equilibrium configuration of the system of NW particles. 
This configuration is given by a stationary point 
I,,-++,I~ of the potential energy U. So far we have 
made no assumptions about the magnitude of N. For 
large N we expect that this configuration will approxi- 
mate a lattice, and the results will describe a crystal. 
We shall now apply our results to this case. We base 
our analysis on the premise that the thermodynamic 
functions are independent of the nature of any forces 
at the surface of the crystal as well as of the shape of 
the crystal, provided it is sufficiently large. Of course 
we exclude consideration of surface phenomena. 

In order to obtain a nonzero pressure and to confine 
the system to a finite region it is necessary to apply 
external forces to the surface of the crystal. There are 
many ways in which these forces can be specified. We 
shall choose a way for which the mechanical equilibrium 
configuration is exactly given by a finite lattice up to 
and including the surface particles. This requirement 
also can be met in several ways, and we choose one for 
which the mathematical analysis is simplest. It consists 
in surrounding the system by periodic replicas of itself 
which interact with it. We assume that the interaction 
between two particles is negligible beyond a certain 
finite distance. Therefore for a sufficiently large crystal 
the effect of the replicas is felt only on a surface layer 
and this effect becomes relatively negligible for large NV. 
Mathematically, we introduce the replicas by assuming 
that if the coordinates of the N particles are §&,, 
j=1, ---, N; then each particle has images at §;+7K 
for all vectors K with integer components. 

Let ¢(r) be the interaction potential energy of two 
particles a distance r apart. The length r of the vector 
> a=1" $a is given by 

r=(> 


, hoe 
a«,8 


*Uge*?) i 


Ua 


In terms of the coordinates £, the interaction potential 
can be written as 
Go 


a.p 


p) 


\(E)=¢6(r) =O Ug? Ugt**)! |, (6.1) 
Then the energy of the system of N particles interacting 
with each other and with the periodic replicas is given 
by® 


\(€:—£;—7K). (6.2) 


or 
’ This expression is correct only if 7 is so large that the inter- 


action of a particle with its own images may be ignored. We shall 
apply our results only in the limit r — ©. 
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Here, and in the following sections 7, J, K, etc., denote 
(n-dimensional) vectors with integer components. In 
(6.2) K is to be summed over all values of such vectors. 
(6.2) can be simplified if we introduce the function p(&) 
defined by 


o(f)=Dix« A(E—TK). (6.3) 


Then (6.2) becomes 


(6.4) 


In the present application of the general theory of the 
preceding sections the interaction energy in (2.10) is 
given by (6.4) and therefore the pair interaction 
potential p(£) is given by (6.3). In the limit, r— ~, 
all the terms in (6.3) with K#0 vanish. Thus 


lim p(€) =A(é)=¢(r). 


tT? 


(6.5) 


We note that the function p(£) is even and periodic with 
period r: 

p(—£)=p(§); (6.6) 
and for all vectors J with integer components, 


p(é+7J)=p(é). (6.7) 


In the absence of body forces such as gravity, the 
external potential function 8(£) in (2.10) would be zero. 
However if 8(£) were zero, the matrix (U,,) would now 
be singular and its inverse (M,,), which was introduced 
after (3.28), would not exist. In order to avoid the 
mathematical complexity which this would entail, we 
allow 8 to be different from zero until the end of the 
calculation when we let 8 tend to zero. We shall assume 
that 8(é) has the following properties: For all vectors 
J with integer components, 


B(E+7J)=B(E); (6.8) 


8 and all its derivatives except the unmixed second 
derivatives vanish for §=/; and for a=1, ---, 


0°B(£) 
Baa(J)=- ~ 


(6.9) 
o(é 2 a 


=B)=const. 


These conditions are met, for example, by a periodic 
function 8(£) which, in a neighborhood of £=0 has the 
form 


B(E)= 380 (2)?+ - +--+ (E")?]. (6.10) 


In deriving (2.15) we assumed that the function 
¥(&) was so chosen that the boundary terms in the 
integration by parts vanish. Now we see that this will 
be so if ¥(&) is periodic in the sense of (6.7) and (6.8) 
For p(é) and 6(é) are periodic, and therefore U is 
periodic in each of its arguments £1, -, éy and 
6J/5n(é1) is periodic in &. From this the vanishing of 
the boundary terms follows ify is periodic. 
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In Sec. 2 we introduced skew coordinates, &. This now 
enables us to describe each point of a lattice by the 
condition that £ be a vector with integer components. 
We shall show that with p and 8 as defined in this 
section, this lattice is a mechanical equilibrium con- 
figuration. Thus let (/;,---,J.) be an arbitrary ordering 
of the N lattice points in the parallelopiped defined by 
(2.4). Then these points satisfy the condition (3.18) for 
mechanical equilibrium, because for each a= (a,v) in A, 


U.= >» pa(l,—T,) = } Aa(J) =0. 
a=l J #0 
uw 


(6.11) 


The last equation is valid because \(£) is an even 
function and therefore A,.(£) is an odd function: 
Aa(—E)=—Aa(E). Such a lattice represents a crystal 
with one particle per unit cell, and this is the only type 
of crystal which we shall consider. 


7. THE EQUATION OF STATE OF A CRYSTAL 


We shall now use the preceding results to calculate 
the first two terms in the equation of state (5.13) in 
the limit of infinitely many particles. 

To this end, let S denote the set of vectors J which 
give the position of the \ lattice points in the paral- 
lelopiped defined by (2.4). Thus S is the set of n-dimen- 
sional vectors of the form 


l= (1,P,---,J") (7.1) 


where /', /?, --- are any integers in the set {1, 2, ---, r}. 
S contains N=7r" distinct vectors. At the end of the 
last section we introduced an arbitrary ordering 
(/1,---,J~) of these vectors. If we now set y, 
can write U(y)=U(y1,-+-,yw) in the form 


U(y)=3 LX 


Ylv, We 


pP(vi—vs)+ XL Bly). (7.2) 
.J.aS$ lin S 
lJ 


Now let Usx**® denote 0?U/dys*0yx*|\ 7; =1. Then by 
differentiation of (7.2) we obtain, with the aid of (6.3), 
(6.7), and (6.9), 


Uss**=Bot+ > 


J in S’ 


PaalJ) ; (7.3) 


axXxB; (7.4) 


Us = — paa(J —K); J#K. (7.5) 
Here S’ denotes the set S with the vector J= (7,7, + -,7) 
omitted. 

The calculation of the equation of state will require 
the calculation of the derivatives of the functions p(£) 
and \(é) with respect to v. The infinitesimal change in » 
implied in these differentiations refers to a change in 
the over-all scale of the crystal lattice. This is most 
easily analyzed by equating the basis vectors #., which 
define the crystal lattice, to scalar multiples of vectors 
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wa of fixed length and direction. Thus we let 


Ua=CWa; a=1,--+,n. (7.6) 


If the vectors w, span a parallelopiped of volume 1, 
then the constant c satisfies 


v=c". 
From (6.1) we see that 


A(E)=¢[eg(£) ]=oL[r(E) ]. 


Here 


g()=c¥()=[ DL wa- wate}. 
B= 


a ] 


From (6.3) we see that 
e(t)= Dox olcg(t—7K)]. 
The external potential 8(£) defined in Sec. 6 is inde- 
pendent of ». 
In order to calculate the term 0U/dv in (5.13) we 
make use of (7.2) and (7.10). Thus we have 


aU (y) 1 du (y) 1 


(7.10) 


> 


— 
2nc*™! I, Jin 
IJ 


nc*™"| Oc 
XL e(vi—vs—7K)o'Leg(vi—y¥a— 7K) ]. (7.11) 
K 


At y.=/, (i.e., at y;=J) this becomes 
aU N ws ae 
=—— > g(K)¢'[cg(K) ]. 


(7.12) 
Ov 2nc™' K~# 


The matrix (U) appearing in (5.13) is the matrix 
(Ua) which, in the present context, is the matrix 
(U sx). The term (1/N) In det(U) which appears in 
(5.13) has been calculated asymptotically for r— 
in the Appendix. The result is, from (A.31) and (A.32), 


1 
— In det(U) 
N 


1 r x 
f - f In detG(x)dx!---dx"; 
(29)" J_. — 


Ts @, 


(7.13) 


Here G(X)=G/(z',--+-,a") is the matrix of order m with 
components Gas(X) given by 


Gas(X) =Bbast>, Aap (J)[1 =e ad ea | 


J#0 


(7.14) 


If we differentiate (7.13) with respect to v, by dif- 
ferentiating under the integral sign, and insert the 
result together with (7.12) into (5.13) we obtain, in the 
limit r—> &, 


] 
r(K)d'[r(K) 


2(27)" 


In detG(V)dx!- --dx"+0O(@). (7.15) 
_, OV 


EQUILIBRIUM OF 


CRVSTAL 
If we now let 6(¢) — 0, (7.14) becomes 
Gap(X) =X Aap(J)[1—e- 4 -*]. 


J 


(7.16) 


From (7.8) we see that 


Aap(E) =ras(E)O'[r (£) ]+ra(E)ra(t)oLr (é) J. 


Thus 


(7.17) 


Gas(X) =D (1-e- 4 -*] 


J 
X (rea(J)$'Er (J) ]+re(J)ra(J)O[r(J) J}. 


Equation (7.15), with G given by (7.18), is the 
equation of state of a crystal up to and including terms 
linear in 6. It involves the first, second and third deriva- 
tives of the intermolecular potential ¢(r). The distance 
from the origin to the lattice point K is r(K) and ra 
is essentially the derivative of r in the direction of the 
basis vector ta. 

Let us now specialize the result (7.15) to a cubic 
crystal. The lattice will be a cubic lattice if the wa are 
mutually orthogonal unit vectors. In this case (7.9) 
becomes 


(7.18) 


(7.19) 


Then rg=Cr "8, rag=cr—'s, Areas) and 
becomes 


(7.18) 


Gos(X)=¥ [1-e--* fer (Jor (J) Bas 


J 


ter (J) [or (J) J—r"' (J) ¢’ Ir (J) J Jes}. (7.20) 
From (7.19) we see that if — is a nonzero vector with 
integer components, the minimum value of r for such 
é’s occurs when one component of ~ is +1 and the 
others are zero. In this case r=c. The next largest value 
of r is r= vV2c. We shall say that the interaction extends 
only to nearest neighbors in the cubic lattice if ¢’(r) and 
¢*(r) are negligibie for r= 2c. In this case the only 
terms in (7.20) which survive are terms for which J has 
all components zero except one, the remaining com- 
ponent being +1. For y=+1, +2, ---, +” we intro- 
duce the 2n vectors P,: P,*=0 if a¥|v|, P,s=+1 if 
a=v>0, P,»=—-1 if a=|v| and v<0. Then P,*P, 
= 6.954)», r(P,)=c, and (7.20) becomes 


n 
Gas(X) =¢ _ [1—e Po-X | 


~0 


X{¢'(c) +[cp 2) (¢ )\—¢'(c) ba v| }Oa8 
2c>> [1 cos” | 
y=] 


X{o'(c) + [eb (c)—'(c) bar}5as. (7.21) 
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From (7.21) we see that G(X) is a diagonal matrix. Thus 


detGCLY) Il 2 {o’ (« ) ) 2 (1—cos.’) + (1—cosx*)[ep® 
a=! v= 


From this equation we obtain by differentiation 


' ¢”(c) >) (1—cosx”) +cp™ (c) (1—cosx*) 
0 Cc fn v=l 


— In detG(X) =-+— }> — siaeennanetniainiiieicinainaiaia = ' 
Ov v Mvaerl om nel 
¢’(c) & (1—cosx’) +[ep (c) —¢'(c) ](1—cosx*) 


y=] 


With the aid of (7.23) wé see that for the cubic lattice with nearest-neighbor interactions, the equation of state 
(7.15) becomes 


o” (c) © (1—cosx’)+cp™ (c) (1—cosx*) 
c 6 6c 1 ie. p=} 
P=—-¢'(c)+- eb auenatp: on ap > assienetiiiianiimapeiiclicmpienianiicysililic iictobiesdicasipseclltobianiniaas 


2v 2nv (2m)"« 2 = a. ibe 
¢'(c) & (1—cosx’)+[ep™ (c) —¢' (c) ](1—cosx*) 


y=l 


For the three-dimensional case, n= 3 and (7.24) involves a triple integral. 
For a potential which is quadratic in the neighborhood of r=c, @(r)=ar?+-8, the integral in (7.24) can be evalu- 
ated explicitly and (7.24) becomes 
P=—(c/v)d' (c)+O(@). (7.25 


Thus the linear term in @ is absent. In fact, if @(r) is quadratic for all values of r, the configuration integral can be 
evaluated explicitly. Then P is linear in 6 and is given by (7.15), (7.24), or (7.25), without the remainder term 
O(@). Of course such a potential is unrealistic since it becomes infinite at large values of r whereas actual potentials 
tend to zero. 

If we set m=1 in (7.8), (7.9), (7.15), and (7.16) we obtain the equation of state of a one-dimensional crystal: 


9 > jo (jv) [1—cos jx ] 
j =1 
P=—2 j¢ (jr) — f ——_——_—— —dx+0O(). (7.26) 
j=l Se vig 4 ae 
z 1) . (jv) [1—cos jx ] 


7=1 
Here s is the smallest integer such that for 7>s, ¢’(jv), ¢® (jv) and ¢® (jv) are negligible, and we have defined 
¢(r) for negative values of r by the equation ¢(—r)=¢(r). Equation (7.26) agrees with the equation of state for 
the one-dimensional crystal obtained by Pressman,’ by asymptotic expansion of the configuration integral. For 
s=1, we have the case of nearest neighbor interaction, in which case (7.26) becomes 


(7.27) 


As a check on our computations, we have also obtained the result (7.27) by asymptotically expanding, with 
respect to 6, the equation of state derived by Giirsey.? He obtained, in closed form, the partition function and 
equation of state for the one-dimensional case with nearest-neighbor interactions. 

Let us now calculate the coefficient of thermal expansion « for the general crystal. By using (7.12) and (7.13) 


in (5.15), we obtain 
n7kv * a he 
2k ——— f - f - In detG(x)dx!- --dx" 
(29)" /_, r O1 


+-O(@). 
Dd {(1—n)r(k)o’[r(k) +27 (k)p[r(k) ]} 


kx 


'}’, Giirsey, Proc. Cambridge Phil. Soc. 46, 182 (1950) 
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lor a cubic lattice with nearest neighbor interactions, (5.14) and (7.24) yield the simpler result 


nk ke . * 
K [(n—1)c6'()—ee®( | - 4 fof 
| 2 2(2n)"J_, ; 


n 


l 
¢'(c) > (1— cosx’)+ [cp (c) 


— 


v=l 


For a one-dimensional crystal, when interaction with the s nearest neighbors is taken into 


(7.26) yield 


If, in the one-dimensional crystal, only nearest-neighbor 
interactions are included, (7.30) becomes 


8. THE ENERGY OF A ONE-DIMENSIONAL 
CRYSTAL 

We shall now calculate the coefficient of @ in the 
expansion of the internal energy E of a crystal. From 
(5.6) we see that this coefficient is L,U|4,=1. L2U is 
given by (3.36), (3.37), and (3.38) in terms of the ele- 
ments M,, of the inverse matrix. Because of the diffi- 
culties of calculating the inverse matrix and evaluating 
the sums in (3.37) and (3.38) we shall restrict our con- 
siderations to the case of a one-dimensional crystal. 
Before the calculation is completed, we shall further 
limit it to nearest-neighbor interactions. 

We begin by specializing (6.1) and (6.3) to the case 
n=1. In this case r= |u,£'| and |m|=v. If we define 
o(r) for negative r by the equation ¢(—r)=¢(r), then 
(6.1) becomes 


(8.1) 


Since N= r"=7, (6.3) becomes 


e(—)= Li A(E—NR)=De OL0(E—N’) J. 


From (2.10), 
N 
Ualy)=>d_ o' (va— 3) +B (ya). 
=1 
jee 
By differentiation of (8.3) we obtain the following 
formulas which will be needed in the calculation. The 


tcp‘ (c)(1—cosx*) 
dx'.--dx™}+O(6). (7.29) 


—$' (c) ](4—cosx*) 


account, (5.14) and 


h 2e \} 1—cos)x 


dx+0O(6). (7.30) 


> ¢ (71 [1—cos/x | 
j=1 


expressions in the last column are the values of the 
functions at y,=/,=v, v=1, -:-, N. 


(8.6) 


(8.7) 
(8.8) 
(8.9) 


(8.10) 


It is clear that all derivatives of U with three or more 
distinct subscripts are zero. It follows, then from (3.38) 
that 


QO, - > Uaaaa(M aa)?+ > {4U caarM aaM ar 


a,b 
ab 


+ l laavd| MaaM wp + 2 ( M1)? | } e (8.1 1) 


From (8.4) and (8.7) it is easy to see that (Us) is a 
real, symmetric, circulant matrix: Uas= Ca»; Caaw=Ca; 
C_,=C,. Such matrices are discussed in the Appendix. 
It is not difficult to show that the inverse of a circulant 
is also a circulant. It follows, then, that 


| ay ae a Rs (8.12) 


If we insert (8.12) in (8.11) and make use of (8.6), 
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(8.9), and (8.10), we obtain 


1 N-1 N-1 
—02= he? > p(7)—4ho >» p™ (7h; 
N 


j=l j=!) 


N—1 
+X po (j)[ he +2h7 ] 


j=l 


=4> p™ (7) (ho—h;)’. 


j=l 


(8.13) 


Here s is the smallest integer such that for j>s, 
¢’ (jr), 6 (jr), 6 (jv), 6 (jv) are negligible. 

In the expression (3.37) for Q; we note that U;b263 
is nonzero if and only if it is of the form Uacc=U cae 
=U seq. Thus if we consider UgecU/saa and the eight 
similar expressions obtained by permuting the sub- 
scripts, and make use of the fact that Ma,=Moa, we 
obtain 


UaceU sail MecM uM os 


+ 2M cM aaM ta t+ 2M aaM oeMact2M aM caMar 


+4M.aMacMrat4McaMreMaa]. (8.14) 

If we use (8.12) and (8.8) and observe that p®(£é) 
is an odd function, while all quantities are periodic 
functions of the indices, (8.14) becomes 


0; =6 

L 
a 
axc,b#d 


> p®(a—c)p (6—d)[ (he-a)*ha-n 
bcd 


+ 2h.—ahta—Me—at 2he-aty—ta-a |. (8.15) 


We now set j=a—c, t=y—c, v=b—d. (8.15) becomes 


0,:=6N p)(j)p (v) hel Melt jv + Whey rh j-1 | 


=12N ¥ p™ (j)p (v) ¥ hi he(Ajne+— jer) 


7,°=1 t 


+-2hes»(h; t— jx) }. (8.16) 


If we change / to —/ in one-half of the term with co- 
efficient 2, this becomes 


Qi=12N ¥ p™(j)p™(v) ¥ [hr P(r»— hess) 


77=1 t 


—Ny(heye—Ie») (hijne—hj-s) | 
8 
=12N : oe p 3) ( 1)p 3 (vy) 
j,v=sl 


XD ev — hepsi hej; — ha) +e, ; |. 


t 


(8.17) 
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But, by changing / to —/ we see that 
pm (he o—Mexy) (es she_;) =(), 


t 


Therefore, by adding the term (8.18) to (8.17) we 
obtain 


Xp (j)p (rv) 


jy=l 


XD (hiv — fers) te-5— her) (At-3—teyj). (8.19) 
t 


1 
yO i2 


It will be observed that the expressions (8.13) and 
(8.19) for Q2 and Q; both involve only differences of 
the h’s. This is important because of the fact that for 
Bo=0, the matrix (U,») is singular. Hence it is not 
surprising that in the limit 8) 0, the elements 4; of 
the inverse matrix become infinite. However every 
difference (h;—/,) tends to a finite limit and we are 
thus able to obtain a finite result for the internal 
energy. We shall carry out the details of the calculation 
only for the case of nearest neighbor interactions (S= 1). 

In this case we see from (8.4) that 


Coz Uses Bot2p 2)(1), 


and from (8.7) and (8.2) that Cy=U941.4= —p® (1) 
= —v°p®)(v), All the other C’s are zero. In the Appendix 
we have calculated the inverse matrix for this case. 
From (A.24) and (A.25) we see that the elements of the 
inverse matrix are given by 
h;=(Ci(r—r) (1-7) Pri +r); 

j=0, 1, 


r=a+(a?—1)!; 


From (8.20) we see that we may write 
r=1+e; e—0 asfo—0. 


By expanding to order e’, we obtain 


rit+fN-i 


V(N—1) 
=24-Net| jj-N)+ ne Jet. 


(r—r) (1—r*) = —2NE+::- 
It follows from these formulas that 


'(j-N)—k(k—N)] 
hj—h.=[v% © (v)] Lit +O(e). (8.2 
2N 


We now insert this result in (8.13) for k=1. If we 
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then let By >“ 


+0 (e- 


1 o™ (v) 


= oe 


N~ [p(v) 


>0O) and V we obtain 


if we insert (8.24) in 
> 0, we obtain 
1 = 3g ( Lf 


¥ i= : x (8.26) 
N 2b (2 a 


Similarly, 
let Bo 


(8.19) (for k= 1), and 


1 
3 > [(t—1)(t—1—N) — (t+ 1) (t+1-—N) 
iV ° t= 
X[(t—1)(t—1-—N)—t(t—N)] 


4 N-1 


-— ¥ [-8+(12N4+4)e 
N3 t= 
— (6N?+4N)I+ (N3+N?)]. 


7) 


j 


(8.2 


If we carry out the indicated summation, we obtain, 


in the limit V —> « 
2[¢ (v) P 
[oo 


i™ 


(8.28) 


We now insert (8.28) and (8.25) into the expression 
(3.36) for L2U’, and the latter into the formula (5.6) for 
2. In this way we obtain 


ol 1 Lo (0) 
"li2 [ee (0) } 


1 ¢(v) ‘| 
+0(6%). (8.29) 
~ 8 [o(0) PI 


1 
E~—[U}, 
V 


Equation (8.29) gives the internal energy per particle 
of a one-dimensional crystal with nearest-neighbor 
interactions and with lattice-spacing v. The first term 
is the value of the potential energy per particle when 
all particles are at the lattice points. The first two 
terms can be obtained by evaluating the configuration 
integral if U is a quadratic function. The next term 
involves anharmonic or nonquadratic terms in ¢ and 
hence in U. To check our analysis, we have also derived 
the result (8.29) by expanding asymptotically the ex- 
pression for E given by Giirsey.® Peierls" has calculated 
the energy of a three-dimensional crystal through terms 
in @ but his results for the & term involve infinite series 
which have not been evaluated. 

From (8.29) the specific heat per particle c,= kN~'E» 


[oP o (2) 


EE ee ae +O OF R). 
6 (0)? 4[o® (0) P 


 R, Peierls, Quantum Theory of Solids (Oxford University 
Press, New York, 1955). 


(8.30) 
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The @ term in (8.30) provides a correction to the one- 
dimensional law of Dulong and Petit, c,=. This cor- 


rection depends upon anharmonic terms in the potential. 


APPENDIX. GENERALIZED CIRCULANT MATRICES 


To perform certain computations we find it con- 
venient to generalize the ordinary notion of a matrix 
(C;;) in two ways. The first generalization consists in 
letting each element C,; of (C;;) be a matrix, say of 
order m, rather than a scalar number. Then if 
i, j=1, ---, 7, (Cis) is a block matrix of order mr. Such 
matrices are in common use. In particular, the notion 
of block multiplication is well understood. The deter- 
minant of a block matrix is simply the determinant of 
the ordinary matrix obtained by writing out all the 
blocks in their appropriate locations. The use of block 
matrices was suggested to us by Bernard Friedman. 

We obtain a second ar yspeeiage by permitting the 
indices to be vectors J and J rather than scalars i and 7. 
Thus we define the set S of n-dimensional vectors, J, 
of the form 

T= (I',P,--+,I"). (A.1) 


Here /', J’, --- are any integers in the set {1,2,---,7}. 
Then S contains N=7r" distinct vectors. A quantity 
(Crs) depending on two vector indices which range 
over S, will be called a generalized block matrix. For each 
fixed J and J, Cy,z is a matrix of order m. If the V values 
of the vector index are ordered in some arbitrary but 
definite way, (Cry) becomes an ordinary block matrix 
of dimension mN = mr". If now the vectors are re-ordered 
in any way, this corresponds to a permutation of the 
rows, and the same permutation of the columns of that 
matrix. Since these permutations leave the determinant 
of the matrix unchanged, we can define the determinant 
of a generalized block matrix to be the determinant of 
the block matrix corresponding to any ordering of the 
indices. 

(Crs) will be called a generalized Toeplitz matrix if 
for all 7, J in S. (A.2) 


in 


Crs=Cr_s 
It will be called a generalized circulant matrix if, 
addition, for all vectors A with integer components, 


(A.3) 


These definitions reduce to standard ones when m= n= 1. 
In that case there is a well-developed theory of Toeplitz 
matricés, including a useful asymptotic formula for the 
determinant as r— ©." Our purpose here will be to 
obtain a generalization of this formula for generalized 
circulant matrices. 

To this end, let 8=exp[2zir/r ], where r is an integer. 
Then 67=1 and 8=1 only if r=&r for some integer k. 
If r~kr, then B¥1 and 


CirirkK =C ry. 


r Br—1 
z= si=——— 

j=l B- 1 

u U. Grenander and G. Szego, Toeplits Forms and Their A ppli- 
cations (University of California Press, Berkeley, California, 1958). 


(A.4) 


=() 
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It follows that 


‘ =r ifr=kr (for some &) 
> expl 2mir j/7 ]= 76+, 49 
=I =0 


(A.5) 
if r~kr (for all ). 


Hence, if J, K, and R are vectors with integer com- 
ponents, 


> exp[2riJ-R/r j=] (SX exp[2xiJ’R’/r )) 


JinS y=1 J’ 
n 

=] rée.ne=r"brrx. (A.6) 
=l 


Here 6;,, is the generalized Kronecker delta. Thus 


=1 if R=rK (for some K) 
br TK 
== () 


(A.7) 
if R*7rK (for all K). 


Let 9‘) denote the identity matrix of order p. We 
introduce the generalized unitary matrix (Usp) where 


U srp=r-"? exp[2aiJ-R/r]9™; J,RinS. (A8) 


Then if U* is the Hermitian adjoint, (U*)sr=U ry, 
and from (A.6) 


(UU*)ru= & UrsU uJ 


Jin S 


=r" > exp[2xiJ-(R—M)/r]o™ 


Jin § 


=dr_u09'™ =br uI™. (A.9) 
Thus 


UU*=U*U- 


gim \ 


(A.10) 


For each value of the n-dimensional vector K with 
integer components, let Bx be a matrix of order m. We 
shall assume that Bx is the zero-matrix unless the 
components of the subscript K=(K',---,K") satisfy 
the condition —kSK’Sk; v=1, ---,n; where k<7/2. 
We now set 


Cy=Do1 Borer. (A.11) 


The summation in (A.11) is over all values of the 
integer vector L, but in effect every summand but one 
is zero. Thus the Cy’s are the periodic continuations of 
the B,’s: For all vectors K with integer components, 

(A.12) 
It follows that, for J, J in S, C= (C1_,) is a generalized 


circulant matrix. 


Cytex=Cy. 
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We now introduce the matrix function G(X) defined 
by 


G(X) = G(x',- > #6") dir Br expL -1R-X (A.13) 


We also define a generalized block-diagonal matrix, 
D= (Ayés,x), where 


Ay=G(2xJ/r). (A.14) 


Then 
(UDU*)rn= SY UrsAs(U*) 7K 
Jin S 
2rJ 2ri 
o( ): exp| 1K) 
T T 


=- 2 


Jin 8S 
271 
- ji exp] J-(I—K—R) 


> 


= Bre X 
R Jin S 


=) Brég—x—r).1rt= ), Br-xirt=Cr_-x. 
R L 


(A.15) 


Thus UDU*=C and D=U*CU. For m=1, 
are the eigenvalues of the matrix C. 

Since detC=detD=[][y in s detAy, the foregoing 
results enable us to obtain an asymptotic formula for 
the determinant of C for large r: 


the Ay’s 


1 i 
—IndetC=— > 
T" Jin S 


1 2nJ 
= > E desG( ) 
(2r)" J in S T 
1 1 sf 
lim — In detC=— f vee [ In detGCY) 
r+ (27) n s < 


<Xdx!---de". r*=N., 


In detA, 


Cy 


(A.16) 


(A.17) 


This is the desired asymptotic formula. 

At the end of this section we shall apply the above 
formula to the calculation of the equation of state of a 
crystal. Before doing that we shall calculate the inverse 
of a particularly simple circulant matrix of the ordinary 
kind (m=n=1). It is not difficult to show that the 
inverse is also a circulant matrix. Let C= (C;_,), where 
Cy; is defined by (A.11), the B’s are real numbers, and 
the only nonzero B’s are By and B_\= A). If H= (hi_s) 
is the inverse matrix, the equation CH= 9“? 
written 


may be 


ho f hy. 2 


hy ) hyn-1 
ho ho 


hn- 3 
hy-» 


yt 


hy- 5 
An 4 


hn-s 
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Here C’= —Co/C,. Since C is real and symmetric, H is 
also real and symmetric as well as circulant. ‘Thus 
hj=hj,n and 

h 


jo=hy-_;. (A.19) 


Multiplication of each row of C by the first column of 
H leads to N equations, the first of which may be 
written 


—C'hot2h=Cr. (A.20) 


The next V—2 equations are given by 
hizo—Chjyith;s=0; j=0,1,2,---,N—3. (A.21) 


These last equations are second order, linear, homo- 
geneous, finite difference equations with constant coef- 
ficients. The general solution of them is 

hj=Ay'i+Aor~’. (A.22) 


Here r and r 
equation 


' are the two roots of the characteristic 


2—C’A+1=0, (A.23) 


and A; and 4, are arbitrary constants. When these 
constants are determined by the boundary conditions 
(A.19) and (A.20), the solution becomes 


hj=(Ci(r—r) A—r¥) JL 

] Nt: (Ag 
where 
Cc 2= —C/2C1. 


r=at+(a?—1)!; a (A.25) 


We shall now apply our asymptotic theory of cir- 
culant determinants to the results of Sec. 7. The matrix 
(U)=(U yx) introduced in that section can be written 
in block form (Cx) where for each fixed J, K, Cyx is 
the matrix of dimension m=n, [U sx]; a, 8=1, ---,m. 
Now for KO, set 

Br(—)as(K)). (A.26) 


For K =0, set 


Bo=Bod +X Cras(J)). 
J 
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Then the B’s are matrices of dimension m= n. Since the 
interparticle potential function ¢(r) becomes negligible 
for large r, we may assume that there is an integer k 
such that Bx is the zero matrix unless the components 
of the subscript K=(K',---,A™") satisfy the condition 
—ksK’ Sk; v=1, ---, n. For sufficiently large r, we 
certainly satisfy the condition k<7/2. 
Now we define Cy as in (A.11). Then for K¥0 


Cr= (— D1 Aap(K+17L))= (—pas(K)). (A.28) 
For K=0, 


Co= Bo=Bi9 M+, (Aca (J)) 


J #0 


(p.8(J)). 


Ss’ 


= Bod ? + } 2 (A.29) 


J 


The set S’ is defined after Eq. (8.4). If we compare 
(A.28) and (A.29) with (7.3), (7.4), and (7.5) we see 
that for each fixed J, AK, the n-dimensional matrix 
[l Ke ] is given by 


4 
3 


(U sx) =Coy_k. 


(A.30) 


It follows that the matrix (U)=(U sx“) of dimension 
nN =nr" introduced in Sec. 7 is a generalized circulant 
matrix, and we may apply formula (A.17): 


1 1 ( . 
lim — In det(U) =——— f tee in detG(X) 
ro (Qa)” . J... 


Xdxt-+-dx", (A31) 
Here G(X)=G(a',-+-,”") is the n-dimensional matrix 
function, 
G(X)=Bot+d Bse“¥ 
I“ 
= Bod +E Oes(DL1—--*D). 
JI 


(A.32) 
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Domain Configurations About Nonmagnetic Particles in Iron 


Witutram D. Nix AND Rosert A. Huccins 
Department of Materials Science, Stanford University, Stanford, California 


(Received October 3, 1960) 


The closure domain configuration about a nonmagnetic particle in iron is considered in terms of magneto 
static, interfacial wall, and magnetostrictive energies. Equations for the total energy of the domain con 
figuration and the value of the geometrical parameter 6, have been derived. The effects of particle size and 


shape are considered. 





I. INTRODUCTION 


HEN a nonmagnetic particle is located within a 

ferromagnetic domain, a certain amount of 
magnetostatic energy is associated with the free mag- 
netic poles which are formed at the particle-domain 
interface. A consideration of this energy led Néel' to 
postulate the existence of closure domains which could 
minimize this energy. By a semiquantitative considera- 
tion of the opposing effects of two energy terms, 
magnetostatic energy and interfacial wall energy, he 
showed that a spike-like configuration would be ex- 
pected. Such a domain structure was later found experi- 
mentally by Williams? in silicon iron. It is the purpose of 
this paper to consider the closure domain configuration 
around nonmagnetic particles in iron quantitatively, 
taking into account the influence of magnetostrictive 
energy, as well as the magnetostatic and wall energies. 
This treatment involves a calculation of the important 
geometrical parameters, as well as the total energy of 
the domain configuration. Such a detailed consideration 
is necessary in order to permit the development of a 
quantitative model of the residual induction and the 
Barkhausen effect in ferromagnetic materials.’ 


II. ENERGIES INVOLVED 


In this determination of the equilibrium domain con- 
figurations about a nonmagnetic particle, three types of 
energy will be considered: magnetostatic energy, inter- 
facial wall energy, and magnetostrictive energy. The 
total energy of the closure domain will be computed by 
summing each of these three energies, i.e., 


E.= EntEutEm; (1) 


where E,=total energy of the closure domain, Em 
=magnetostatic energy, E.=interfacial wall energy, 
and E,,,.= magnetostrictive energy. 


Magnetostatic Energy 


The magnetostatic energy of a unit volume of ma- 
terial is given by‘ 
on= — 4H I, (2) 


'L. Néel, Cahiers phys. 25, 21 (1944). 

* H. J. Williams, Phys. Rev. 71, 646 (1947). 

*W. D. Nix and R. A. Huggins (to be published). 

‘C. Kittel and J. K. Galt, Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 3, 
p. 472. 


where H=magnetic field strength and J=saturation 
magnetization. Consider a Bloch wall as illustrated in 
ig. 1. The magnetostatic energy per unit area of an 
incremental thickness of material within the Bloch wall, 
dom, is given by 
don= —4HIdx. 


1 r=d : 
on=—- { HI dx. 


) 
- r==0 


Therefore, 


But since there is no external field, 


H=B=4rl 
so that 
Om= —2rI*d (5) 


per unit area, where d= thickness of Bloch wall, J=alge- 
braic sum of the normal components of saturation 
magnetization of each domain. 


Interfacial Wall Energy 


For a 180° twist Bloch wall in which the separate 
domains have their saturation magnetization vectors in 
the (100) directions, Kittel’ has shown 


O w(180tw) = 1.8 ergs/cm?. (6) 


By the same analysis, the energy of a 90° twist wall can 
also be found: 
Tw(90tw) = 0.9 erg/cm’. (7) 


A relation has been derived by Stewart® which relates 
the interfacial energy of a 90° twist wall to that of a 90° 
tilt wall: 
F w(90tl) = 1.70% 90tw)- 
Therefore, 
J w(90rt) = 1.5 ergs/cm?. 


Magnetostrictive Energy 


The magnetostrictive energy can be computed by 
determining the elastic work done by the creation of 


closure domains. 
1 
on=- { Vedv, (10) 
y 


* See reference 4, p. 478. 
* K. H. Stewart, Ferromagnetic Domains (Cambridge University 
Press, New York, 1954), p. 99. 
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DOMAIN CONFIGURATIONS 
where ¥=Young’s modulus and e=magnetostriction 
constant. The magnetostriction constant for pure iron, 
taken from Carr,’ is 32 10-°. 


III. PROPOSED MODEL 


In order to look at the problem of the closure domain 
configuration in detail, let us consider a spike-shaped 
closure domain as predicted by Néel and later experi- 
mentally verified by Williams. In this analysis it will be 
assumed that the nonmagnetic particle is cubic with 
dimension a@ and lies parallel and perpendicular to the 
{100} planes in bcc iron. Figure 2 illustrates the nota- 
tion to be used. Let us now compute the total energy of 
the proposed domain configuration. To do this we will 
calculate the magnetostatic energy, the interfacial wall 
energy, and the magnetostrictive energy of the closure 
domain, in that order. The total energy will then be 
computed from (1). 


Magnetostatic Energy 


The total magnetostatic energy can be computed 
from (5). The value of J4¢ (algebraic sum of the normal 
components of the magnetization vectors associated 
with the interface AC in Fig. 2) may be found from 
trigonometric considerations: 


(11) 


Tac=Vv2I, sina. 
The length of line AC may also be computed: 


AC= (b—}4a sin45°) cosa+ (4a cos45°) sina. 


























Fic. 1. 180° twist Bloch wall; notation used in 
magnetostatic energy calculation. 
7W. J. Carr, Jr., Magnetic Properties of Metals and Alloys 
(American Society for Metals, Cleveland, Ohio, 1959), p. 209 
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Fic. 2. Notation used with closure domain. 
Similarly Jc and length BC may be found: 
Ipc=Vv2I, sing, 


BC= (6+ da sin45°) /cos@. 


(13) 
(14) 


Since only interfaces AC and BC have normal magnetic 
vector components, the total magnetostatic energy will 
be found by summing the magnetostatic energy of 
interfaces AC and BC: 

En= EmagqtEmsc- (15) 


From (5) and (11), we have 


EmAac=4ndLI,? sin’a(AC)a |. (16) 
Similarly 


EmBC) = 4nd[ I, sin?8 (BC Ya]. (17) 


From (15), (16), and (17), 
Em=4rdI Pal sin’a(AC)+sin’8 (BC) ]. (18) 
From (12), (14), and (18), we have 
bsin?8 (4a)0.707 sin’8 
Ens fol — + . - 
cos8 


+b sin’a cosa 
cos 


= ( ia 0.707 sin’a COoSa@ L { a)0.707 cinta. (19) 


Interfacial Wall Energy 
The total interfacial wall energy will now be derived 
by computing the energy of each of the four interfaces 
defining the closure domain: 


PS CT wi90ty (AC BC ‘\a + Cu 90tw) (ab cos45°). 


(20) 
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dx 


a 


See 


/, 











Ter F 


Fic. 3. Model for magnetostrictive energy calculation. 


From (12), (14), and (20), we have 


E.~=F90tn| @b cosa— (4.a?)0.707 cosa 


ab = (4a”)0.707 
4- (4a?)0.707 sina+—— + ——— 
cos8 cosé 
+x 90 tw [0.70746 }. (21) 


To simplify the relations (19) and (21), one must find a 
relation between b, a, and @. First let us assume that 


a=B—=0/2. 
It follows that 


(22) 


cos (6; 2) 
$=0.107(a/2| oo +1} 
sin (8/2) 


Using (22) the relations (19) and (21) may now be 
rewritten, eliminating 6. 


Em = 4ndI 20.707 (a?/2) sin? (6/2) 
2 1 cos? (6/2) 
x|- nel —-}--—-__-—_—--+-gin (8 2) (23) 
cos(@/2) sin(@/2)  sin(6/2) 
. =w90¢n0.707 (a? 2) 
cos?(6/2) 1 2 
| +sin(@/2)+ + -| 
sin(@/2) sin(@/2) cos(6@/2) 


cos(@/2) 


+o w(90tw)0.707 (a? »)| 0.707 +(0).707 (24) 


sin (0/2) 
Magnetostrictive Energy 


Figure 3 defines some of the terms used in the 
computation of the magnetostrictive energy. When a 
closure domain is formed within the boundaries of the 


R. A. HUGGINS 


triangle ABC, the lattice undergoing this magnetic re- 
versal experiences an elastic strain. The elastic work 
expended by an incremental volume of material is given 
by 

dEk= sF dy. 


(25) 


Letting «= magnetostriction constant (strain associated 
with magnetization) and Y= F/eadx, then 


se 


Ems=}@eY (b cos45°). (26) 

From (22) and (26) the total magnetostrictive energy 

can be computed as 

cos(@/2) 
+1 

sin (6/2) 


Ems= 0.06250 r| 


Total Energy 


The total energy of the closure domain may now be 
found from (1), (23), (24), and (27). First let 6/2 be ¢. 
E,.= [4rd 20.707 (a?/2) sin®’6 +6 .901)0.707 (a2/2) | 

“cos*h 1 2 
<| ——+sin¢4 


sing sing COS@ 


COS@ 
+o w(902w)0.707 (a? 2) 0.707- 
sing 


+-(). 707 | 


COS@D 
+0.0625a%e VI - 


sing 


+1 


DEGREES 


EQUILIBRIUM ANGLE 8 





4. i i 


-S 1.0 LS 


PARTICLE SIZE 


Fic. 4. Equilibrium angle of the closure domain vs the 
particle dimension. 
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DOMAIN CONFIGURATIONS 
Now let 
trdI 0.707 (a?/2)=M, 
0.707 (a? 2) oe w90t0 = N, 
Cu gorw) (0.7074 )2/ , )+0.0625a*e = P. 
Then 
: cos’ 1 2 
E,=(M sin’¢+ N) +sing+-—+ | 
sing sing cosd 
cos 
+P —+1] (29) 
sing 
IV. DETERMINATION OF EQUILIBRIUM SHAPE 
OF CLOSURE DOMAINS 
In the previous section the total energy of the closure 
domain has been derived as a function of the angle ¢. In 
order to determine the equilibrium value of @ which 
would be observed in pure iron, we will minimize the 
total energy. By differentiating (29) with respect to ¢, 
neglecting small terms, and setting equal to zero, we find 
(M sin*¢— N)[cos*¢+ cosd ]+4M sin’¢= P. 
Now solving for the constants M, N, and P, letting 
IT,= 1700 gauss, 
d= 10 


Tw(90ry = 1.5 ergs/cm?, 


(30) 


~ ones 


Tw(90tw) = 0.9 erg/cm?, 
e=32X10-, 
a=0.5X 10 cm, 
Y=2 10" dynes/cm?, 


ERGS X 


TOTAL ENERGY 





1 Bun Ht Ae 


0.5 LO 15 2.0 


PARTICLE SIZE 


Fic. 5. Total energy of the closure domain vs the 
particle dimension. 
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Fic. 6. Notation 


for noncubic particles 


we find M=3.2X10-7, N=1.32XK10-*, P=2.16X10-°. 
Now solving Eq. (30) for ¢, we find that ¢=4.61°, 
6=9.22°. It should be pointed out that in order to com- 
pute the angle 0, it was necessary to assume a value of 
the particle size. This is due to the dependence of the 
magnetostrictive energy on the value of a’, rather than 
on a®, as is the case for the other energy terms. The 
dependence of @ on the value of a is illustrated in Fig. 4. 
Figure 4 indicates that as the particle size approaches 
zero the equilibrium angle approaches a value of about 
7.6 degrees. 

In order to determine the sensitivity of these results to 
the values of the constants which were chosen, the rate 
of change of the angle @ with respect to each of these 
constants has been determined: 


00/ Oe w90r) = 0.991 degree/erg cm’, 


00/Oow90tw) = 0.319 degree/erg cm?, 


00/dI,= —0.319X 10° degree/gauss, 


00/dd= — 2.45 degrees/micron. 


From these results it can be seen that the value of the 
equilibrium angle which has been calculated is not 
strongly dependent on the selection of these constants. 

Having calculated the equilibrium angle for the 
closure domain as a function of particle size, from (29) 
we can determine the total energy of the domain con- 
figuration. This is shown in Fig. 5 as a function of the 
particle dimension a. It should be noted that particles 
would be expected to have two such closure domains. 

In the discussion thus far we have assumed cubic 
particles. Let us now look at the effect of particle shape, 
considering particles which have rectilinear cross sec- 
tions. Figure 6 illustrates a particle having dimensions 
a, h, and k. Since the value of the dimension & has no 
effect upon the closure domain configuration, we shall 
only be concerned with the dimensions @ and hk. By 
allowing the product ah to be constant, the singular 
effect of the shape parameter a// on both 6 and E; may 





1042 W. D. NIX AND 
be evaluated. For such particles, Eqs. (29) and (30) 


become 


E,=[4rdhI 20.707 (a/2) sin? +0 w901nh (0.707) (2/2) 


cos*} 1 ° oe 
x|= —-+-sing+——_+— | 
sing sing cos@ 


cos@ 
+ ow 904w)0.707 (a 2{ 0.7070 +0.7070| 
sing 


cos@ 
+-0.0625a7é vi] + 1 | (31) 
sing 
and 
[4ardhI 20.707 (a/2) sin*—ow901n (0.707) (a/2) J 
X [cos*6+ cos |+ 16rdhI 20.707 (a/2) sin*d 


= [ow 90tw) (0.707a)*(4)+0.0625ae2Vh]. (32) 


107 * 


ERGS X 


TOTAL ENERGY 
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1.0 20 3.0 


SHAPE FACTOR “%, 


“1G. 7. Total energy of the closure domain vs the shape factor a/h 
for a value of a#=0.25 x 107? cm?. 
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Fic. 8. Equilibrium angle of the closure domain vs the shape factor 
a/h for a value of ah=0.25X 1078 cm?. 





From a consideration of Fig. 7, in which the total 
energy of a closure domain about a particle having a 
value of ah=0.25 X 10~ cm? is plotted against the shape 
parameter a/h, it can be seen that the closure domain 
will be oriented so as to minimize the ratio a/h. 

In Fig. 8 the effect of the value of the parameter a/h 


on 6 is shown for the same value of a/. One finds that the 
value of @ is less for noncubic particles. 


V. BULK MAGNETIC BEHAVIOR 


During the magnetization process in ferromagnetic 
materials, domain boundaries move over large distances. 
The over-all magnetic behavior of the bulk material has 
been shown to be affected by the interaction of these 
moving domain boundaries and nonmagnetic inclusions. 
A quantitative look at this phenomenon requires that 
detailed consideration be given to the interaction of the 
closure domain configuration with a moving domain 
boundary. A later paper will treat this process, the 
Barkhausen effect, and the magnitude of the residual 
induction. 
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Absorption Spectra of F.~, Cl.~, Br.~, and I,~ in the Alkali Halides* 


C. J. DetBeca, W. Hayes,f anp P. H. Yuster 
Argonne National Laboratory, Argonne, Illinois 
(Received October 12, 1960) 


After x-ray irradiation at liquid nitrogen temperature, holes are trapped by forming F,~ molecule ions in 
LiF; Br2~ molecule ions in KBr containing one of the impurities Ag*, Tl*, Pb**, or NO.~; and I, molecule 
ions in KI containing one of the impurities listed above. An investigation of the optical and paramagnetic 
resonance spectra of crystals containing F;~, Brz~, and I,~ centers leads to an identification of the optical 
transitions of these centers. The polarizations and relative intensities of the optical absorptions in the X.~ 
molecule ion series are discussed with reference to the energy level scheme to be expected for such a species. 


INTRODUCTION 


ASTNER and Kinzig! have given a detailed de- 

scription of paramagnetic resonance spectra in 
x-ray irradiated crystals of Lif, KCl, and KBr which 
they have attributed to the species F;-, Cl.-, and Br.-, 
respectively. Delbecq, Smaller, and Yuster? have 
identified the optical absorption of Cl;- in KCl by 
correlating the changes produced in the optical and 
paramagnetic resonance spectra after bleaching with 
polarized light. They also showed that certain impurities 
when added to potassium chloride act as electron traps 
and thus increase the rate of formation of Cl.~ by as 
much as a factor of 1000. 

The present work® was undertaken to identify the 
optical absorption of F,-, Brz-, and I, in Lif, KBr, 
and KI, respectively.*:® The methods used for this 
identification are essentially those described in the 
earlier work.? 


EXPERIMENTAL PROCEDURES 


The x-band electron spin resonance system used is 
the same as that described previously.” 

All the crystals used in these experiments were grown 
in this laboratory using the Kyropoulos method. Various 
impurities (Ag+, Pb+*+, NO.-, or TI*) were added to the 
melt before growth so that the single crystals which 
were used contained about 0.1 mole % impurity. In the 
one instance of LiF, no impurity was intentionally 
added. In general, the crystals used for optical absorp- 

* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

+ Now at the Clarendon Laboratory, Oxford, England. 

1T. G. Castner and W. Kinzig, J. Phys. Chem. Solids 3, 178 
(1957). 

2C. J. Delbecq, B. Smaller, and P. H. Yuster, Phys. Rev. 111, 
1235 (1958). 

2. J. Delbecq, B. Smaller, and P. H. Yuster, Bull. Am. Phys. 
20c.. Ser. Il y 343 (1957). 

4L. I. Grossweiner and M. S. Matheson, in J. Chem. Phys. 
23, 2443 (1955) have observed the absorption spectra of transient 
species from the photolysis of alkali chloride, bromide, and iodide 
solutions, and have suggested that these species are the Xs" ions. 
The positions of the principal peaks in their absorption spectra 
correspond quite well to the short-wavelength peaks reported 
here for the X2~ molecule ions. } I 

5 Concurrent to the work reported in this paper H. N. Hersh, 
J. Chem. Phys. 31, 909 (1959) has studied the optical absorption 
of halogen centers in KBr-Tl and KI-TI. 


tion measurements were 127 mm in cross section and 
varied from 0.5 to 15 mm in thickness. The crystals 
used for electron-spin resonance measurements were 
2.5X 2.510 mm. Color centers were produced by x-ray 
irradiation from a Machlett tube with tungsten target 
operating at 50 kv and 50 ma, and filtered through 1 mm 
of quartz, or by y-ray irradiation from a 4000-C Co 
source. 

Polarized light was obtained by using an Ahrens prism 
which was mounted on the Dewar flask used to hold the 
crystal. Absorption spectra were taken on either a 
model 11 or model 14R Cary spectrophotometer using, 
in general, polarized light with electric vector oriented 
parallel to [011] or [011]®; the light from the mono- 
chromator passed through the polarizing prism and then 
through the crystal to the detector. An AH-6 lamp with 
appropriate filters, or a Bausch and Lomb monochroma- 
tor in conjunction with a filament lamp, was used as 
a light source in the bleaching experiments. 

The general scheme for the identification of the optical 
spectra associated with the various X;~ molecule ions 
was similar to that used previously? and was as follows: 


(a) A crystal containing the desired impurity ions 
was exposed to either y- or x-ray irradiation at low 
temperatures. 

(b) Both the optical and paramagnetic resonance 
absorptions introduced into the crystal by the irradia- 
tion were determined. 

(c) Correlations were made between the changes 
produced in the optical and paramagnetic resonance 
absorption by bleaching with polarized light of a suitable 
wavelength. 

(d) The anisotropies produced in the optical absorp- 
tion of the crystal by bleaching were determined. 


Previous work! has shown that the X,~ molecule ions 
formed after y- or x-ray irradiation have their molecular 
axes aligned along the (110) directions in the crystal 
and are equally distributed among the six distinguish- 


® Subsequently the term ‘‘[011] light’”’ will be used to indicate 
light with electric vector parallel to [011] and with propagation 
vector parallel to [100], and the term ‘‘[100]’ light’’ will be used 
to indicate light with electric vector parallel to [100] and with 
propagation vector parallel to [010]. These directions are related 
to the crystal axes Fig. oe 
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[Oil] = 


xX 


Fic. 1. The orientations of the propagation and electric vectors 
used in obtaining the [011], [011], and [100]’ spectra. 


able orientations. Consequently, before bleaching, the 
optical absorption spectra taken with either [011] or 
[011] polarized light are identical. After bleaching with 
[011 ] polarized light, the absorption becomes anisotropic 
and the intensities of the spectra taken with [011] and 
[011] light are not equal. If the [011] absorption is 
subtracted from the [011 ] absorption, a difference curve 
is obtained which is the anisotropic absorption’ pro- 
duced in the crystal by the bleach; this subtraction 
eliminates all other absorptions which do not show 
anisotropy. The diagnos of anisotropy of the transitions 
will be indicated by “a,,, where a is the ratio of the 
intensity of the [011] spectrum to that of the [011] 
spectrum, A, is the wavelength of the bleaching light, 
and )» is the wavelength at which the ratio is measured. 

It has been possible, in cases where it is reasonably 
certain that no underlying absorption is present due to 
other species, not only to measure a values, but to 
obtain additional information on absorption bands at 
wavelengths longer than 600 my. The procedure has 
been to orient the centers to the maximum degree 
possible by bleaching in the short wavelength ani- 
sotropic band with [011] light. To a first approxima- 
tion® the molecular axes of the X.~ are all oriented in the 
[011] direction, and thus spectra taken with [011] 
light, [011] light, and [100]’ light will indicate the 
anisotropy of the transition. In the case of the more 
anisotropic transitions such absorption spectra are not 
presented, since they would tend to be misleading. The 


’ This constitutes a definition of anisotropic absorption as used 
in this paper. 

8 It has not been possible, by bleaching with polarized light, to 
obtain a crystal in which more than 90% of the X2~ molecule ions 
are oriented in a single direction. An equilibrium distribution is 
obtained which may be determined partly by depolarization of 
the light by strains in the crystal and partly by incomplete 
anisotropy of the ultraviolet transitions 
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reason is that the low-intensity [011] and [100] spectra 
may consist, to a large degree, of a transition of another 
species, or of the absorption of a small residual fraction 
of X;~ with molecular axes making an angle of 60° with 
011], rather than the absorption of the very large 
fraction of X:~ oriented along [011 ]. In order to observe 
some of the weak, long-wavelength transitions of the 
X,~ molecule ions it has been convenient to use heavily 
irradiated thick crystals in conjunction with a special 
slidewire attachment for the Cary spectrophotometer 
with which a full-scale deflection corresponds to 0.1 
optical density units instead of the usual 1.0. 


EXPERIMENTAL RESULTS 
F.- 


Curve (a) in Fig. 2 shows the optical absorption 
introduced into a LiF crystal after x-ray irradiation at 
liquid nitrogen temperature; measurements were made 
with either [011] or [011] light. The paramagnetic 
resonance of a LiF crystal treated in a similar fashion is 
shown in Fig. 3(a). This spectrum was taken with the 
external magnetic field parallel to [011]; thus the field 
makes angles of 0, 60, and 90° with the molecular axes 
of F;-. The hyperfine interaction with the fluorine nuclei 
is anisotropic and three different species can be identified 
in the spectrum ; the two outer lines belong to the 0° set, 
the next two lines to the 60° set, and the two lines to the 
low-field side of the center line belong to the 90° set. 
The center line is a superposition of unresolved lines 
from the 60° and 90° sets; the weak, partly resolved line 
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Fic. 2. Absorption spectra of a LiF crystal 6 mm thick (a) after 
30 min irradiation with x rays at —196°C measured with either 
fon [011 ] light ; then after bleaching at — 196°C for 1 hr with 
[011] light from an AH-6 lamp in conjunction with a 405-mu 
interference filter and Corning filters 4308 and 7380 as measured 
with (b) [011] light, and (c) [011] light. 
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on the high-field side of the strong center line belongs to 
the 0° set.® 

If the irradiated crystal is exposed to [011] light of 
wavelength 405 my at 77°K, the distribution of centers 
among the (110) directions is altered. The change 
produced in the optical absorption is shown by curves 
(b) and (c) of Fig. 2. Curve (b) shows that an increase 
in absorption has occurred when measured with [011 ] 
light, while curve (c) shows that a decrease has occurred 
when measured with [011] light. Curve (b) of Fig. 3 
shows the change in the resonance spectrum after 
bleaching with [011] light. The 0° set has increased in 
intensity, while both the 90 and 60° sets have decreased 
considerably ; this result clearly demonstrates that there 
has been a reorientation of F~ centers into the [011 ] 
direction. Consequently, it is concluded that the 348-my 
band arises from an electronic transition of F,~ centers, 
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Fic. 3. Second derivative of the absorption lines of the electron 
spin resonance spectrum, measured at —196°C with the external 
magnetic field in the [011] direction, of a LiF crystal which had 
been (a) x rayed for 30 min at —196°C, and (b) subsequently 
bleached with [011] light at 405 my as described in Fig. 2. 

for a detailed description of the paramagnetic resonance 


absorption of F:~ in LiF, see T. O. Woodruff and W. Kinzig, 
J. Phys. Chem. Solids 5, 268 (1958). 
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Fic. 4. The anisotropic absorption of the F.~ center obtained by 
subtracting curve (c) of Fig. 2 from curve (b) of Fig. 2. 


that this transition is o-polarized,” and that excited 
I’s- centers can reorient. 

Figure 4 shows the absorption obtained by subtrac- 
tion of curve (c) of Fig. 2 from curve (b). This difference 
curve with peak at 348 my is the anisotropic part of the 
I’s- absorption. The following experiments prove that 
I’,~ has another absorption band at about 750 my, which 
shows very little anisotropy. (1) A sample is bleached 
with polarized light until it gives a spectrum as shown 
in curves (b) and (c) of Fig. 2, and then is exposed to 
light in the 750-my region. The anisotropy which is 
developed by the 405-my bleach is essentially destroyed, 
indicating that the band in the red is to be associated 
with Fs-. The band is so weak that the optical absorp- 
tion cannot be directly measured; however, its peak 
position is determined to be approximately 750 mp by 
the rate of disappearance of the anisotropy of the 348-my 
band as a function of the wavelength of bleaching light. 
(2) In another type of experiment, the x-ray irradiated 
crystal is first bleached with polarized light in the 
750-my region and then examined in the 348-my region. 
The results of the latter experiments (see Table I) show 
that the transition responsible for the 750-my absorp- 
tion is almost isotropic but with a slight m, and 72 
polarization. 

X-ray irradiation of supposedly pure LiF at low tem- 
perature results in a rate of formation of F,- which is 
much greater than that for X~ ions in other pure alkali 
halides. Other work,?* and work described later in 
this paper, has shown that certain impurities in the alkali 
chlorides, bromides, and iodides act as electron traps 

10 A g-polarized transition is one that is permitted for light with 
electric vector parallel to the molecular axis, while -polarized 
transitions are allowed for light with electric vector perpendicular 
to the molecular axis. Because of the orthorhombic symmetry 
of the X27 centers,! there are two inequivalent and mutually per- 
pendicular directions for * and we define 7 to be parallel to 

110) and z2\to be parallel to (100 
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Fic. 5. The [011], [011], 
and [100] spectra of the 
Cl.~ 750-my band. 
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and enhance the rate of formation of X_~ upon x irradia- 
tion at low temperature. Consequently it is concluded 
that either the LiF used must contain, before the irradia- 
tion, some readily available electron trap in the form 
of a chemical impurity or a lattice imperfection, or some 
process is operative in LiF for trapping electrons which 
is not operative in the other alkali halides. 


Cl. . 


The identification and some of the properties of the 
Cl.- optical transitions have been described previously. 
Table I shows the a values for bleaching in the 365- and 
750-my bands. Although the 750-my band is relatively 
isotropic, the a value shows that it is not completely so. 
A more detailed study of the anisotropy of this absorp- 
tion was made by studying the [011 ], [011], and [100 /’ 
spectra. The Cl,- centers, in a KCI-NO;- crystal which 
had been exposed to Co™ y rays at liquid nitrogen tem- 
perature, were oriented into the [011] direction by 
bleaching with [011] light at 436 my. Figure 5 shows 
the [011], [011], and [100]’ spectra of such a crystal; 
the thickness of the crystal is the same for all three 
spectra so that the differences in intensity reflect differ- 
ences in oscillator strength. The ratios of the intensities 
of these three absorptions remain essentially constant 
on going to liquid helium temperature, and very little 
change occurs in the half-widths and peak positions. 


Br,- 


Experiments similar to those on LiF and KCl were 
carried out on potassium bromide crystals containing 
the impurities Pb+*+, Agt, and NO.-. The added im- 
purity has no effect on the characteristics of the para- 
magnetic resonance spectrum or the anisotropic optical 
absorption of Br,-. Correlation of the changes in the 


(mp) 





optical absorption and paramagnetic resonance absorp- 
tion spectra upon bleaching with polarized light indi- 
cates that the anisotropic part of the Br.~ absorption is 
that shown in Fig. 6 and is o-polarized. 

The same absorption spectrum as that shown in Fig. 6 
can be obtained for Br.- whether one bleaches with 
polarized light of wavelength 470 my or 750 mu. The 
wavelength 470 my is chosen as optimum to avoid 
bleaching the trapped electron which absorbs in the 
385-my region. However, one can obtain a greater degree 
of preferential orientation by bleaching in the short 
wavelength band than in the 750-my band. The follow- 
ing experiment demonstrates this fact. A crystal con- 
taining Br.~ was bleached with [011] light of wave- 
length 470 my until the ratio of the [011 ] absorption to 
the [011] absorption became constant; the value 
reached was *a759= 6.6. Subsequently, the crystal was 
bleached with [011] light of wavelength 750 my until 
a constant ratio was again established. It was found 
that the latter bleach causes a disorientation of Br, 
and that ™azs9>=3.2. It follows that the short-wave- 
length transition has a greater ratio of o to m polariza- 
tion than the 750-my transition. Similar experiments 
show that 2; and wz, make approximately equal con- 
tributions to this absorption. 

Figure 7 shows the long-wavelength absorption band 
of Brz- in KBr-NO,; taken with unpolarized light. 
These results were obtained on a crystal 12 mm thick 
which had been exposed to Co™ y rays. Because of the 
thickness of the crystal and the high color center den- 
sity, details can be seen in the 750-my absorption which 
were not obvious before. The rather pronounced long- 
wavelength tail indicates that this absorption consists 
of two unresolved bands, the large band at 750 my and 
a weak band near 900 mu. The existence of these two 
transitions is further indicated by the fact that when 
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TABLE I. Disorientation temperatures and characteristics of optical absorption bands of X27 ions. 








Peak position 
in absorption 
spectrum 
my ev 


Disorientation 
temperature 
(Tp) 

— 160°C 


Matrix 


LiF 


348 ~—(3.65) 
~750 


KCl — 100°C 365 
750 
-130°C 385 


750 


— 180°C 


bleached with [011] light at 900 mp, ™azs9= 1.8. The 
‘e750 Values for A lying on the short-wavelength side of 
the 750-my band are constant at 3.2; we assume that 
these values remain constant for this transition on the 
long-wavelength side of the 750-my band, and therefore 
conclude that the amount of ¢ polarization is consider- 
ably smaller for the 900-my transition than for the 
750-my transition. Further experiments show that 72 is 
more intense than either o or 7}. 


I, 


Crystals of KI containing Tl*, NO, or Ag* show an 
extensive anisotropic electron spin resonance spectrum 
after x irradiation at liquid nitrogen temperature; be- 
cause of the complexity of the spectrum, it has not been 
found possible to assign any of the observed lines to 
I,-. However, the positions and polarization properties 
of the optical absorption bands and their relative in- 
tensities fit quite well into the pattern of X2~ as estab- 
lished by F:-, Cle-, and Br,-. It is this correlation with 
the corresponding optical data in the other X,~ molecule 
ions which leads us to believe that I,- is present in these 
crystals. The inability to identify the resonance spec- 
trum of I,~ may be due in part to large second-order 
effects or to a distortion of the center, which complicate 
the hfs, or to the presence of lines from other unidentified 
centers. 

Figure 8 shows the anisotropic part of the I~ optical 
spectrum in a crystal of KI-NO.-." The 800-my band 
in the absorption spectrum of I,- is very prominent and 
shows polarization properties which are similar to those 
of the 400-my band. In experiments similar to those 
described above for Brs-, it is found that “ago9= 16 and 
%399= 8.5. Figure 9 shows the absorption of I~ in a 
thick KI-NO; crystal (4 mm) which had been exposed 
to Co™ y rays; since there are more centers in this 
crystal more detail can be seen in the absorption spec- 


1 All optical experiments were carried out at the nitrogen triple 
point unless otherwise noted. 


Relative 
integrated 
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transition 


Excited 
state of 
transition 
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width, 
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trum, and in addition to the 800-my band a weak band 
is seen at 1150 my. Bleaching in the 1150-my band with 
[011 | light causes only a small anisotropy in the 800-mu 
band (see Table I). However, an experiment similar to 
those used to identify the 750-my bands of F,- and 
Cl,- clearly indicates that the 1150-my band belongs to 
the I,- center. The [011], [011], and [100] spectra 
for the 1150-my band of I,~ centers show this absorption 
to be nearly isotropic, with little change upon cooling 
to liquid helium temperature. 

In addition to the transitions at 400, 800, and 1150 
my, there is another approximately isotropic I, transi- 
tion at 585 my. This band at 585 my appears only as a 
hump on the long-wavelength side of the 400-my band 
in a crystal containing equal populations of I,- in the 
six (110) directions. However, orientation of the I,~ 
centers into the [011 ] direction allows a closer examina- 
tion of the 585-my band in the [011] spectrum, since 
here the very anisotropic 400-my band is present only 
to a stight extent, and there is only a little interference 
from an absorption which appears to be the result of 
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I'1G. 6. The anisotropic absorption of the Br.~ center in KBr-NO,~. 
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electron excess centers. The proof that this transition 
belongs to the I,~ center is very similar to that used in 
the case of the Br3~ 900-my band; i.e., upon bleaching 
with [011] light one finds that *“ago9= 2 and that *asoo 
increases as \ decreases toward the peak of the 400-myz 
band. It is assumed that the anisotropy of the I,- 
400-my band remains constant through the whole band. 
Consequently it is concluded that the nearly isotropic 
band at 585 muy is a transition of the I,~ center. 

As described in the foregoing, in the experimental 
results, the shape of the X,~ absorption band to the first 
approximation is obtained by measuring the anisotropic 
absorption in the polarized light experiments. That this 
procedure is not entirely correct is clear when one con- 
siders that any isotropic absorption associated with X.— 
would remain undetected. Also, the relative strengths 
of the absorptions given in Table I are not completely 
correct. For example, these data on the relative in- 
tensities of the 400- and 800-my I,- bands were obtained 
from the anisotropic absorption of Fig. 8; whereas the 
relative intensities of the 800- and 1150-my I,- bands 
were obtained from Fig. 9. Since we have shown that 
the long-wavelength absorption in each case is less 
anisotropic, the true ratio measured with nonpolarized 
light would be somewhat smaller because the subtrac- 
tion method favors the most anisotropic absorption. It 
will be noted that the @ values for the short-wavelength 
transition are measured in the long-wavelength tail of 
the ultraviolet band or in the long-wavelength band; 
the reason is that a rather sizeable isotropic absorption 
underlies the short-wavelength band and results in 
obviously low values of a. From the table it is apparent 
that the short-wavelength transition is the more ani- 
sotropic of the two; therefore, the short-wavelength 
transitions of Br2~ and I; are more anisotropic than a 
cursory glance at Table I would indicate. 


DISORIENTATION TEMPERATURES 


F,~-, Cly-, and Brz- in the crystals studied show no 
appreciable mobility at liquid nitrogen temperature, 
and therefore any anisotropy which is introduced into 


the absorption will persist for an indefinite period at this 
temperature. However, I,~ in KI is considerably more 
mobile and the anisotropy only lasts a short time at 
liquid nitrogen temperature. It was found that the 
anisotropy persists at the triple point of nitrogen; con- 
sequently all polarization experiments reported here for 
KI, except those noted otherwise, were run at this 
temperature. 

The temperature at which the X_~ molecule ions dis- 
orient in the lattice (previously*"” described as the re- 
orientation temperature) was determined in the follow- 
ing way. After the X,- molecule ions were preferentially 
oriented by bleaching with polarized light, the ani- 
sotropy was followed as a function of temperature using 
a pulse annealing technique. The sample was warmed 
rapidly to a given temperature, held there for 2 min, 
cooled to liquid nitrogen temperature, and the anisotropic 
absorption remeasured. This procedure was repeated at 
successively higher temperatures. The anisotropic 
absorption was plotted against annealing temperature 
and the point of maximum rate of change in the 
anisotropic absorption was defined as the disorientation 
temperature Tp. Table I shows the disorientation tem- 
peratures for all the X,~ molecule ions studied. Since 
Tp is expected to be a marked function of the base 
crystal and the binding energy of the X_~ ion, it would 
appear to be difficult to account satisfactorily even for 
the observed trends in Tp. 


DISCUSSION 


Optical transitions of X,~ molecule ions in the free 
state have not been observed, but the spectra of the 
neutral halogen molecules have been discussed in detail 
by Mulliken." In agreement with previous authors,'*-® 
we shall assume that the ground state of X.- is 


Electric dipole transitions are 
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"2 W. Hayes and G. Nichols, Phys. Rev. 117, 993 (1960). 
SR. S. Mulliken, Phys. Rev. 57, 500 (1940). 
'\M. H. Cohen, Phys. Rev. 101, 1432 (1956). 
'*T. Inui, S. Harasawa, and Y. Obata, J. 
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11, 612 (1956). 





Ch~, Br.-, 
allowed from the ground state to the excited state 
o,°t.'n,*'o 2 (?11,) and ogm,.42,'0 ,2(22,+). The transition to 
the state o,7,*x,4c,2(?I1,,) is forbidden. Departures from 
axial symmetry in the crystal will raise the degeneracy 
inherent in the levels, but this effect is expected to be 
small’ and will be neglected in the preliminary discus- 
sion. The transition *2,+—>*E,+ is a sub-Rydberg 
transition of the charge-transfer type'® and is expected 
to be strong; it is allowed for o-polarized light. The 
transitions *2,,*+ — *IIg; and *2,,+ — *IIgq are allowed for 
m-polarized light and should be considerably weaker. 
The strong o-polarized transitions observed for all 
the X,~ ions in the ultraviolet are assigned to the 
*>ut — *Z,* transition. The weaker transitions of Br~ 
and I,~ observed in the red and infrared may be assigned 
to *2+—> *IIg, and *2,,+ — *IIg3, respectively. The ob- 
served increase in the spacing of these weak transitions 
with increasing atomic weight arises from the increased 
spin-orbit coupling in the halogen atoms. The transition 
*>,, — *IIgy contains more o polarization in I,~ than in 
Br.~, the only cases where the *2,, — *IIg; and *2,, — *Iy, 
transitions are resolved. The *2,, — *IIg; transition also 
increases in intensity relative to the ultraviolet transi- 
tion through the series F;- to I,-. These effects may 
arise from an admixture of 2, into II, due to spin-orbit 
coupling. Since 2, should not mix with *IIg;, the transi- 
tion *2,,+ — *IIg3 should be very weak, as observed. 
The spin-orbit splitting is expected to be small com- 
pared to the bandwidth of the infrared absorptions in 
Cl,- and F;-; consequently one does not observe the 
splitting in these two cases. The estimated crystal field 
perturbations! may be of the same order as the spin- 
orbit interactions; therefore, the absorption o,— 7, 
may be expected to be more complicated. The details 
of this absorption in Cl,~ are shown in Fig. 5 and may 
be explained as the superposition of two unresolved 
transitions o, — 791, to2, both of which are anisotropic. 
The simple qualitative explanation involving only 
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Fic. 8. Anisotropic absorption of the I,~ center in 
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spin-orbit mixing of the levels does not account for all 
the details of the spectra. While it does explain the 
polarization properties and intensities of the ultraviolet 
bands as well as the 750-my band in Brs~ and the 800-mu 
band in I,~, it does not explain the polarization prop- 
erties of the remaining infrared bands. The 585-my band 
in I,- may be a to *II,, which is 
allowed because of a distortion of the I.~- center. This 
distortion destroys the inversion symmetry of the I,- 
center and causes a breakdown of the selection rule 
forbidding #— w transitions. Because of the instability 
of the ee 
effects of lattice vibrations on the intensity of this transi- 
tion between room temperature and liquid nitrogen 
temperature; however, cooling from liquid nitrogen to 
liquid helium temperature does not alter the intensity of 
the transition noticeably. 

The enhancement of the population of X.~ centers 
having a given orientation, which is achieved by bleach- 
ing with polarized light into the ultraviolet band at 
liquid nitrogen temperature, may arise from the fact 
that the excited state *2,* contains a net antibonding o 
electron and is unstable. In this state the hole may be 
freed and subsequently retrapped at the same or a 
different lattice site with any of the possible (110) 
orientations. For a v-polarized transition, if the electric 
vector of the bleaching light is parallel to the [011] 
orientation, the population of the [011] orientation 
will grow at the expense of the other orientations. 
Excitation through the red and infrared absorption also 
changes the population distribution of X,~ centers 
among the six possible orientations. In this case the 
“II, excited state contains a net bonding z electron and 
is expected to be only weakly bonding, so that disscecia- 
tion may also occur. A photoconductivity has been 
observed due to the motion of holes upon exciting into 
the 750-myu band of Br.~ in KBr containing NO; ions. 
In this case, a hole is freed by bleaching into the red 


~~) 


transition from 22, 


centers, it is not possible to investigate the 
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band and moves a short distance through the lattice 
before being retrapped as Br.-. 
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The Anderson-Rickayzen equations of motion for a superconductor derived within the random-phase 
approximation (RPA) are used to investigate the collective excitations of superconductors. A spherical 
harmonic expansion is made of the two-body interaction potential V(k,k’) and a spectrum of excitations 
whose energies lie within the energy gap 2A is obtained. These excitations may be characterized by the 
quantum numbers L and M involved in the potential expansion. For an L-state exciton to exist, the L-wave 
part of the potential must be attractive at the Fermi surface. Odd-L excitons have unit spin and may be 
considered as spin waves. For s-state pairing in the superconducting ground state, the plasmon mode 
corresponds to the L=0 exciton whose energy is strongly modified by the long-range Coulomb interaction 
For a general potential several bound states may exist for given Z and M. If the L-wave potential is stronger 
than the s-wave part of the potential, the system is unstable with respect to formation of L-state excitons. 
In this case, the ground state is formed with L-state pairing, special cases of which are the p-state pairing 
considered by Fisher and the d-state pairing proposed recently by several authors for the ground state of 
He’ and nuclear matter. Corrections to the Anderson-Rickayzen equations are discussed which lead to a 
new set of exciton states if the L-wave potential is repulsive. These excitons are interpreted as bound 
electron-hole pairs, as opposed to the particle-particle excitons present with an attractive L-wave potential. 


I. INTRODUCTION excite a pair of quasi-particles from the ground state. 
The quasi-particle excitations are fermions and no 
boson excitations appear other than the phonons. 

This independent quasi-particle approximation has 
been surprisingly successful in explaining the thermo- 
dynamic properties as well as the acoustic and electro- 
magnetic absorption, the nuclear spin relaxation, and 
the Meissner effect observed in the superconducting 
state. The derivation of the last has been criticized 
because it is not strictly gauge-invariant. This is 
primarily due to the neglect of residual interactions 
between particles in states —k and k’#k. These inter- 
actions give rise to a set of collective excitations (bosons) 
and lead to a gauge-invariant description of the 
Meissner effect. 

For the investigation of these collective excitations, 
Anderson* and Bogoliubov, Tolmachev, and Shirkov‘ 
have used a generalized time-dependent self-consistent 
field or random-phase approximation (RPA). Their 
work shows that in the superconducting state, the 
plasmon frequency and the plasmon coordinate in the 


N the original theory of Bardeen, Cooper, and 
Schrieffer! an approximation to the ground-state 
wave function of a superconductor was obtained by a 
variational calculation. Basic to the theory is Cooper’s 
result? that if a net attraction exists between the par- 
ticles, the Fermi sea is unstable with respect to the 
formation of bound pairs. The BCS ground-state wave 
function is formed from a linear combination of normal 
state-like configurations in which particles are excited 
to states of low energy above the Fermi surface. In all 
of these normal configurations, the single-particle states 
are occupied in pairs (kt, —kJ), so that interactions 
other than those between pairs of electrons of zero net 
momentum and spin are neglected. The theory leads to 
the single quasi-particle excitation spectrum given by 
Ex= (ex?+A,2)!, where ex is the Bloch energy measured 
with respect to the Fermi level and A, is the energy gap; 
that is, 2A, represents the minimum energy required to 
* This work was supported in part by the Office of Ordnance 


Research, U. S. Army. One of the authors (A. Bardasis) was aided 
by a Fellowship from the Minnesota Mining and Manufacturing 


Company. 
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EXCITONS AND 
long-wavelength limit are essentially the same as in the 
normal state. They have also suggested the éxistence of 
the exciton modes lying within the energy gap which 
we investigate in the main body of this paper. A 
thorough discussion of the generalized RPA has been 
given by Rickayzen,' who used it to derive the complex 
dielectric constant of a superconductor and the Meissner 
effect in a gauge-invariant manner. The BCS quasi- 
particle states |) and |8) do not satisfy the continuity 
equation; that is, (a|V-j+ '8)+0. When collective 
modes are included, the current and charge density 
operators j and p are decomposed into a sum of indi- 
vidual-particle operators and collective operators. A 
virtual cloud of plasmons surrounds each quasi-particle, 
producing a back-flow current which leads to over-all 
charge conservation of the excitation. Therefore, the 
continuity equation is satisfied within the generalized 
RPA. This condition is sufficient to guarantee a gauge- 
invariant form of the electromagnetic response kernel. 
Tsuneto® has applied Rickayzen’s analysis to the 
problem of the surface impedance at finite frequency. 
While he finds that a precursor absorption exists for 
frequencies below that of the gap, his results, when 
applied to lead and mercury, predict an absorption 
which results from exciton states in the gap which is an 
order of magnitude smaller than that observed by 
Ginsberg, Richards, and Tinkham’ in these materials. 
The origin of the observed peak is uncertain at present. 

In this paper we interpret the exciton mode in the 
superconductor as a bound pair of quasi-particles whose 
center-of-mass [ (r+ 1r.)/2 ] propagates with momentum 
iq. The exciton spectrum is investigated through the 
generalized RPA equations of motion proposed by 
Anderson in the form introduced by Rickayzen involv- 
ing the quasi-particle operators y, of Bogoliubov’ and 
Valatin® rather than c, the usual electron operators. 
In these equations we make an expansion of the inter- 
action potential V (k,k’) in terms of spherical harmonics. 
It is found that excitons may be characterized by the 
approximate quantum numbers LZ and M describing the 
symmetry of the states with respect to the relative 
coordinate r;—r2. The existence of an L-state exciton 
(corresponding to the #, d, f, --- excitons) is dependent 
on V_, being negative, where Vz is the L-wave part of 
V (k,k’). The plasmon state corresponds to an s-state 
exciton whose energy. is greatly increased by the long- 
range Coulomb interaction. 

To obtain solutions to the Anderson-Rickayzen 
equations, we take matrix elements of the equations 
between a state with one collective excitation and the 
ground state which has been renormalized so as to 
include the zero-point motion of the collective modes. 
The results give two sets of solutions Azw(q) and 

° G. Rickayzen, Phys. Rev. 115, 795 (1959). 

6 T. Tsuneto, Phys. Rev. 118, 1029 (1960). 

7D. M. Ginsberg, P. L. Richards, and M. Tinkham, Phys. Rev. 
Letters 3, 337 (1959). 


® N. N. Bogoliubov, Nuovo cimento 7, 794 (1958). 
) J. G. Valatin, Nuovo cimento 7, 843 (1958). 
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I';(q) which correspond to what Anderson has termed 
odd and even solutions. We show that the Aza;(q) modes 
are unphysical and that the x(q) modes correspond 
to the exciton states. The quantum numbers L and M 
are found to be exact in the limit of zero center-of-mass 
momentum hg. For larger q, states of different Z are 
mixed, although the mixing is small for g&s<<1, where 
£) is the coherence length. The magnetic quantum 
number M, however, remains a good quantum number 
for all g if the potential has no crystalline anisotropy. 
The exciton energy for the g=0 case is plotted as a 
function of the L-wave coupling constant gz, defined by 
g.= —N(0)V 1/42, where N (0) is the density of states 
in the normal phase at the Fermi surface. For gz> go, 
the excitation energy proves to be imaginary and the 
implications of this with respect to the original BCS 
ground state are discussed. The M0 exciton may be 
considered as transverse collective excitations since 
they do not couple with a longitudinal field. In the 
general case if the ground state is formed from Lo, Mo 
pairs, the Lo, My exciton becomes the plasma oscillation. 

In Sec. II we discuss the generalized RPA from a 
diagrammatic point of view. Solutions for the collective 
excitations are obtained in Sec. III. In Sec. IV we 
consider corrections to the Anderson-Rickayzen equa- 
tions which lead to a new type of exciton state closely 
related to exciton states occurring in insulators. 


I. EQUATIONS OF MOTION 


We consider a system of electrons interacting via an 
effective two-body potential V, whose matrix elements 
in the Bloch state representation are given by 


(k,’Jko"| V | ki ko) = 3{ V (ka, kes’) + V (eo, kes’) 


X die; +o,’ +k’. (2.1) 


This potential arises from both Coulomb and phonon 
interactions between electrons and will be discussed in 
detail below. The Hamiltonian is expressed in the 
Heisenberg representation in terms of the operators 
Cxot and cy, which create and annihilate electrons in 
Bloch states of momentum & and spin c. They satisfy 
the usual Fermi anticommutation relations. The single- 
particle Bloch energies ¢,, measured relative to. the 
Fermi energy Ey, are assumed to be of the form 
(h?k?/2m)— Er. The Hamiltonian of the system is 
given by 

H=D. €xCo'Cxe +3 bi 


2 


V (k, k+q) 
ke k,k’ ,q,¢,¢ 
(2.2) 


te te , 
XCk+q, Ck’—q’',o' Ck’ ,o’Ck,o» 


In the generalized RPA one studies the time evolution 
of bilinear operators of the form 


(2.3a) 
(2.3b) 
(2.3c) 


bu! (q) =Cupqt'c—us', 
bi+q(—q)= C. k—qtCkty 


(q) = Cu4qo'c 
Phe q ™ Ck+qe Ckey 
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Fic. 1. The two 
vertices occurring in 
the full equations of 
motion for 6y'(q). In 
the linearized equa- 
tions only vertices 
with certain values 
of p’ and q’ are re- 
tained. 








which create excitations with a fixed total momentum 
hq. It is helpful to consider the full-time development 
of these operators as being built up from the infinitesimal 
change of the operators in a time interval 6t; for ex- 
ample, 

5b, (q,t) by (q,t +-5f)— b,' ( q,!) 


= (1/ih) LH, byt (q,t) Jot. (2.4) 


In the absence of the interaction V, the commutator 
reduces to (€x+q—€x)dx'(q,/) so that except for a phase 
factor, the operators are independent of time. We call 
any operator yw," an eigenoperator if its time dependence 
is given simply by a phase factor. The equation of 
motion, 

CH pat |= AhQaua’, (2.5) 
for the operator guarantees that wa’, when applied to 
an eigenstate |8) of H, creates an eigenstate |a) of H 
with an excitation energy AQ,. From the Hermitian 
conjugate of (2.5) it follows that uw, has the inverse 
effect of wa’. That is, while u.' adds energy to the 
system, wu. subtracts energy, so that u_' and pe may be 
thought of as creation and annihilation operators of 
excitations of the system. A knowledge of the eigen- 
operators and their eigenenergies allows one to calculate 
dynamic properties of the system as well as the thermo- 
dynamic functions. 

In certain cases the state u_'|8) may vanish iden- 
tically; for example, if u.' creates pairs of fermions in 
states already occupied in |8). Another example is if 
the operator yu," scatters excitations already present in 
the initial state, in which case u,' vanishes when applied 
to the ground state. Both cases will be dealt with in 
the next section. 

In the presence of the interaction V, the commutator 
(2.4) is complicated by the presence of terms involving 
four single-particle operators (c and ct’s). Therefore, the 
bilinear operators b', 6, and p are no longer eigen- 
operators of 17 and one must include products of four, 
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six, ..., etc., single operators to form the ya!’s in 
this case. ‘The question arises whether there is a con- 
sistent approximation in which the eigenoperators are 
represented as linear combinations of the bilinear 
operators 5‘, b, and p alone. Consider a typical term in 
the commutator arising from the interaction potential 


3V (p,p+q)[cpsq’t"c- p’—q’t 'C_p4C pt Dx! (q) ] 
=3V (p, P+q){Curqiq’t'C p’—q’s'C_pict 


= _. - = N 
—Ci+qt Cpigq’t C—k—q't Cptbp’ ce}. 


ktOp k+q 


(2.6) 


This expression is shown in diagrammatic form in Fig. 1. 
In the diagram, time is increasing from right to left with 
the incoming particles in states k+ qt and —kj entering 
from the right. The first term on the right-hand side 
of (2.6) is represented by Fig. 1(a) in which the inter- 
action, represented by a dashed line, scatters the spin-up 
incoming particle to k+q+q’f, creating a particle and 
a hole in states — p’—q’) and —p’J, respectively. In 
Fig. 1(b) the analogous process for the spin-down 
particle given by the second term in (2.6) is shown. If 
at time /=0 a pair of single particles is excited, at time 
6t there is a finite probability that a particle-hole pair 
has been created from the background of particles in 
the Fermi sea, with the incoming particles scattering to 
new states. In the next interval of time a similar process 
may occur involving any of the four excitations, and in 
general the “bare” incoming particles will create a com- 
plicated cascade of excitations leading to a decay of the 
initial state. In the generalized random phase approxi- 
mation one keeps only those terms in the commutator 
which conserve the number of excitations allowing for 
both forward and backward propagation in time (see 
below). This procedure corresponds to a linearization 
of the equations of motion by replacing two single- 
particle operators in each term by a c-number given by 
the expectation value of this pair of operators with 
respect to a fixed state. If this state is chosen to be the 
BCS ground state, defined by 


| Yo) = TI Lx +rxbx" (0) J} 0), (2.7) 
k 

salty ‘ a 
where |0) is the state with no particles present, con- 
servation of momentum and spin leads to nonzero 
average values only for the operators 5,'(0), bx (0), and 
pxo(0) =x. In terms of the parameters uy and 2x, 
these averages are 


(Wo! but (0) | Yoo =Y 
(Wo| xe | Yo) =i. 


The parameters #y and 0, are given by 


b,(0)|¥ =UyV~,  (2.8a) 


(2.8b) 


p= + (1+ex/ Ex), (2.9a) 


m= + (1—e,/ Ex)’, (2.9b) 
where 

Ey=+(e2+A;2)}, (2.10) 
and A, satisfies 


Ax 
Ax=>. V(k,k’)——. (2.11) 
- 2Ey: 
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This prescription gives a unique linearization of the 
equations of motion since for g #0 there is at most one 
pair of operators with zero total momentum and spin 
in each term. The terms retained within this approxi- 
mation are shown in Fig. 2. 

(1) As shown in Fig. 2(a), the conventional particle- 
particle scattering vertex arises from the first term in 
(2.6) when p’=k. The factor of } in front of V is 
cancelled by the term in the interaction with spins 
opposite to those in (2.6). This cancellation of the 
factor of } occurs in each vertex. 

(2) Another possibility, shown in Figs. 2(b) and 2(c), 
is for the scattered incoming particle to enter a bound 
state with the other incoming particle, the outgoing 
excitations being the particle-hole pair created from the 
sea. This possibility is allowed for in the linearization 
by including the finite average (Yo! bx'(0)|yo), which 
may be regarded as the amplitude for the pair to enter 
the g=0 bound state, which is macroscopically occupied 
in |¥o). Since a finite fraction of all the electrons occupy 
this bound state in the superconducting state (corre- 
sponding to the finite fraction of helium atoms occupy- 
ing the k=O state is superfluid He‘), the small fluctu- 
ation ~ V! in the number of pairs N described by (2.7) 
leads to no difficulties in a large system. Notice that in 
Figs. 2(b) and 2(c), the incoming pair of particles is 
transformed into a particle-hole pair by the interaction. 
Therefore, 5,'(q) and py.(q) are coupled in the equations 
of motion. 

(3) In addition, there is the possibility that the 
scattered incoming particle enters the bound state with 
the particle created from the sea, leaving the hole and 
the other incoming particles as the outgoing excitations, 
as shown in Figs. 2(d) and 2(e). Due to the presence 
of the bound state, the incoming spin-up particle in 
Fig. 2(d) is transformed into a hole in the state of 
opposite momentum and spin. In the next instant of 
time the inverse process may occur. It is clear that the 
equations of motion are simplified if one introduces 
“quasi-particle” operators yx.‘ which are the proper 
linear combinations of particle and hole creation opera- 
tors to account for these processes. The appropriate 
transformation, introduced first by Bogoliubov and by 
Valatin, is 
(2.12a) 


(2.12b) 


x0! = UnCut! —VeC_us, 
— . tlie 
Yui = UxC_xh TUxnCxt. 


For mathematical simplicity we will follow Rickayzen 
by expressing the final linearized equations in terms of 
quasi-particle variables. 

(4) The exchange contributions to the single-particle 
lines are shown in Figs. 2(f) and 2(g). As is well known, 
they lead to an anomalously low density of states at 
the Fermi surface in the normal metal unless a screened 
interaction is introduced. This point is discussed below. 
The exchange self-energy vertex can be accounted for, 
along with process (3), by the quasi-particle trans- 
formation (2.12). 
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Fic. 2. The vertices retained in the full linearized equation of 
motion for by'(q). Vertices f, g, h, and i were neglected by Ander- 
son and by Rickayzen. The particle-hole excitons are obtained 


only if the interactions shown in / and j are included. 


(5) Finally, the unscattered incoming particle may 
enter the bound state with the particle created from the 
sea, leaving the hole and scattered particle as the out- 
going excitations, as shown in Figs. 2(h) and 2(i). As in 
process (2), the pair of incoming particles is trans- 
formed into a particle-hole pair by the interaction. In 
the limit g— 0, process (2) is more important than (5) 
in forming the plasmon state. Since the momentum 
transfer is always fq in the former process, the large 
matrix element of the Coulomb interaction 47e*/¢ 
dominates the latter vertex in which the momentum 
transfer fq’ may assume any value. Anderson and 
Rickayzen have neglected processes (4) and (5), sug- 
gesting that their effect is primarily to renormalize the 
single-particle energies and the effective interaction. 

The terms occurring in the linearized equation of 
motion for px.(q) are shown in Fig. 3 and bear a close 
resemblance to those shown in Fig. 2. In the conven- 
tional RPA for the excitations in the normal state, only 
the polarization vertex [Fig. 3(b)] is retained. The 
so-called exchange scattering correction shown in Fig. 
3(a), when combined with the polarization vertex, 
approximates the time evolution of px.(q) by graphs of 
the type shown in Fig. 4. In the limit g — 0, the exchange 
correction to the plasmon frequency vanishes. Since 
matrix elements of the equations of motion are taken 
with respect to RPA eigenstates, two pairs may be 
spontaneously created from the vacuum and may 
interact with the incoming excitations as in Fig. 4. This 
process may be viewed as a propagation of the excita- 
tions backward in time, familiar in the Green’s function 
formulation of the problem. 
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Fic. 3. The vertices retained in the full linearized equation of 
motion for pxt (q). Vertices a, e, and f were neglected by Anderson 
and Rickayzen. 


In the generalized RPA for the superconducting state 
the presence of the bound state gives rise to the vertices 
represented in Figs. 3(c), (d), (g), and (h), so that an 
incoming particle-hole pair can be transformed into 
either a pair of particles or a pair of holes. Therefore, the 
operators 5y'(q) and dxyq(—q) are coupled by the 
density operator px.(q). The vertices occurring in the 
time development of 6,(q) are identical to those in 
Fig. 2 except that all arrows are reversed and the 
momentum q is replaced by —q. 

We turn now to the question of screening. Within the 
random-phase approximation to the normal state, the 
screened interaction line is represented in the limit of 
small wave-vector q by a sum of diagrams of the form 
shown in Fig. 5. Rickayzen has shown that the dielectric 
constant is essentially unaffected by the pairing corre- 
lations occurring in the superconducting state. It is 
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easily seen that the vertices 2(b), 2(c), and 3(6) are 
automatically screened within the RPA through the 
presence of the polarization vertex [ Fig. 3(b)] in the 
linearized equations. For example, when the vertex 2(d) 
is followed in time by a series of vertices 3(4), the effect 
is to replace the bare interaction line in 2() by the 
screened line shown in Fig. 5. Therefore in vertices 
2(b), 2(c), and 3(b), the unscreened interaction Vp 
must be used. The potential Vp is given by 


4rre? | v4*|? 
Vp(q)=—_+— —, (2.13) 
g —(w,*)? 


where fQ is the energy of the excitation involved. Also, 
vz‘ is the bare electron-phonon interaction matrix ele- 
ment introduced by Bardeen and Pines" and w,’' is the 
bare phonon frequency. It is essential, however, to 
introduce the interaction screened by the dynamical 
dielectric constant in the remaining vertices since it is 
impossible to replace the bare interaction line by the 
screened line through an iteration of vertices occurring 
in the linearized equations. The screened potential is of 
the form 
4re* 
V (k, k+q)= (2.14a) 


gk (G,x,q) 
where the dynamical dielectric constant is given by 


K(q,wx,q) = 1+-4 raion (G,wx,q) +401 (G,@x,q) 

™~1— (wq')?/we 2 +h2/g. (2.14b) 
Here, wx q= €x+q= €x and k, is the electronic screening 
wave number. In a more complete treatment involving 
coupled equations of motion for the electrons and the 
lattice, the energy /iw,,, would presumably be given in 
terms of the quasi-particle excitation energies. 

For simplicity, we neglect the vertices shown in Figs. 
2(h), 2(i), and 3(a). We also neglect the exchange self- 
energy correction since it simply renormalizes the 
single-particle energies. With these approximations, one 
obtains the equations first given by Anderson: 


[H,bx'(q) |= (ext €x4q)dx'(q)+ Vp (q)p(q) (uxrat wit Peg) + Anprt (q) 
+ Ax+qp—n—qs (qQ) — (1-0? — 

— (€xt e+ q)On+q(— @) — Vv (q)p(q) (nda t tics ght q) — Ano—x—qt (GQ) — Any ght (q 
— (leotard V (KK bk 44! 


[Hbyq(—q) | 


LH put (q) |= (€x+q- 


+ UK? > J 


[H,p k at (q) | 


The density operator p(q) is given by 
p(q) =Dixo C+ "Che 


As mentioned above, the equations can be con- 
siderably simplified by transforming to quasi-particle 


Vieeq 20k” V (k,k’)d+;, t\q), 


4 


€x)put (Q)+ (0x? — 0049") Vv(q)p(q) + And! (q)— Any qhkig(—q) 
"(k K’)bu-* (q) — Wy qtetg De’ V (KK bu 4(—q), 
= (€x— €x+q)P—n—qt (G) — (0x? — 44q?) Vv(q)(q) — Anduyq (GQ) + Any qd! (q) 
+ U4 qirq ar V (kk’)dy-* (q) — unr Le V (Kk )b esq! — q). 


(2.15c) 


(2.15d) 


variables. The Anderson-Rickayzen equations are then: 
(Ay victqo'Ver" | 
= (Exp qt Ex)Vice-q0'Ver' + V v(q)m(k,q)p(q) 


. — $1(k,q)A x(q) +3n(k,q)Bx(q), (2.16a) 
10 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 
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CA vn+qr7x0] 
hea (Ens qt Ex)¥x+q1YK0— V p(q)m(k,q)p(q) 
—4$1(k,q)A x(q)—3n(k,q)Bx(q), (2.16b) 


(2.16c) 


CH Vict ae ¥x.¢] = (Ex4 Ex)¥ «4 qe ¥x oe 


The coherence factors are defined by 

(2.17a) 
(2.17b) 
(2.17c) 
(2.17d) 


1(k,q) = utnsqt0ePeta, 
m(k,q) = UcVurqtVnln+a; 
n(k,q) = uxt q—PxPutq, 
(kK, q) = UxPipq—VeMxya; 
and the three collective variables are 
Ax(q)=—Le V (k,k’) [bx (q) —bx-4q(—@) ] 
= =D V(K RK) @) (v4 q0'v 1" 
—Yx'4qrVn'0) +p(k’,q) 
x (Yx'4 q0'Yk/0— V1 Ve'4q1) |, 
Bx(q)= Dw V (kK) [be (q)'+b04q(—@) ] 
= > x V (kk) [in (kg) Fy es qo'Yn1 
+Yx'4 q1¥«'o |—m(k’,q) (yur+qo'Yx’0 
+y01"Vee+a1)] 


(2.18a) 


(2.18b) 
0(4)= Like Pxo(q) 

4 Dw Lm(k’,q) (Ye"4+q0' Ye’ yey qi Veo) 

+n(k’,q) (Yer4.qo' Vu ot Yet Ve 491) J. 


From (2.16c) we see that half of the normal mode 
operators are of the form Yjqe'Vxe", which has the 
eigenvalue Ex;q—Ex. These operators describe scat- 
tering of excitations already present in the initial state 
and vanish when applied to the ground state. Since we 
will always take matrix elements of the equations of 
motion between the ground state and an excited state, 
these quasi-particle conserving operators may be safely 
neglected. 


(2.18c) 


Ill. SOLUTIONS OF EQUATIONS OF MOTION 


For the analysis of the plasmon and exciton modes 
at temperature T=0O we begin with the Anderson- 
Rickayzen equations of motion (2.16) for the pair 
operators Yizgo'yert and Yezgryeo. It must be kept in 
mind that the equations have been linearized with 
respect to the ground state involving s-state pairing 
between electrons of opposite spin and momentum, as 
our results depend critically upon this fact. The col- 
lective variables defined by (2.18) are substituted into 
the equations in order to obtain them in a form involving 
only the Bogoliubov-Valatin quasi-particle operators: 


CAyy+qo'Vur" 
v«(q)¥«+q0"Yui' + V o(q)m(k,q) 
XL m(k’,q) (Ve-4-qo'Ver +04 gi Veo) 
+31(k,q)> & V (k,k’)1(k’,q) (vers qo've 
—Yx'4qrVu'0) +3n(k,q)> ve V (k,k’)n(k’,q) 


XK (vere qo'vern’ +7ereqryn'o). (3.1a) 
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Fic. 4. A typical 
diagram retained 
within the random- 
phase approximation 
to pxe(q) in the nor- 
mal state. 


[Ayy« +q1¥ x0 | 
= — vx(q)7%+q1¥x0— V(q)m(k,q) 
xde m(k’,q) (yer4-qo' V1? + 074-9170) 
+31(k,q) oe V (k,K’)1(k’,q) (Yer qo" vee? 
—Yx'+qr7x'0) —30(k,q)> wv V (k,k’)n(k’,q) 


x (Yur4 qo Yet HY Ke 4q1Yk'0)- (3.1b) 


Those operators u_'(g) are now considered which are 
linear combinations of the bilinear products of +;,’s and 
y.'’s appearing in the two equations of motion (3.1), 
and which create one elementary excitation of type a. 
Thus we desire 


Ha‘ (q) = } kL Ga(k,q)y k+ qo’ +Xa(K,q)yic4 arVuo], 
(3.2) 
with 


Ha‘ (q)|9)=LhQa(q)+WoJuat(q)|0), (3.3) 


where |0) is not the original ground state of BCS, but 
the renormalized ground state with u.(q)|0)=0. The 
quantity AQ,(q) represents the energy of the excitation 
created by the operator u.'(q). The elementary excita- 
tion u.'(q) may be any one of the three types involved 
in the theory: a pair of excited quasi-particles in scat- 
tering states, a plasmon, or an exciton. 

From Eq. (3.3) and the discussion of Sec. II, we have 
[H,uat(q) }|0)=hOQ.(q)uat(q)|0). Since the commu- 
tator [H,u.'(q)] is related to the time derivative of 
Ma'(q), the matrix element of yu.'(q) between the 
ground state |0) and the state |1(q,«)) containing one 
excitation of energy #2.(q) must have the time de- 
pendence exp[iQa(q)/]. Now, Eq. (3.2), expresses 
Ma'(q), within the RPA, as a linear combination of the 
bilinear products yx4qo"V«i’ and Yxiqryx0, SO that we 
may write the inverse transformations as 


Yx+q0'Ve1t= Dsl fa(k,q)ust(q)+fo(k,q)us(—q)], (3.4a) 
Yi+-q17x0= 2 sLge(k,q)ust(q)+25(k,q)us(—q)]. (3.4b) 


Taking matrix elements of Eq. (3.4) between |0) and 
|1(q,a)) and using the orthonormality property of the 
excited states, we find 


(1(q,a) | ¥x+q0'¥x1t|0) 
= 2s fe(k,q)(1(q,e) | ua'(q) |0) 


= fa(k,q) exp[i2.(q)#], (3.5a) 


(1(q,) | Yxyq1Vx0|0)= ga(k,q) exp[i2.(q)é ]. (3.5b) 


The solution for the exciton mode dispersion relation 
is dependent on taking matrix elements of the equations 
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of motion (3.1) between the states |0) and | 1(q,a)) and 
using the relations (3.5a) and (3.5b) so that we obtain 
a set of c-number equations. The resultant system of 
linear equations may then be solved for the normal 
mode frequencies and the transformation coefficients f 
and g. 

By taking matrix elements of (3.1), we obtain: 


[#2.(q)— ve (q) ]fa(k,q) 
oo Vv(q)m(k,q)> m(k’,q)[ fa(k’,q)+ga(k’,q) ] 
+$1(k,q)>0 x V (k,k’)/(k’,q)[fa(k’,q)—ga(k’,q) | 
+4n(k,q)> x V(k,k’)n(k’,q) 
XC fa(k’,q)+g.(k’,q) ], 


[#24(q)+ ve(q) lga(k,q) 
= —Vp(q)m(k,q)> « m(k’,q)[ fa(k’,q) + ga(k’,q) | 
+31(k,q)do wv V(k,k’)/(k’,q)fa(k’,q) —ga(k’,q) ] 
—in(k,q)>>« V (k,k’)n(k’,q) 
x (Lfa(k’,q)+-ga(k’,q)]. (3.6b) 


From (3.6) it is evident that an explicit form for 
V (k,k’) must be chosen in order to proceed further. As 
emphasized in the foregoing, the BCS ground state 
about which the Anderson-Rickayzen equations have 
been linearized is one involving s-state pairing. Thus in 
the absence of crystalline anisotropy, the g— 0 solu- 
tions must transform according to the irreducible 
representations of the full rotation group, i.e., the 
spherical harmonics. Because of this fact, we expand 
the two-body potential V(k,k’) in terms of spherical 


(3.6a) 


1 
Aru(q)=Vi > n(k,q) 
k [h2(q) P—vu(q)? 


X Vim (0,¢)Aim(q) +A2Q(q)1(k,q)  Vrar*(0,¢) Vim (8,0) 0 im (q)}, 


lim(q)=Vz > l(k,q)- - 
- oe Lh2(q) P—ve(@)? 


——{2h2Q(q)m(k,q)Z (q) V*10(8,¢) +42(q)n(k,q) © Y* 
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harmonics. The coordinate system is chosen so that q 
lies along the polar axis with @ and ¢ the polar and 
azimuthal angles of the wave vectof k’ and © and ® 
the analogous quantities for k. If ¢ is the angle between 
k’ and k, the use of the addition theorem gives 


V (k,k’) => Vi(k,k’) Viol’) 
l=0 


« l 
=> Vike’) X 


l=0 m=-| 


V 1m (0,¢)* ¥ im(O,®), (3.7) 
where a 
V i(k, R’) = (40/21+-1)!V i(k, R’). 

A further approximation is made in setting V;(4,k’)= V:, 
a nonzero constant, for |e|<#w, and zero otherwise. 
The quantity #w, is the average phonon energy of the 
order of the Debye energy. We define the coupling 
constant gz, by 


gu= —N(0)V1/4r. (3.8) 


The BCS coupling constant is related to go by 
go= —N(0)Vo/4e=N (0) Vcs>0. 
It is convenient to introduce three new variables 
Aim(q)=>o x n(k,q) VY im (0, ¢)* 
x L/(k,q) +2 (k,q) J, 
Dim(q)= Dox L(kK,q) VV in (0,¢)* 
< f(k,q) — g(k,q) ], 
Z(q)=Vv(q)>- x m(k,q)[f(k,q +g k,q) |, 


where the subscript a has been dropped from both sides 
of the equations for simplicity. Equations (3.6) then 
express the transformation coefficients f and g in terms 
of the new variables A, I’, and Z. By substituting these 
expressions into the defining relationships (3.9), we 
obtain the following coupled integral equations to 
determine the eigenfrequency 2(q): 


(3.9a) 


(3.9b) 


(3.9c) 


———{2vx(q)m(k,q)Z(q) Viu*(0,¢)+rx(q)n(k,q)>> Viar*(0,¢) 


l,m 


(3.10a) 


l,m 


i. u(0,¢) 


i,m 


X Vim (0,¢)Aim(g) + vx (Ql (k,q) > V*r11(0,¢) Vim (0,¢)0im(q)}, (3.10b) 
l,m 


Z(q)=Vv(q) > m(k,q)—_—— 
a [AQ(q) P—vx(q)? 


From these three equations it is immediately seen that 
one good quantum number for the description of an 


——— {2x (q)m(k,q)Z (q) +r«(q)(k,q) S Vim(8,¢)Aim(q) 


l,m 


+hO(q)l(k,q) © Vin(0,¢)Pim(q)}. 


l,m 


(3.10c) 


excitation is the magnetic quantum number M. In the 
sum over k, the angular integration requires m= M, as 
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the only g-dependent quantities involved are the 
spherical harmonics. Thus, M is a good quantum 
number regardless of the center-of-mass momentum 7q. 


(1)"qg 0 Case 
In the case of zero center-of-mass momentum, Eqs. 
(3.10) give Z as an additional good quantum number. 
This follows since neither the coherence factors nor the 
energy vx(q) of the quasi-particle pair are dependent 
on the polar angle in this case. The angular part of the 
sum >-, then reduces to 


f Viu*(0,¢) Vim(0,¢)do,=8 16 um- 


The sum }°x is converted into an integral by letting 


yi. [o/(2n)*] f ak R'dax, 


where the volume v of the normalization box is taken 
as unity. The radial integrals over & are all of the form 


dk, 


1 a(k,0)6(k,0)-- - 
f ~ — (3.11) 
(hQ)?— v, (0)? 


(27)? 


where each of the quantities a, ), ¢, is one of the 
coherence factors, the energy »;.(0) of the independent 
quasi-particles, or the excitation energy #2. The inte- 
gration over the magnitude of k is replaced by an 
integration over the Bloch state energy €x, as measured 
from the Fermi surface, by setting 


k?dk= (m/h?)}(2Er)'de= 22° N (0)de, (3.12) 


where we have made the approximation of a constant 
density of states. The approximation leads to an error 
of order tw./Er=10-*, The integrals J,...° are only 
performed over the region —hw,.<e<fw, since the 
potentials V; have been set equal to zero outside this 
energy band. Using (3.12), Eqs. (3.10a) and (3.10b) 
for the g— 0 case are written as 


(1—Vilin®)Aru— ViTpow'T ru 


=lim Z(q)2V LI vmn°Sx0, (3.13a) 
q-0 


—VTan’AtwmtA—Vih) Tim 
= lim Z(q)2V LT hotm’d ro. (3.13b) 


qt 


From these equations it is seen that the direct Coulomb 
interaction 47e?/q? involved in Z(q) only appears for 
the L=M=0 state. It will be shown below that this 
state has a solution corresponding to a plasma oscil- 
lation with the usual plasmon energy 


iQ,=h(4rne?/m)'~ 10 ev 


PLASMONS IN 


SUPERCONDUCTORS 


Pair scattering stotes 


ha, a) } 


2A tos). 
9} 


3456789 0N 1213 
| 
a(t-L 
(4-4) 

Fic. 6. The L-state exciton energy in the limit g—>0 as a 
function of the L-wave coupling constant gz, where s state pairing 
in the ground state has been assumed. The solid curve is based 
on the Anderson-Rickayzen equations while the slightly higher 
dashed curve includes the effect of the vertices shown in Figs. 
2(h) and 2(z) for go=0.25. For gx>go the L-state exciton energy 
is imaginary. If gz is the largest coupling constant, the linearization 


should be carried out with respect to L-state pairing in the ground 
state. 


and lies far above the gap 2A~10~ ev. In this section 
only the M0 cases will be considered, in which the 
right-hand sides of Eqs. (2.13) become zero. Since the 
integrand of Jggrn® is odd about the Fermi surface 
within the constant density of states approximation, 
Tnxoin® vanishes and there is no coupling between the A 
and I’ modes. The excitation energies for the L~0 
modes with zero center-of-mass momentum are then 
determined by the conditions: 


(1—VzI,n%°)=0, 
(1—VzI 1°) =0, 


(3.14a) 
(3.14b) 


Setting «= (#2/2A) <1 in the integrals J,,* and J,,° 
and using the definition (3.8) of the coupling constant 
t, Eqs. (3.13) become: 


Be arcsinx 
( _ )--( _ ) 1—2x*)! (Aru mode), 
1 Bo x 


(3.15a) 
( ae | ) x arcsinx 
——— J=————_., (I 
gu £0 (1—x?)# 


(3.15b) 
Values of x= (#2/2A) are plotted as a function of the 
left-hand sides of these equations in Fig. 6. The plot 
shows that when gr, becomes larger than go, the fre- 
quency @ of the 'z4 mode becomes imaginary, indi- 
cating that the system is unstable when described by a 
ground state formed with s-state pairing. Therefore, if 
gx is the largest coupling constant present, the ground 
state should be formed from pair functions having 
L-type symmetry. The pair spin function is singlet or 
triplet depending on whether L is even or odd, since 
the wave function describing the exciton state must be 
antisymmetric on the interchange of all coordinates of 
the quasi-particle pair involved, 


(Arm mode), 


(Crm mode). 


uw mode). 
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The growth of the ',.4 modes for gxz> go also indicates 
that the Az modes have no physical existence. As is 
seen in Fig. 6, a Arw exciton cannot exist unless g,> go. 
However, when such a coupling strength is reached, 
the corresponding I’; exciton is unstable so that the 
system decays before the Azw mode can come into 
existence. Figure 6 also indicates the 2Z-fold M de- 
generacy of g=0 L-state excitons. 

It should also be mentioned that a continuum of 
scattering state solutions is obtained from (3.14b) cor- 
responding to the vanishing of the denominator of the 
integrand. One such state exists between two successive 
unperturbed levels, Eyx+ Ex. Although the energy of 
a scattering state solution is unaltered from its value in 
the absence of interactions, its wave function is strongly 
modified since each particle is surrounded by a de- 
pletion of the same type of particle leading to the 
backflow picture mentioned above. 


(2) q Finite Case 


From Eq. (3.10) it is seen that Z is not strictly a 
good quantum number for the case of finite q since the 
coherence factors and vx(q) now have a polar angle 
dependence. Because of the complexity of this de- 
pendence, the sum }>°, cannot be carried out exactly. 


4 
Ara (q) = vf ae 2(— 


3 
) Tymn'Z(q) Yim* ro+| ( 


4r\} 
xy ¥1u*¥ wiu(a)+(—) Tromn' Vic > Vim*V inl tm (q) } 
l l 


2/4r\} 
Troi ) Poot (= ) Troi? Y. lz@ )¥ I u* 


(43)! 
Tzu (q)= Vf do|2] ( a)¥Zranmt+ 3 


4 
+(- ) Troint Y wd Yim*Y rvu(a)+| 


With the relation 


(4)! 
(41) *T yn te Vis yr oot+- -( 
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We approximate 
Wk: q 


hig? 
€k+q— €k ey 

m 2m 
by 


€xpq-ext Bu, 


where B=fivog, u=cos@, and v is the velocity of a 
particle at the Fermi surface. This leads to an error of 
order g/kr<1. The integral /,,... are of the same form 
as those in the g=0 case. To perform the angular 
integral, we expand the denominator of the integrand 


1 a(k,q)b(k,q)--- 
ae f since tit AY 
~ (Qe) (AQ)?— vx (q)? 


(3.16) 


in powers of 8. This procedure is valid so long as 
8<%#Q—2A. The integrals over & are then of the form 


I...% 1g..°-+ pl y...' +l e...2-+ > °°, 


with superscripts indicating the powers of 8 involved. 
Keeping terms through order 6? and using the relations 


(3.17) 


cos6= p= (49/3) ¥ 10(8) 


and 
cos*6 = p? = 2 (49/5) V20(0)+ (42/3) VY 00, 


the equations for A and I’ (3.10) become 


4r\} 
) Ine] 
5 


(3.18a) 
5 

(43)! 
(49) 47, pitt eg yl? abe 


(3.18b) 


2/47r\! ; 
+-(+) 18] DX Vim* Vil in (q) ; 
e\ 3 ; 


(2ly+1)(2le+1)} ? 
fa ¥ amt ¥um¥ m= | — ———| C(11,l2,13; M,M2,m3)C (1;,L2,13; 0,0,0), 


4 (2/;+-1) 
where the C’s are usual Clebsch-Gordan coefficients," Eqs. (3.18) become 


Wav (4n)3 +1 7 
Vi (=) Iran Z(a)bsbuet( (4n) n+ -In* ) ¥ ———|c (OlL;0MM) 
X\3 3 T | 4e(2L-+1) 


Aru(q)= 


5(21+1) 
Pe heal 
T L4e(2L+1) 


4a 3(21+1) 
+(- ) Train! 5 | -] cue: OM M)C (11L; 000)T tm(q)}, (3.19a) 
T L4e(2L+1) 


New York, 1957). 


4 
C(21L s OMM)C(2IL; OOO)A, u(q) 


274r\} 
xC(OlL; 000) A rar(q) +-(=) fo 
“ re] 


1 Refer to M. E. Rose, Elementary Theory of Angular Momentum (John Wiley & Sons, Inc., 
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‘ 
P ) T.9tm?6 125 we 


2i+1 
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j (4xr)# 2/44 
Pp ar(q)= Be Couas + ~ Fran? bb + ( 


IN SUPERCONDUCTORS 


(42r)} 4 
+ (Gera -In*) 2 |= ——| C(OLL; OM M)C (OIL ; 000)T' p.¢(q) 
3 l 


4n(2L+1) 
5(2/+1) } 


3\5 4x(2L+1) 


4r\3 
+(=) Tron! > 
‘ I 


As in the g—> 0 case, the Coulomb field represented by 
the presence of the Z(q) term does not couple into the 
equations of motion except for the longitudinal modes 
M=0. Discussion of this case is deferred and the 
transverse cases M #0 are now considered. For a given 
M +0, Eqs. (3.19) represent a set of 2N linear simul- 
taneous equations in Azw and Izy, where N is the 
number of terms present in the spherical harmonic 
decomposition of the two-body interaction (3.7). It 
follows that for a given set of Vz,’s the normal mode 
frequencies of the system may be obtained by setting 
the determinant of the coefficients of the Azy’s and 
I'za’s equal to zero. Once the frequencies have been 
obtained, the Azw’s, T'z’s, and the transformation 
coefficients f and g may be determined. 

For simplicity we consider the case for which all but 
two of the V,’s vanish. It is assumed that the two-body 
potential consists of a term Vo, corresponding to the 
BCS parameter and another, V;, representing the 
angular dependence of the interaction. Since M has 
been taken as nonzero, it is seen that the simplified Vo 
and V,; potential allows the modes to be characterized 


(qo)? = 308 


2(3x2—6) 


x(9+2x°)+— 


where x=%0),4:/24<1. This dispersion relation is 
plotted in Fig. 7 for two values of gi with go=0.25. 
From the figure, it is seen that the curve intersects the 
origin for gi= go. For a value gi <go there is a minimum 
value of x=xm given by (1/g:—1/go)=2%m arcsinx,,/ 
(1—x,”)!, in agreement with the results of the last 
section for the g— 0 case. 


(3) The s-State Exciton 


The above discussion was restricted to that of the 
transverse, M +0, excitations in which the Coulomb 
interaction term Z(q) did not enter into the equations 


3(2/+1) }! 
— C(UIL; OMM)C(AIL; 000)Ara(q)}. (3.19b) 
4r(2L+1) 


( .. 2 
2( _ 
| £1 £0 


2/4r\3 
+ (=) ae S| - ——— | C(2/L; OMM)C(21L; 000)T 4 (q) 
1 


by a quantum number ZL within the approximations of 
the calculation, due to Aoy and Io vanishing identi- 
cally for M #0. Thus, we may speak of a p-, d-, - - -state 


exciton when the additional term in the potential has 


L=1, 2, 


- type angular dependence. 
If the potential contains s- and p-wave potentials, 


V (k,k’) = V oY 00" (8, ¢) ¥ 00( ©?) 


+ VV 1,41" (0,0) ¥1,41(9,®), (3.20) 
the dispersion relations obtained from (3.19) are found 
to be 


i 
(Tmn®+20 yn), (At 


[A:,41(q) modes], (3.21a) 
V; 
1 
—= (T,°+ 311%), 


1 


[T1,41(q) modes]. (3.21b) 
We discard the A mode since it does not exist if the 
system is stable. The dispersion relation (3.21b) for the 
I';,4:(q) mode, when rewritten in terms of explicit 


expressions for the integrals J,; and J,,* becomes 


2x arcsinx 


(1—x?)3 


arcsinx | 


—— arcsinz+- §2*—— | 
(1—2*)! 


(1—a*)! 


for Arw(q) and I'z(q). Before discussing the M=0 
cases, it should be emphasized that the equations of 
motion (3.1) which are the basis of this paper are those 
linearized by Anderson about the BCS ground state 
based on s-state pairing of the electrons. As Anderson*:” 
has pointed out, it is the s-state exciton which corre- 
sponds to a plasmon excitation, due to Z(q) coupling 
into the equations of motion. 

The L=0 mode is considered in the g— 0 limit. 
Because of the singular nature of the direct interaction, 
it is not possible to set g=0 in the calculation, so that 


2 K. Yosida, Progr. Theoret. Phys. (Kyoto) 21, 731 (1959). 
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nQ,y(q)/24 
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qfo 
Fic. 7. The p-state exciton energy as a function of momentum 
q for gs=0.25 and g:=0.24 or 0.25. The parameter £ is the co- 


herence length ~10~ cm. Notice that the exciton states are 
strongly bound only for g~> £. 


the limit g—> 0 must be taken. For our starting point, 
we consider Eq. (3.13b) for the Ioo(q) mode in the 





1=lim 8rV p(q) 
qa 


Since Vp(q)~1/q@’, Eq. (3.26) indicates that in order 

for the limit to be finite, the terms in the numerator 

which are independent of g must vanish: 
(Tram)? VotLom® (1— Vol.) =9. (3.26) 


The validity of (3.26) is shown by considering the 
explicit form of the integrals involved: 


hee 2N(€)A?/E 
Iontt= f — de, 
—hwe (AQ)?—4 EB 


hwe N(e)A/E 
Train’ = 10 f Rite eM 
Jone (hO)2—4E? 


Awe A 
10” mo{ 2 
ave (AOPE 


A 1 1 
+=(— —-——) de 
E\(noy—4k (nay?/ | 


Rese N(e)4AE 
+f pent ivanieer * 
awe ROL (HQ)2—4E2)] | 


(3.27a) 


(—2A 
~ LAV, 


(3.27b) 


where the BCS integral equation! for V»> has been used 
to obtain the first term on the right. With the use of 


Troim (Tnarm+T natm/3) Vo (Lem? +Dm?/3) (1 — Voli”) | 
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q— 0 case: 


(1 -_ Vol n®)Too= lim Z(q)2 V of pain’. 


q0 


(3.23) 


From the definitions (3.5) and (3.9) an expression for 
Z(q) is obtained: 





Vv(q) 4r\ 
Z(q) =) Tymn®Aro(q) 


~ 1—89Vp(q) Imm +Iom*?/3) \ 3 


(4x)! 
+( ("rai + Fi Trai? )Po( 4) 


3 


2/4r\! ; ; 
(=) ronitra(a}. 6.29 
3% 


Since the L=0 mode excitation energy is being con- 
sidered, only the I'o9(q) term in (3.24) need be used in 
substituting for Z(q) into (3.23). Rearrangement of 
terms then gives: 


these relations, (3.26) becomes: 
hwe N(e)A/Ede 
hw (hQyY—4F 


hee N(e)A2/E 
+2 f (1—Vol,, 
fiw (AQ)? — 1k 


2)de (). 


With the validity of (3.26) established, (3.25) reduces 
to 


, 8rV(q) | V of natn’ lL nate? + 1m? (1 — Vols?) ) 
= lim ———— 
~ 3. .| 1— Vol. 


To determine the existence of a plasma oscillation for 
the L=0 mode, (3.28) must have a solution for 
x= (AQ/2A)>>1. Under this condition the term Vol,,2° 
in the denominator is much less than unity and may be 
dropped. The integrals involved in (3.28) are evaluated 


for x>>1 so that, to order 1/27, (3.28) reduced to 


(3.29) 


1=—V p(q)@N (0) £0’. 
6° 


Using Vp(q)=4me?/q? and e&°N (0) = (3/2n°) (Aw,/2A)’, 
where w,’= 4arne*/m, (3.29) gives Q=w, so that the exci- 
tation frequency of this mode is the plasma frequency. 
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(4) The L=1, M=0 Mode 


To complete the investigation of the collective states 
present when only the V» and V;, terms are kept in the 
potential expansion (3.7), we must determine the dis- 
persion relation for the I'yo(q) mode. Setting M=0 is 
(3.19b) we obtain two simultaneous equations involving 
I'oo(q) and I'yo(q). There is no mixing of these modes in 
the equations. The Igo dispersion relation gives the 
plasma frequency as discussed above while the I';o(q) 
mode dispersion relation becomes 

1/ Vi= (J 1°+ 3 yl). (3.30) 
In Sec. III (2) we found the dispersion relation for the 
I':4:(q) modes to be 

1/V i= (11°+ 31”). (3.21b) 
Thus the I'yo(q) dispersion relation can be obtained by 
letting q—> qv3 in (3.22), indicating that for a given 
wave vector q the excitation energy of the longitudinal 
I';0(q) mode is raised above that of the transverse 
I':4:(q) modes. 


IV. CORRECTIONS TO THE ANDERSON-RICKAYZEN 
EQUATIONS 


We consider here the terms in the linearized equations 
neglected by Anderson and Rickayzen. For simplicity 
we treat these terms only in the q—0 case. In the 
equation for 5.'(q), the terms shown in Figs. 2(h) and 
2(i) were neglected. They contribute the factor 
—uyte Dw V (kk) (Av/2Ey) 

X (vero'viers*+yervero) (4-1) 
to the right-hand side of (3.1a) in the limit q— 0, 
while the negative of this factor is added to the right- 
hand side of (3.1b). The exchange scattering vertex 
shown in Fig. 3(a) was neglected in the equation for 
pre(q). Its contribution, 


De Cw’+ qo’ Cure V (k’k) ony .?— V(k+4q, k’+q)0,2 ], (4.2) 


vanishes as q— 0 and does not affect the energy of the 
exciton states in this limit. The inclusion of (4.1) adds 
the term 


1A 
“3 7“ “© V (k,k’ te tee) 


Ex k’ 


(4.3) 


to the right-hand side of (3.6a) and the negative of this 
term to the right-hand side of (3.6b). Introducing the 
variable 


(4.4) 


A 
Rr=X —V (kk) (fe tev), 
k’ Ey 


one finds the M #0 exciton states satisfy the set of 
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Fic. 8. The energy of the L-state particle-hole exciton as a 
function of the L-wave coupling constant gz with go=0.25. For 
gu>O the particle-particle exciton described by Figs. 6 and 7 is 
bound while for g,<0 the particle-hole exction is bound. In the 
absence of the direct interaction Vp, the s-state exciton is essen- 
tially a bound particle-particle (and hole-hole) pair. With the 
inclusion of long-range Coulomb interactions, the s-state exciton 
becomes a plasmon described as a particle-hole pair. 


coupled equations: 
2Ex 


‘mVi > — 
¥ (hQ) 


Ciu= 


emi 4E 2 


(hQ) 2_ AR, 


> Ax hQ 
Rim=T mV 1 -(- )_ _ 
E,/ (hO)?—4EY2 


(4.5) 


2Ax? 
—RiuVi>d- 


© Ey[(h0)?—4Ey2) 


Setting the determinant of the coefficients equal to zero, 
one finds the dispersion relation 


1 1 
(—+1°) (—- 144) +ron?=0 (4.6) 
Vi Vi 
or 


1 arcsinx 1 1 wsarcsinx 
( ‘i _ ey ra ) 
gL x(1—22) £0 (1-2) 


(arcsinx)? 


=0, (4.7) 


1-+ 


for the energy of the I’, exciton. The modification of 
the q— 0 exciton energy given by (4.7) is shown in 
Fig. 6 for go>=0.25 and is seen to be small. A new type 
of excitation follows from (4.7) for gx<0, that is, a 
repulsive rather than attractive L-wave interaction 
between electrons. The energy of this state is shown in 
Fig. 8 as a function of — gz for go=0.25. From the form 
of the coherence factors entering the dispersion relation 
it appears the new state should be interpreted as a 
bound electron-hole pair in close analogy with the 
exciton states occurring in insulators. This interpreta- 
tion is consistent with the fact that the electron-hole 
interaction is attractive when the corresponding elec- 
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tron-electron interaction is repulsive. Thus the electron- 
hole exciton arises solely from the terms neglected in the 


Anderson-Rickayzen equations. 
V. CONCLUSIONS 


While we have approximated the Lth spherical 
harmonic of the two-body interaction by a separable 
potential, Vz(k,k’)=—Vz for |ex|, |en|<fw, and 
zero, otherwise, in general, if the potential is independent 
of crystallographic orientation, the numbers L and M 
remain good quantum numbers for the excitations in 
the limit q—> 0. For a nonseparable potential, i.e., if 
V.(k,k’) is not of the form ¢z(k)¢z*(k’), there may be 
more than one exciton state for a given L and M. While 
the excitons should give a negligible contribution to the 
specific heat, it may prove possible to observe the 
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Waves) by 


thermally-excited odd L 1 
magnetic-resonance techniques. Since the precursor 


excitons (spin 


infrared absorption observed in Pb and Hg by Ginsberg, 
Richards, and Tinkham may be due to creation of 
excitons, it would be interesting to carry out an explicit 
calculation of the absorption coefficient for a thin-film 
geometry in an attempt to reconcile the difference 
between Tsuneto’s prediction and experiment. We are 
at present calculating the infrared absorption due to 
hole-particle excitons. 
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The directional correlation of the gamma rays emitted in the decay of Cd! has been measured with the 
cadmium embedded in the cubic silver lattice in order to observe the electric field gradients produced by 
various solute atoms. The alloys studied contained small concentrations of cadmium, indium, tin, antimony, 
or germanium. The results were compared to various theories of screening and were found to be in agreement 
with a cos(2kr+@)/r’ falloff of shielding charge, where k is the wave number at the Fermi surface. This work 
corroborates recent results of Rowland by an independent method 


I. INTRODUCTION 


HIS paper presents the results of an experiment 

to determine the nature of the screening charge 
around a solute atom in a metal. The recent measure- 
ments by Rowland! of the nuclear resonance signal 
intensity of copper in dilute copper alloys require for 
their explanation that the solute atoms produce 
substantial field gradients at much larger distances 
than previously expected on the basis of a Thomas- 
Fermi screening calculation. An explanation of this 
long-range effect has been put forward by Kohn and 
Vosko.? They show that the field gradients are due to a 
redistribution of the conduction electrons and that the 
long-range effect is a reflection of the sharpness of the 
Fermi surface. The present work provides an independ- 
ent corroboration of these results by use of angular 
correlation techniques. 

In this experiment, the angular correlation of gamma 
rays emitted from Cd"! was used as the probe of the 
field gradients produced by various solute atoms in 
silver. For this purpose, samples of silver were prepared 
to which had been added small quantities of other 
elements. The source of the Cd" was radioactive In' 
produced within the samples by cyclotron bombard- 
ment. After annealing to heal defects, the delayed 
directional correlation of the gamma rays emitted by 
the Cd' daughter nucleus was measured. From it the 
average strength of the electric quadrupole interaction 
in the vicinity of the solute atom was deduced. The 
solute elements used were Cd, In, Sn, Sb, and Ge in 4 
atomic percent concentration, and Ge also in } and § 
atomic percent. The range of effective electric field 
gradient, as extracted from the measurements, was 
found to extend beyond ninth nearest neighbors for 
antimony in silver. This is in good agreement with the 
Rowland’s 


theoretical prediction and_ substantiates 


measurements. 
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?W. Kohn and S. H. Vosko, Phys. Rev. 119, 912 (1960). 


Il. EXPERIMENTAL EQUIPMENT AND PROCEDURE 


A block diagram of the detecting equipment is shown 
in Fig. 1. Phototube No. 2 was mounted on a movable 
platform which rotated about an axis through the 
source, and was driven automatically between positions 
at 90° and 180° relative to tube No. 1. A camera 
automatically recorded the readings of the scalers at 
the end of each 10-minute counting period, at which 
time the movable phototube moved to its alternate 
position, and another 10-minute count commenced. 

The alloys were prepared by mixing pellets of 99.99% 
pure silver with the proper amount of the desired 
solute in a quartz tube, which was then evacuated 
and sealed. The tube was then placed in a rocker furnace 
to melt the pellets and mix the liquid metals. After 
several minutes of mixing, the alloys were quenched by 
allowing the tubes to slide out of the furnace into a 
water bath. Each sample, having a total mass of about 
20 grams, was rolled into a sheet 0.013 inch thick. 
A part of each alloy sheet was sent to the NASA in 
Cleveland for cyclotron bombardment with 40-Mev 
alpha particles. The In", with a half-life of 2.8 days, 
was produced by the reaction Ag'”®(a,2)In™. Although 
other radioactive isotopes were produced, there were no 
other isomeric levels. Therefore, these isotopes did not 
affect the experiment because of the delayed coincidence 
used. Following bombardment, disks 7/32 inch in 
diameter were punched from the sheet, sealed in 
individual tubes, and annealed 
for 24 hours at about 925°C. These disks were sub- 
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Fic. 1. Block diagram of detecting equipment. 
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Fic. 2. Simplified decay scheme of In™, 


sequently used as sources for the angular correlation 
measurements. 

The decay scheme of In'" is shown in Fig. 2. The 
mean life ry of the intermediate state of Cd" has been 
measured by independent investigators** to be 1.22 
10-7 sec. Phototube No. 1 detected the 0.173-Mev 
gamma ray, and No. 2 detected the 0.247-Mev gamma, 
as selected by setting the differential pulse-height 
analyzers on the corresponding photopeaks in the 
pulse-height distribution. The resolution of the coin- 
cidence circuit is shown in Fig. 3, and was measured 
using artificial delays with the simultaneous annihila- 
tion gamma rays from Na”. Periodically, during the 
experimental runs, random coincidences were measured 
by inserting a delay (D2 in Fig. 1) of 3.6 10-7 second. 

The use of thin disk-shaped sources was essential to 
eliminate the need for correction of the measured 
corrrelation anisotropy for preferential absorption of 
the 180° coincidences relative to the 90° coincidences. 
With the normal to the plane of the source positioned 
so as to bisect the angle included between the two 
positions of the movable phototube, the thickness of 
the source from any point in the source toward the 
movable detector was the same for either the 180° or 
90° position. 

Because of the unusual source geometry and uncertain 
scintillant efficiency function, the correction for finite 
size of source and scintillant was not accurately cal- 
culated. Instead, comparisons were made to measure- 
ments using a pure silver source of identical geometry. 
In this source, no quadrupole interaction is expected if 
the In™ occupies a substitutional position, because of 
the cubic symmetry of the lattice. A comparison of 
measurements which were made using various coin- 
cidence delays indicates that there is indeed no attenua- 
tion of the correlation. It is true that there are other 
positions in the lattice with cubic symmetry, but the 


3 P. C. Simms and R. M. Steffen, Phys. Rev. 108, 1459 (1957). 
4A. Maier and K. P. Meyer, Helv. Phys. Acta 30, 611 (1957). 
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high annealing temperature makes it very unlikely 
that In™ nuclei occupy them after the annealing. 


Ill. THE AVERAGE ATTENUATION FACTOR 


The quantity which is measured in this experiment is 
the attenuation of the angular correlation due to 
electric field gradients acting on the Cd™ nuclei. In 
this section we will develop an expression for the 
average of the attenuation coefficient G,(¢) given by 
Abragam and Pound.° This average coefficient is related 
directly to the measured correlation function and 
depends on the delay time and interval of acceptance of 
the coincidence resolution curve. 

The angular correlation function for the gamma 
cascade studied here is 


W (0,t) = 1+-A1G2(wt) P2(cosd). (1) 


The quantity A», has been measured® to be —0.180 
+0.002. According to Abragam and Pound,' for axially 
symmetric fields the attenuation coefficient for this 
isomer is 


Go(wt) = (7+13 coswt+10 cos2wi+5 cos3wt)/35, (2) 


where ¢ is the delay time between the gamma-ray 
emissions and w is the fundamental precession fre- 
quency.’ Because of the finite resolving time of the 
coincidence circuit, and the occurrence of different 
values of w at different lattice sites in the alloys, the 
measured correlation function is an average over the 
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Fic. 3. Coincidence resolution curve. 


5 A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 
*R. M. Steffen, Phys. Rev. 103, 116 (1956). 
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resolving time and the various w’s. The time-integrated 
correlation function, which still is to be averaged 
over w, is 


t2 t2 
f W (0,t)e-*!*™dt Fe f edt 
th 1 


= 1+A o@'2(wrw) P2(cosd), (3) 


where ¢; and /2 are the beginning and end of the sensitive 
time of the coincidence circuit. From Eq. (3) 


“ 1 
G2(wrw) =— 
21 Ee 72 


f Gilwrnx)e-*dx, (4) 


where x=t/ry. Figure 4 shows G2(wry) calculated for 
the values of ¢; and fz used in the experiment. The 
values of ¢; and tg were chosen so as to effect a good 
compromise between sensitivity and counting rate. 

Under the assumption that the electric field gradients 
are due to the solute atoms, the w in Eq. (4) depends on 
the relative positions of the solute atoms and the Cd"! 
nucleus. We assume that the major contribution to the 
electric field gradient at any lattice site comes from the 
nearest solute atom. The measured average attenuation 
coefficient can be written 


G2=Di P:G2(w'ry). (5) 


P; is the probability that the nearest solute atom 
occupies a lattice site in the 7th shell surrounding the 
decaying nucleus. G2(w'ry) is given in Fig. 4. 

To calculate the P;’s, we assume the solute atoms and 
the In" atoms are uncorrelated and occupy random 
lattice sites. Then if the atomic concentration of solute 
is c, the probability that there is no solute atom closer 
to the decaying nucleus than the 7th nearest neighbor is 


r= (1—c)*#<#i~exp[—c D g;], (6) 


i<i 








Fic. 4. Attenuation coefficient vs interaction strength 
for 4; =1.27rw, t2=2.757y. 
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TaBLe I. P; is probability that the nearest impurity is an ith 
nearest neighbor. P; is the probability that the nearest impurity 
is an ith nearest neighbor, and there is no other impurity closer 
than (i+2)th nearest neighbor. 


c=0.005 
Po 
0.0549 
0.6243 
0.0917 
0.0406 
0.0781 
0.0205 
0.119 
0.0124 
0.0662 
0.0392 
0.0347 
0.0241 





c=0.0025 
P; Ps P; 


0.0296 0.0286 
0.0146 0.0135 
0.0556 0.0524 
0.0266 0.0247 
0.0508 0.0483 
0.0164 0.0143 
0.0912 0.0845 
0.0106 0.00964 
0.0607 0.0545 
0.0375 0.0343 
0.0353 0.0321 0.0416 
0.0333 0.0269 0.0369 


~. 


| 


0.0582 
0.0279 
0.1033 
0.0472 
0.0863 
0.0265 
0.1388 
0.0151 
0.0818 
0.0469 


0.1131 
0.0516 
0.1783 
0.0783 
0.1243 
0.0352 
0.1614 
0.0152 
0.0746 
0.0367 
0.0288 
0.0228 


NOUR WH 





where g; is the number of jth nearest neighbors. 
the probability that the nearest solute atom is in the 
ith shell is 

Ps="—i41. (7) 


To check the validity of the assumption that the 
effect of only the nearest solute atom need be considered, 
we calculate the probability that there is one solute 
atom in the ith shell and no other in the next shell or 
closer. This probability is 


‘PY =n,c(1—c)' z mi) -l=ncr;,0/(1—c). (8) 


It is seen from the comparison of P; and P,;™ in Table I 
that even for a concentration as high as 1% only one 
solute atom is important for 70-80% of the decays. 
In the other 20-30%, the field gradient is of the same 
order of magnitude, and no serious error results from 
the simple assumption. 

The experimental correlation function for point 
source and point detectors is expressed in terms of 
Gy by 


W (0)=1+A2G.P2(cos6). (9) 


The effect of the finite size of the detectors has been 
considered by Feingold and Frankel’ who show that 
the measured function is essentially 


W (0) =1+h242G2P2(cos8). (10) 


For this experiment /2 is approximately 0.84+0.03. 
An estimate® of the effect of the finite source shows 
that it changes AG» by less than 2%. Expression (10) 
is used to obtain G, from the measured correlation 
function Wa,(8). 


IV. CALCULATION OF FIELD GRADIENTS 
A comparison of theory and experiment requires a 
calculation of w to evaluate G, by Eq. (5). The is 
7A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 


8 C. A. Giffels, Ph.D. thesis, Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania, 1960 (unpublished). 
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related to the electric field gradient at the decaying 
nucleus by® 


w= (3/20) (eQq/h), (11) 


where g is a measure of the electric field gradient and 
is defined by 
07V 
q=(1 o( -iwv), 
02? 


Several calculations*:® of the shielding charge around 
solute atoms have been made, from which g may be 
obtained. The result for g is given in terms of an 
asymptotic series of which the first term is 


(12) 


g=a(8r/3)dntree(r). (13) 


5Ntree(r) is the screening charge density for electrons 

treated as plane waves, and r is the distance from the 

solute atom to the decaying nucleus. a is an enhance- 

ment factor due to the Bloch nature of the conduction 

electron wave functions and a polarization of the Cd" 

core electrons. For large r, 5?tfree may be expressed in 

terms of the scattering phase shifts 9; for electrons at 
the Fermi surface as 

A cos(2kr+@) 

Qual?) =—————————, 

73 


(14) 


where & is the Fermi wave number, 
A= (1/2x*) {30 1(2/+-1){—sinm cos(m— lr)} P 
+[221(2/+1){—sinm sin(m— lr)} P}} 


> 1(2/+1) sing: cos(ni—/r) 


(15) 
and 


¢=tan"! 


aa 
> 1(2/+1) sin sin(m,— Ilr) 


To evaluate the scattering phase shifts 7, we use a 
semiempirical method.2 The condition that the excess 
charge on the solute ion be exactly compensated by a 
shielding charge of the conduction electrons requires the 
phase shifts to satisfy the Friedel sum rule": 

Z'= 


(2/mr)>-1(214+1)m, (17) 


where Z’ is the valence difference between solute and 
solvent. 

The residual resistivity of a dilute silver alloy is 
related to the phase shifts by 


ditic « 


Ap= )® 1 sin?(m-1—™), (18) 


e 
where c is the atomic concentration of solute. If it is 
assumed that only the two phase shifts mo and m are 
important, then Eqs. (17) and (18) are sufficient to 
determine them. The resulting values of m, m, A, 
and ¢ are given in Table IT. It should be noted that for 
Cd in Ag the measured resistance is smaller than any 


9 J. S. Langer and S. H. Vosko, J. Chem. Phys. Solids 12, 196 
(1959). 
10 J. Friedel, Nuovo cimento 7, 2875 (1958). 
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TABLE II. Scattering phase shifts for solutes in silver with corre- 


sponding amplitude and phase of oscillatory electron density. 








Perturbation 
Semiempirical method theory 


™ A ¢ A 


0.0276 0.194 
0.0456 —0.156 
0.0879 0.517 
0.1118 1.028 
0.0974 0.504 


Solute no 

Cd 0.521 
In 
Sn 
Sb 


0.0255 
0.0510 
0.0765 
0.1020 
0.0765 


0.350 
2.656 0.162 
2.997 0.572 
3.441 0.947 
2.860 0.618 





value obtainable with mo and ; which satisfy the sum 
rule (18). The values given in Table II for mo and n; are 
those which make Apa minimum and are simultaneously 
consistent with (17). The effect of m2 has been investi- 
gated by use of a screened Coulomb potential. Its effect 
on A and ¢ is less than 25%. 

An approximate calculation of the shielding of a 
solute atom by the conduction electrons in a metal 
has been done by Langer and Vosko.$ In this method, 
many-body perturbation theory was applied to calculate 
the screening charge to first order in the inserted charge 
Z'e. The electrons were treated as a free gas with 
uniform positive background. The resulting displaced 
electron density for large r is 

—2¢Z’ cos(2kr) 
bn(r) =— -—_——, 


ne (19) 
m(4+£)? 


r? 


where = 2/mkay and ap is the Bohr radius. For silver, 


cos(2kr+7) 
5n(r) =0.0255Z’——_—_—_. 
r 


(20) 
3 


The values of A and ¢ obtained from this theory are 
compared with the semiempirical values in Table II. 
We see that the two methods give very similar values 
for the amplitude A which is the critical quantity for 
comparison with experiment. In comparing with 
experiment we will use the values obtained from the 
semiempirical method. 
The enhancement factor a in Eq. (13) is defined by 


1+y(r’) 
a= f [ox(e)*1P2(cos0’) ar / 
r'3 
1 
ex P.(c0s0?) dr’, (21) 
r'3 


where ¢,(r’) is the Bloch electron wave function at the 
Fermi surface, k is in the direction from the solute atom 
to the point r,; at which g is being evaluated, and Q’ is 
the angle between r’ and k. y(r’) is the antishielding 
factor": due to the polarization of the core. More than 

1H. M. Foley, R. M. Sternheimer, and D. Tycko, Phys. Rev. 
93, 734 (1954). 


'?R, M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 
(1956). 
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one half of the contribution to a comes from the region 
within 1 Bohr radius of the decaying Cd" nucleus. It 
is just in this region where it is most difficult to calculate 
¢x(r’) accurately. However, since we are only interested 
in calculating a to within a factor of 2, we shall calculate 
it for pure Ag. A partial justification of this procedure 
is given by the experimental results of Drain'® who 
finds that the Knight shift of Cd in a Ag-Cd alloy is 
only 13% greater than the Knight shift of Ag in the 
same ailoy. This suggests that the wave function at the 
Fermi surface in the vicinity of a Ag nucleus is not very 
different from that in the vicinity of a Cd nucleus. 
Thus it seems very unlikely that the value of a cal- 
culated for pure Ag will be different by more than a 
factor of 1.5 from the value for Cd in Ag. This accuracy 
is sufficient for our purposes. 

To calculate a for Ag, we require the Bloch wave 
¢x(r’) in the vicinity of a Ag nucleus. For simplicity 
we approximate ¢ by a single orthogonalized plane 
wave: 


ox(1’) = (1/N) Le’ — 30 Bathnr.o(t’)], 
n,l 
where we have taken the polar axis of r’ to coincide 
with k&. The B,,; are coefficients chosen to make ¢, 


orthogonal to the normalized atomic core functions 
Wn.1.0, from which it follows that 


Bur = fen. o(r’)dr’. 


For convenience we write 
Byr=i'[4r(2/+1) Hoar; (24) 


then the requirement that ¢, is normalized according to 


(1 0) f \on(e)|2de’=1, » CR 


with Q, the atomic cell volume, gives 


N=1—(3/r,°)>° (2/+1) | bni|?, (26) 
n,l 


where r, is the radius of the spherical atomic cell in 
atomic units and is equal to 3.01 for Ag. The 0,,’s 
have been calculated by numerical integration with 


Hartree-Fock atomic core functions of Ag*. The 
results are: 


by = 0.0127, 
boo= — 0.0843, 
b30= 0.321, 
byo= — 1.108, 


'8L. E. Drain, Phil. Mag. 4, 484 (1959). 
14 B. H. Worsley, Proc. Roy. Soc. (London) A247, 390 (1958). 


boy == 0.00325, 
b3,= — 0.0396, 
bay = 0.400, 
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To obtain @ as a simple radial integral, we must 


extract the P2(cos@’) part of ¢,?, that is, 
(ou(r’) P=---+G(r’)P2(cosO)+---, (28) 
and substituting in (21) gives 


i+y(r’) 
a -—2/ Ge) dr’. 


r 


(29) 


G(r’) may be expressed in terms of spherical Bessel 
functions j;(«) and the radial part of the Hartree-Fock 
wave functions R,;(r’) by writing 


ox (r’) = (1/N4) 
x [ei 7-5, 7'(21+1)Pi(cosO’)n,(r’)], (30) 
where 
02(7') => n OaiRni(s’). 


(31) 
The resulting expression for G(r’) is 


G(r’) = — (1/N) [5S jo(2kr’)+-6[01 (9) P— 1271 (kr’)01(r’) 
+1000(r’)02(r’)— 10 jo(kr’)v2(r’) — 10 j2(kr’)vo(r’) 
— (50/7) v2(r’)?+ (100/7) j2(kr’)v2(r’) 
+18 73(kr’)01(1’) — (180/7) ja(Rr’)ve(r’) J. (32) 


To evaluate a, an estimation of y(r’) for Ag+ was 
made by use of the results of Foley, Sternheimer, and 
Tycko” for Rb*+. The contribution to a from the 
atomic cell is 50, of which approximately 70% comes 
from the region r’ < ap. In this region y is approximately 
zero. The insensitivity of a to y is emphasized by noting 
that if y were taken to be zero throughout the atomic 
cell, the contribution to a from the region would be 40 
instead of 50. It should also be noted that in the region 
r' <ao, G(r’) is dominated by the term 6[0;(r’) of (32). 
That is, @ is essentially determined by the p-wave 
character of the Bloch wave function in the vicinity of 
the nucleus. The contribution to a from outside the 
atomic cell was estimated to be 7. When added to the 
above this gives a=57 for Ag. The value of a for Cd 
in Ag is expected to be somewhat larger. 


V. COMPARISON OF THEORY WITH EXPERIMENT 


The comparison of theory and experiment is made 
through the quantity G2 of Eq. (10). To eliminate any 
errors due to inaccurate geometrical corrections Gz was 
obtained by a comparison method. For convenience 
define 

1 + ho A dee 
= (33) 


Wy (180°) 
R= “ - = 
W (90°) 1—0.5h2A oGe 


then 

hyAoGo= 2(R—1)/(R+2). (34) 
The G: for pure Ag should be unity. In order to check 
this, the calculated value of h2=(0.84+0.03), the 
measured value® of A2= (—0.180+0.002), and the R 
found for pure Ag were used to calculate Gs by (34). 
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TABLE III. |w'ry | for various solute atoms. 





Thomas-Fermi Equation (36) with dmfree 
(per unit from Table II 
charge) Cd In Sn Sb Ge 


0.950 2.34 
0.0866 1.32 
0.0145 1.18 
0.00340 0.205 
0.000962 0.518 
0.000306 0.104 
0.000106 0.331 
0.000040 0.069 
eee 0.183 
0.172 
0.0001 
0.125 
0.119 
0.069 
0.096 


Neighbor 





2.68 

1.49 

1.31 

0.216 
0.576 
0.109 
0.367 
0.081 
0.200 
0.191 
0.004 
0.138 
0.133 
0.075 
0.106 


0.930 
0.401 
1.320 
0.688 
0.461 
0.367 
0.359 
0.086 
0.287 
0.134 
0.103 
0.188 
0.099 
0.126 
0.105 


1.26 2.79 

0.566 1.09 

0.349 0.472 
0.013 0.156 
0.172 0.269 
0.001 0.089 
0.100 0.139 
0.047 0.113 
0.041 0.030 
0.060 0.098 
0.017 0.055 
0.030 0.026 
0.041 0.066 
0.013 0.002 
0.029 0.040 
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The result is 0.96-+0.04 which provides a confirmation 
that there are no field gradients present at the decaying 
Cd™ sites. It should be noted that most of the un- 
certainty in the result is due to A». If we now assume 
that G, for pure Ag is unity, then the uncertainty due 
to hz can be eliminated for the alloy measurements by 
using ratios. The measured values of G2 for the various 
alloys are given in Table IV. 

To complete the comparison we calculate from Eq. 
(5) the Gz expected according to the theory outlined 
previously. The frequency corresponding to the nearest 
solute being in the ith shell, w‘ is obtained by combining 
Eqs. (11) and (13): 


2m e’Qa 
w* =— ——$ free(1;) (35) 
5 h 
dttree(7i) is obtained from Eq. (14) evaluated at the 
distance r; to the ith neighbors. The quantity required 
in Eq. (5) is wry, which may be written 


w'ty=33.S5aQniree(Ti), 


with Q in cm? and dfree in cm. 

Estimates'® of Q range from 0.3X10-** cm? to 
10-8 cm*. However, the latter value is based on a field 
gradient estimate using an indium metal model of 
uniform conduction electron distribution and spherically 
symmetric ions, giving an upper limit on Q. 
value is probably at least a factor 10 smaller. 

An alternative to using the above estimates of Q is 
to compare the quadrupole interactions of Cd'""* and 
of In"™5, measured in the same environment. This has 
been done® using the interaction strength for Cd'!* 
measured by Albers-Schénberg ef al.,!* and for In"™5 
by Hewitt and Knight.'’ If one assumes the electric 


(36) 


The true 


18H. Narumi and S. Matsuo, Nuovo cimento 6, 398 (1957). 
16H. Albers-Schénberg, E. Heer, T. B. Novey, and P. Scherrer, 
Helv. Phys. Acta 27, 547 (1954). 
17R. R. Hewitt and W. D. Knight, Phys. Rev. Letters 3, 18 
(1959). 


HINMAN, 


AND VOSKO 

field gradient at the site of a cadmium nucleus in 
indium metal is approximately equal to that at an 
indium nucleus, one obtains Qca=0.31 Orn. Using 
Koster’s'® value for Or, gives Qca=0.26X 10™ cm’. 

A comparison of the calculated values of w‘ry for 
the above theory and the Thomas-Fermi theory’ of 
screening is made in Table III. The value 5X 10-% cm? 
is used for aQ. From Tables II and III in conjunction 
with Fig. 4 one can calculate G» for the various solutes. 
Table IV gives the measured values of G2 along with 
the values predicted by the Thomas-Fermi theory of 
screening and the recent theory of Kohn and Vosko.? 
The values of a@ used in Table IV are 5.0X10-*8 cm? 
and 1.0X10-* cm?. It can be seen from the table that 
the long-range theory is in agreement with the measured 
values. The Thomas-Fermi theory cannot explain the 
results of this experiment. Its inadequacy stems from 
the fact that only two or three shells of atoms surround- 
ing the solute are affected. On the other hand, the 
present results require effects as far out as ninth nearest 
neighbors. It should be noted that due to the un- 
certainty in a and Q, the product aQ is only known to 
lie in the range 2X 10-8 cm? to 1% 10-” cm?. The theory 
is in qualitative agreement with experiment for any 
value in this range. 

To determine a lower limit on the 
oscillations of electron charge density 
of a solute atom, 
simplified model. 

When a decaying nucleus is within a critical distance 
r, of a solute atom, the attenuation coefficient G2(w‘ry) 
is assumed to be zero, that is the correlation is com- 
pletely destroyed. However, if the distance to the 
nearest solute atom is greater than r,, then G2(w‘ry) is 
assumed to be unity. The experimental measurements 
are then used to determine the number of 
contained within a sphere of radius r,. It can be seen 
from Fig. 4 that this simplification is only a crude 
approximation to the true situation, but it serves to 
give a lower limit to the number » of lattices sites 
affected by a single solute atom. 


range of the 
in the vicinity 
it is useful to consider the following 


atoms 


TABLE IV. Comparison of measured and calculated values of Ge. 





G. (theory) 
aQ=5.0 10-8 aQ= 1.0 10-2 
cm? cm? 
Kohn- 
Vosko 


0.845 
0.802 
0.649 
0.586 
0.780 
0.631 
0.573 


Thomas- 
Fermi 


Kohn- 
Vosko 


Thomas- 
Ge (exp) Fermi 
0. 830-40. 031 
0.713+0.015 
0.627+0.022 
0.534+0.032 
0.843+0.016 
0.688+0.019 
0.620+0.013 


Alloy” 


0.937 
0.944 
0.924 
0.920 
0.961 
0.924 
0.906 


0.939 
0.938 
0.946 
0.944 
0.972 
0.946 
0.935 


0.656 
0.469 
0.409 





8G. F. Koster, Phys. Rev. 86, 148 (1953). 
1 N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 





ELECTRIC 


TABLE V. The minimum number n of lattice sites affected by 
a single solute atom with valence difference Z’ and the distortion 
produced by the solute as measured by (1/a)da/dc. 





(1/a)da/dc* 


0.043 
0.067 
0.093 
0.146 
0.0071 
0.0071 
0.0071 


Alloy 


n= — (1/c) InG: 


37.24 7.4 
67.6+ 4.2 
93.44 7.0 
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* Distortion parameter for germanium is taken from W. Hume-Rothery, 
G. F. Lewin, and P. W. Reynolds, Proc. Roy. Soc. (London) A157, 167 
(1936); for other solutes, from E. A. Owen and V. W. Rowlands, J. Inst. 
Metals 66, 361 (1940). 


The probability that there is no solute atom within 
a radius r, of the decaying nucleus is 


f=(i-—c)", (22) 


where c is the concentration of solute. Then in this 
model, 
G.=(1—c)" 
and 
n=|nG2/In(1—c) = — (1/c) InGo. (23) 


Table V gives the values of » deduced from the 
measurements of Ge. It also shows the relative distortion 
of the silver lattice by the various solute atoms. The 
quantity tabulated is 


(1/a)da dc, 


where @ is the mean lattice parameter and c is the 
solute concentration. This quantity is constant over an 
appreciable range of c. The large number of lattice 
sites evidently affected by each solute atom cannot be 
explained by the Thomas-Fermi theory, but it can be 
understood on the basis of the long-range oscillations 
in charge density. It is to be emphasized that the 
numbers in Table V are lower limits, in view of the 


FIELD GRADIENTS 
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fact that G2 is not really as small as zero for the majority 
of the affected lattice sites. (See Fig. 4). For example, 
if one uses G2=0.2 instead of zero for the attenuation 
coefficient obtained when a solute atom is within a 
distance r,, the number of lattice sites affected by the 
antimony atom is 176 instead of 125. Since 0.2 is a 
more realistic average for the attenuation coefficient in 
the region of strong attenuation, the number affected 
appreciably is probably over 150, which must include 
atoms as far away as the ninth shell. The constancy of 
n for the three concentrations of Ge is further confirma- 
tion of our interpretation of the experimental results. 


VI. CONCLUSIONS 


Table V shows that there is a stronger correlation of 
n with the valence difference Z’ than with the distortion 
parameter (1/a)da/dc. Germanium, which distorts the 
silver lattice very little, nevertheless affects almost as 
many atoms as tin. This indicates that the major 
contribution to the electric field gradient at large 
distances from the solute atom is due to changes in the 
conduction electron density instead of a distortion of 
the lattice. 

The long-range oscillations in electron density are a 
consequence of the sharpness of the cutoff of the 
occupation probability at the Fermi surface. The 
amplitude of these oscillations would fall off by an 
additional factor e~“"* if the width of the cutoff were 
Ak. One can estimate from the antimony results, where 
effects to ninth nearest neighbor are observed, that 
Ak<0.09k°. 
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Tunneling Current in Esaki Diodes 


CLAyToN WILson Bates, JR.* 
Solid-State Physics Group, AVCO Research and Advanced Development Division, Wilminglon, Massachusetts 
(Received October 4, 1960) 


The integral giving the net tunneling current flowing across the junction in an Esaki diode, 
Ey 
rma f {f-(E) —fe(E))\Zpc(E)p(E\dE 
gE. 


is evaluated under the normal assumptions that (¢.— EZ.) and (Z,—&,) are of the order of 2k7T. The resulting 
expression is 
I=—A” (E,—E,)?(1—ea¥/*7) 
(m+n)eo?-+ (1ea"/*r)’ 


where A” is an arbitrary constant and m, n, and a are functions of the Fermi levels on both sides of the 
junction, the location of the band edges and the absolute temperature. This expression is plotted as a function 
of the applied voltage for temperatures of 200°K, 300°K, and 350°K for donor and acceptor concentrations 
of 10 cm and 1.6X10"* cm“, respectively. The resulting curves compare quite favorably with those of 





Esaki’s. 


N his now classic paper on internal field emission in 

very narrow germanium /-n junctions, Esaki’ gives 
an expression for the net current flow when the junction 
is slightly biased in the forward direction as 


|) poy ae 


E, 
=4f (f.(E)—f.(E)}Zp-(E)p(E)dE, (1) 
E 


where f,(E) and f,(£) are the Fermi-Dirac distribution 
functions, Z=Z.4.=Z,+-. is the probability of pene- 
trating the gap, p.(E) and p,(Z£) are the energy level 
densities in the conduction and valence bands, respec- 
tively, and A is an appropriate arbitrary constant. If 
Z may be considered to be almost constant over the 
range of voltages involved and parabolic energy bands 
are assumed, this expression reduces to 


Ey 


r=a' f { {.(E)— fe(E)} (E-E.)'(E,y—- E)ME. (2) 
E. 


It has occurred to me and others that nowhere in 
the literature has there appeared an evaluation of this 
integral. It is the purpose of this note to present a 
simple expression for the value of this integral which is 
valid over a wide temperature range. 

Substituting the appropriate expressions for f.(£) 
and f,(E£), Eq. (2) reduces to 


yi(1—y)idy 


1 
I[=A'(E,-—E,?(1—e®' "» f -, (3) 
me*¥ +-ne*—¥) +-« 


0 


* This work was performed under the auspices of the U. S. Air 
Force. 


1 Leo Esaki, Phys. Rev. 109, 603 (1958). 


where 
m= e~be—Ee)/kT 


= E(B a— bo) [kT 
a= (E,—E.)/kT, 
x= (1+e9"/*7), 
and all symbols have the same meaning as in Esaki’s 


paper. 
The trigonometric substitution 
reduces the integral to 


further 


9 
y = COS" 


=— A'(E,—E,)?(1—e#"/*? 


' sin? gd y 
x). ——_—— —, (4) 
» me a/2) cosg_|. ne —(a/2) cose ty! 


where «’=xe~®?, 
Under the assumption that 


(¢.—E.)~2aT, 
(E,—&)~2aT, 


such that m and m are about 0.1 and a< 10, then to a 
first approximation the current can be shown to be 
equal to 


where A” is another constant. This checks exactly 
with the first term of an expansion of the denominator 
given by Klamkin.? 

In his paper Esaki gives curves of J vs V for tempera- 
tures of 200°K, 300°K, and 350°K for a junction with 
donor and acceptor concentrations of 10'° cm-* and 
1.6X10*° cm~. These curves computed by numerical 
integration, are reproduced in Fig. 1, with Eq. (5) 


Be Murray S. Klamkin, AVCO-RAD technical release, August 
17, 1960 (unpublished). 
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Fic. 1. Comparison of Esaki’s 
curves of J vs V with those ob- 
tained by use of Eq. (5). 


I (electron-volts)® x107> 





qv 
» (Ey- Eg)? (1-¢ +7) 





e 
; av 
(m+n)e2 +(l+e <a 











plotted for comparison. The constant A” was adjusted 
so that the maximum value of the current for any two 
corresponding curves were equal. 

It is to be noted that the expression given above 
agrees quite well with Esaki’s results, especially as 
regards the positions of the maximum currents which 
are exactly the same as Esaki’s. 

Since the derivative of this expression with respect 
to V gives the conductance G=0//0V = f(V,&.,&), 
one may use this to determine the location of the peak 
current as a function of V and the Fermi levels on either 
side of the junction. Mr. Harry Lockwood of the General 
Telephone and Electronics Laboratories in New York 
City is now applying this expression to experimental 


0.06 0.08 


APPLIED VOLTAGE (volts) 


0.10 


units with known 
appear promising. 


parameters. Preliminary results 
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Bleaching and Recovery of F Centers in KCl}* 


Loretta E. SittverMANT AND L. I. GrosswEINER 
Department of Physics, Illinois Institute of Technology, Technology Center, Chicago, Illinois 
(Received October 12, 1960) 


F centers in KCl are optically bleached at room temperature with a minimum light energy of 20.1+1.0 
ev per F center. The F band is recovered on further room-temperature x raying with a minimum energy 
of 69+5 ev per F center. The increase in the M and R bands during optical bleaching of the F band is 
nullified upon the recovery of the F band by further x raying. The recovery kinetics are of second order in 
the number of optically bleached F centers with a rate-constant of (7.9+0.8)x10-* cm*/F center-sec. 
The rate law requires an energy transfer from the bulk lattice and is consistent with an exciton mechanism. 





INTRODUCTION 


HERE has been considerable recent interest in 

the energetics of the production and optical 
bleaching of F centers.'-* It undoubtedly has been 
observed by many workers that bleached F centers are 
recovered on further x raying at a smaller energy 
expenditure than for initial coloration. It does not 
appear that the recovery process has been investigated 
quantitatively. This paper reports experiments in which 
KCl single crystals were alternately x rayed and 
optically bleached at room temperature, with the object 
of evaluating the energetics and kinetics of recovery. 


EXPERIMENTAL DETAILS 


The experiments were done with Harshaw KCl, 
cleaved into 1 cmX1 cmX (0.77+0.05) mm samples 
from several larger blocks. They were x rayed in vacuum 
at room temperature in a stainless steel sample holder 
previously described.’ The x-ray source was a General 
Electric CA-6 tube with copper target, operated 
half-wave rectified at 40 kv. The emergent x rays were 
filtered by a 0.8 mm beryllium window on the sample 
holder. The irradiated face area was 0.32 sq cm. 
Crystals were x rayed at 15 ma to attain a maximum 
F-band optical density near unity (8X 10'* F centers 
per cc), stored in the dark about 12 hours, optically 
bleached with a tungsten filament lamp, and then x 
rayed at 5 ma in several stages until the original F-band 
height was recovered ; in some cases a second bleaching 
and recovery cycle was done. All optical absorption 


+ Presented at the American Physical Society, Washington, 
D. C., April 25-28 (1960). 

* Supported in part by the U. S. Atomic Energy Commission. 

¢ Submitted in partial fulfillment of the requirements forgthe 
degree of master of science in physics at Illinois Institute of 
Technology; present address: Electronics Research Division, 
Armour Research Foundation, Technology Center, Chicago 16, 
Illinois. 

1L. I. Mador, R. F. Wallis, M. C. Williams, and R. C. Herman, 
Phys. Rev. 96, 617 (1954). 

2H. W. Etzel and J. G. Allard, Phys. Rev. Letters 2, 452 (1959). 

3P. V. Mitchell, D. A. Wiegand, and R. Smoluchowski, Phys. 
Rev. 117, 442 (1960). 

4H. Rabin and C. C. Klick, Phys. Rev. 117, 1005 (1960). 

5R. D. Jordan and R. S. Alger, J. Appl. Phys. 31, 747 (1960). 

6 W. E. Bron and A. S. Nowick, Phys. Rev. 119, 114 (1960). 

7A. R. Reinberg, thesis, Illinois Institute of Technology, June, 
1959 (unpublished). 


measurements were made at liquid nitrogen tempera- 
ture on a Beckman DU spectrophotometer. It was found 
that prolonged dark storage of bleached crystals induces 
changes in the color-center bands; therefore, all experi- 
ments were completed without interruption after the 
first bleaching. 

The x-ray energy absorbed by the crystal was 
measured with a Fricke dosimeter consisting of 0.1M 
FeSO, in 0.8N H,SO,, using a “G” of 15.1 ion-pairs 
per 100 ev.’ The measurements were made in a lead- 
shielded polyethylene cell with a 0.003 cm acrylic 
plastic window, located to intercept the same part of 
the x-ray beam as the KCl crystal. The solution 
thickness was 0.94 cm, equivalent to the average x-ray 
absorption by the crystal. The rate of energy absorption 
was 2.6X 10'* ev per minute at 15 ma. 

The energy of the bleaching light was measured with 
the potassium ferrioxalate actinometer as described by 
Hatchard and Parker.’ Light absorption by the acti- 
nometer solution above 540 muy is too low for accurate 
calibration and the measurements were made with a 
bandpass filter peaking at 485 mu. The light energy 
incident on the filter was calculated from the chemical 
conversion by integrating the filter transmission, acti- 
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(ev) 


C 


F LIGHT ENERGY ABSORBED 


TOTAL NUMBER OF F_ 








3 4 5 6 
F LIGHT ENERGY ABSORBED xX 107'® ev 
Fic. 1. Bleaching of KCI F centers at room temperature. 
. M. Frilley and M. Lefort, J. phys. radium 20, 516 (1959). 
°C. G. Hatchard and C. A. Parker, Proc. Roy. Soc. (London) 
A235, 518 (1956). F 
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TaBLe I. Effect of alternate x raying and optical bleaching at room temperature on the optical densities of the M, Ri, and Rz bands, 











M band (800 my) 


Initial Bleach 
x ray 1 


0.157 
0.151 
0.145 
0.162 
0.118 
0.106 
0.118 


R,; band (650 my) 
Bleach 
1 


R: band (725 my) 
Initial Bleach 
x ray 1 
0.007 
0.002 
0.006 
0.015 
0.017 
0.013 
0.000 


Bleach 
time 
(min) 


Initial 
x ray 


Bleach 
2 


Bleach Bleach 
2 2 


Recovery Recovery 
0.013 
0.021 
0.000 
0.016 
0.031 
0.029 
0.000 


Recovery 








0,007 
0.019 
0.008 
0.015 
0,033 
0.007 
0.017 


0.062 
0.057 
0.018 
0.058 
0.067 
0.083 
0.049 


0.5 0.061 
1.0 0.045 
2.0 0.045 
4.0 0.060 
5.0 0,068 
10.0 0.064 
60.0 0.054 


0.147 
0.132 
0.155 


0.020 
0.030 
0,043 
0.082 
0.128 
0.094 
0.150 


0.016 
0.027 
0.020 
0.013 
0.041 
0.019 
0.011 


0.017 
0,026 
_ 0.044 


0.019 
0.014 
0.044 
0.095 
0.137 
0.133 
0.169 


0.019 
0.021 
0.045 
0.126 
0.136 
0.174 


0.120 
0.098 
0.153 


0.087 
0.105 
0.110 


0.056 
+0.004 


0.015 
+0.003 


mean 0.057 
+0.003 


0.021 
+0.003 


0.009 
+0.003 


0.016 
+0.003 





nometer absorption, and quantum yield. The relative 
bleaching lamp output was calculated from its measured 
color temperature (2725°K) with Wien’s law, corrected 
for the spectral emissivity of tungsten.” From the 
485-my calibration point, the spectral energy incident 
on the crystal was calculated. This was integrated over 
the 78°K F band for a maximum optical density of 
unity. Although the area under the KCl F band is 
almost independent of temperature," a correction was 
made to account for the spectral distribution of the 
bleaching lamp. The ratio of the room temperature 
F-band light absorption to that at 78°K was 1.44 for 
the F-center concentrations used. Corrections for small 
changes in height from run to run were made by 
assuming that the light absorption is proportional to 
the product of the band maximum and half-width. In a 
typical experiment the light absorbed in the room 
temperature F band, from 480 to 640 my, was 2.39 
X 10" ev per sec. 


RESULTS 


The energy efficiency for optical bleaching of the F 
band at room temperature was determined for crystals 
bleached for various short times. The F-center concen- 
tration was determined with Smakula’s formula for an 
oscillator strength of 0.81. Figure 1 shows the number 
of bleached F centers as a function of the absorbed light 
energy—each point is a separate run. The ordinate is 
the total energy absorbed per total number of F centers 
bleached at that energy, and was chosen only for 
convenience in giving a linear plot over this region. 
The intercept of the “least squares” best line is 20.1 
+1.0 ev per F center. This corresponds to an average 
quantum yield of 0.11 F centers bleached per photon, 
which is in fair agreement with the value of 0.14 to 
0.17 obtained by Bron and Nowick.*® 

Figure 2 illustrates a typical recovery experiment. 
A crystal was x rayed to a maximum F-band optical 
density near 1.0, bleached for 60 minutes, x rayed to 
recover the F band, and bleached again for 60 minutes. 


1 P, §,. Shurrager, Armed Services Technical Information 
Agency Report ASTIA-207460 (unpublished). 

uJ. D. Konitzer and J. J. Markham, J. Chem. Phys. 32, 843 
(1960). 


The M and R band changes induced by bleaching the 
F band are nullified on recovery of the F band. Table I 
summarizes data for various bleaching times. In each 
case the F band maximum after initial x raying and 
recovery was the same and near unity. Within the 
limits of precision, the M and R band changes are 
reversible for all runs. The ratio of the R. to R; band 
maxima for all points is 1.062+0.020. The constant 
value is in agreement with the results of Herman, 
Wallis, and Wallis.” 

The kinetic data for recovery of the F band show a 
linear dependence of (Z/N) against E, where WN is the 
number of F centers recovered at energy E(ev)—Fig. 3. 
If the linear relationship is followed exactly, i.e., 


(E/N)=mE-+5, (1) 


then the reciprocal of the slope m is the maximum 
number of F centers that can be recovered and the 
intercept } is the minimum differential recovery energy. 
Table II shows that the product of the measured slope 
of Eq. (1) and the number of F centers optically 
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Fic. 2. Optical densities of the F, M, R:, and Ry band maxima 
_ during optical bleaching and recovery. 


#2 R. Herman, M. C. Wallis, and R. F. Wallis, Phys. Rev. 103, 
87 (1956). 
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TaB.e II. Comparison of the number of optically bleached / 
centers with the calculated maximum number of F 
recovered. 
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Fic. 3. Recovery of the F band as a function of absorbed x-ray 
energy and optical bleaching time. 


bleached, as measured with the spectrophotometer, is 
close to unity for various bleaching times. Thus, the 
calculated number of F centers ultimately recovered 
can be identified with the number optically bleached. 
This indicates that the x-ray energy absorbed during 
recovery is predominantly used for conversion of 
bleached F centers and not for the production of new 
ones, and strongly suggests an energy transfer process. 
The average value of the intercept gives a minimum 
differential recovery energy of 69-5 ev per F center 
there appears to be only a random variation with the 
number of F centers bleached. (The choice of exper- 
iments in Fig. 3 gives the appearance of a systematic 
variation of intercept with optical bleaching time, which 
is not shown by the data in Table IT.) 

A plot for fresh crystal is shown on the same figure. 
The growth clearly displays the two-stage process 
described by Mitchell, Wiegand, and Smoluchowski.’ 
It should be noted that Etzel and Allard? analyzed 
growth of the NaCl F band in this way and did not 
report an abrupt change in slope. The minimum energy 
required to darken fresh KCI is 80 ev per F center, 
which is in fair agreement with other measurements.® 
The small difference between the minimum energies 
for recovery and initial darkening is consistent with the 
suggestion of Rabin” and others that initial coloration 
utilizes negative ion vacancies already in the crystal. 


DISCUSSION 


Table II shows that the F-band recovery process is 
in quantitative agreement with Eq. (1) if the maximum 
number of recoverable F centers is identified with No, 
the number optically bleached. The differential equation 
integrating to Eq. (1) is 


(dN/dE)=k(No—N)?, (2) 
8H. Rabin, Phys. Rev. 116, 1381 


1959), 


centers* 
bleached, No 


5.35 10" 
7.81X 10" 
8.33 10" 
9.85 X 10" 
8.08 10" 
10.40 10 
11.48 10" 


time 
(min) 


Slope 


1.41 10-5 
0.98% 10-15 
1.38 1075 
1.29 1075 
1.23 107"5 
0.99 10 
1.03 107" 
Mean 


(ev per 


Slope X No F center) 


0.754 
0.766 
1.148 
1.266 
0,998 
1.031 
1.188 


1.02+0.05 


72.73 
105.86 
60.54 
54.93 
60.45 
81.04 
48.60 


69+5 





* As measured at F-band maximum with spectrophoto 


where b= (kN,?)—'. Equation (2) can be written as 
(dN /dt)=k(dE/dt)(No—N)?, (2’) 


for constant rate of energy absorption. This represents 
a process which is of second order in the number of 
unrecovered F centers. A simple physical model is 
applicable. Consider a volume-kinetic recombination 
of free electrons with negative-ion vacancies: 


(dN /dt)=k'n(No—N), 


where n is the number of free electrons and (N»—.V) is 
the number of bleached F centers. A comparison of 
Eq. (2’) and (3) shows that the number of free electrons 
must be 


n= (k/k’)(dE/dt)(N o—N). (4) 


(1). From the 
data of Table II, a best value of (2.25+0.22)10-* 
(ev-F center)“ is obtained. The conventional rate- 
constant in concentration units is obtained by multi- 
plying by the volume of irradiated crystal, 0.0246 cc, 
and the rate of energy absorption, 1.4210" ev per 
sec, giving a second-order recovery rate-constant of 
(7.940.8) X 10-™ cc per F center-sec. 

Equation (4) shows that the steady-state number of 
free electrons is of first order in the number of negative- 
ion vacancies. This cannot be the case if the electrons 
utilized in recovery are generated directly in the bulk 
lattice. Since the M and R bands show reversibility 
with the F band during recovery, it is reasonable to 
assume that they are the predominant source of the 
free electrons, although other traps may also con- 
tribute. A plausible mechanism for the energy transfer 
process is the ionization of trapping centers by excitons 
generated in the bulk lattice. We can discuss the rate 
processes which might occur and make rough estimates 
of the magnitudes. For a linear dependence of on x-ray 
intensity, excitons must be generated at a rate far from 
saturation and disappear by a fast first-order process. 
At steady state: 


The constant & is given by (m?/b) of Eq. 
? 


q= (r,/€)(dE/dt), 
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where g is the number of excitons, 7, is the exciton 
lifetime, and ¢ is the minimum energy to produce an 
exciton. If it is assumed that the collisions between 
excitons and trapping centers obey classical kinetic 
theory, the number of free electrons during x raying is 
given by 

n=Tp0Vq(No—N)q, (6) 


where r, is the lifetime of a conduction electron, @ is 
the cross section for ionization of a trapping center by 
an exciton, and 2, is the thermal velocity of the exciton. 
Substitution of Eq. (5) into Eq. (6) gives the depend- 
ence required by Eq. (4). 

lor a numerical estimate, « may be taken as 10 ev, 
Tq as the optical exciton lifetime of 10-* second, and ¢ 
as 10- sq cm. The mean lifetime of a conduction 
electron against trapping by an F center has been 
calculated by Redfield as 7X 10-" sec at 200°K. If it 
is assumed that this is the predominant process estab- 
lishing a steady-state electron concentration at 300°K, 


4A. G. Redfield, Phys. Rev. 94, 537 (1954). 
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r, can be taken as 10~° sec. Finally, v, from the exciton 
effective mass'® is about 10’ cm/sec. Substitution of 
these quantities gives a value for m of ~10-°*(dE/dt) 
(No—N). This may be compared to the experimental 
recovery rate if a value is assumed for k’, the rate- 
constant for the reaction between free electrons and 
negative-ion vacancies. Again from kinetic theory, for 
a capture cross section of 10- sq cm and an electron 
velocity of 10’ cm/sec, k’ equals 10~7 cc per electron-sec. 
Thus, (k/k’) equals ~10-**, Although the agreement 
is fortuitous, these calculations show that an exciton 
transfer mechanism is consistent with the observed 
recovery process. 

A final point is that the energy required to recover 
F centers is independent of the extent of optical 
bleaching. This suggests that the recovered F centers 
are isolated and not clustered, which is consistent with 
the conclusion of Konitzer and Markham" that “the 
F center is in a perfect lattice, no matter how it ismade.” 


> W.R. Heller and A. Marcus, Phys. Rev. 84, 809 (1951). 
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Expressions for the attenuation ag and a, of plane dilatational 
and shear sound waves are obtained by solving the Boltzmann 
transport equation for the electron distribution function f without 
assuming the existence of a relaxation time 7 for the collision term 
in this equation. Instead the collision integral is considered to 
arise explicitly from the interaction of electrons with thermal 
phonons and impurities. Making the usuai “ideal metal” assump- 
tions, it is found that the attenuation in general clepends on a set 
of effective relaxation times rz which are associated with the 
various terms in the expansion of f in a series of spherical har- 
monics VY; (@,¢); the tz are independent of the subscript M, 
and hence the same set {7z} determines both ag and a;. Explicit 
expressions for rz are derived. 

For the case in which all the rz equal to one another and equal 
to 7 say, the analytical expressions for ag and a obtained here are 


INTRODUCTION 


ELOW about 20°K, the attenuation of ultrasonic 
waves in metals arises primarily from their inter- 
action with the conduction electrons. Pippard! gave an 
extensive kinetic treatment of this phenomenon in 
terms of the free-electron model of a metal. His basic 
idea is that the steady-state distribution of the elec- 
trons, determined under the combined influence of the 
electric field set up by the sound wave passing through 
the metal and the collisions of the electrons with lattice 


1A. B. Pippard, Phil. Mag. 41, 1104 (1955). 


the same as those of Pippard. However, usually rz are not equal 
to one another. It is then found that when A>! (A is the wave- 
length of the sound wave and / a mean free path of the electrons), 
7 in Pippard’s expressions must be replaced by 7, and, coritrary 
to what is usually assumed, a would not be in general proportional 
to the electrical conductivity ¢ (o«<7,). When \<I, the attenua- 
tion, with one exception, is independent of {rz} and is the same 
as that given by Pippard. For A~/, and rz not equal to one 
another, a may be calculated numerically if the ratios rz/7 are 
known: the results of one such calculation show that the devia- 
tions from Pippard’s analytical expressions are at most about 
20%, provided 7 in the latter is identified as re. 

Lastly, the possible influence of electron-electron collisions on 
attenuation is briefly discussed. 


vibrations and other defects in the metal, is not identical 
with that which the electrons would have if they were 
locally in thermal equilibrium. Hence there is a dis- 
sipation of sound energy into heat energy. Steinberg,? 
using Pippard’s model, formulated the problem in terms 
of the Boltzmann transport equation. In both these 
treatments the existence of a relaxation time 7 for 
collisions is assumed. In the Boltzmann formulation 
this assumption is expressed by the equation 


[of OF \eon - (f- f), T, (1) 


-M. S. Steinberg, Phys. Rev. 111, 425 (1958). 
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where the term on the left-hand side is the collision in- 
tegral in the transport equation, f is the distribution 
function of the electrons, and f is the distribution func- 
tion which the electrons would have in the presence of 
the sound wave if they were locally in thermal 
equilibrium. 

As a next step, it is clearly desirable to ask, firstly, as 
to what extent Eq. (1) is valid and, secondly, as to 
what value (or values, if different) of + should be used 
in the various expressions for the attenuation of plane 
dilatational and shear sound waves. The answers to these 
questions naturally depend on the form of the inter- 
actions that give rise to the collision integral. Paren- 
thetically, it may be mentioned that the comparison of 
theoretical results with experimental data is generally 
made by assuming that the 7 for the attenuation prob- 
lem is the same as that appearing in the expression for 
the electrical conductivity of a metal. 

In this paper we consider the collision integral to 
arise explicitly from the interaction of electrons (1) with 
thermal phonons or lattice vibrations and (2) with any 
impurities present in the metal, and obtain the relevant 
solutions of the transport equation which determine the 
attenuation of plane dilatational and shear sound waves. 
We make a number of simplifying assumptions and 
approximations. Principal among these are the use of 
the free-electron model for the metal, and of the colli- 
sion integral derived by Bloch* for the electron-phonon 
interaction. We also make all the other usual assump- 
tions on which the celebrated Bloch-Griineisen formula 
for the electrical conductivity of a metal is derived.‘ 

The starting point of this investigation is the ex- 
pansion of f in a series of spherical harmonics Y z.(6,¢). 
Our results are then most conveniently expressed by 
formally introducing a set of effective’ relaxation times 
tim Which are associated with the various terms in this 
expansion. For the assumptions mentioned above, the 
tim are found to be independent of the subscript M. 
The determination of attenuation entails the solving 
of an infinite set of linear algebraic equations, and 
analytical expressions for the attenuation are obtained 
in this paper for the following three cases: (1) when the 
wavelength \ of the sound wave is much larger than a 
mean free path / of the electrons; (2) when \</; and 
(3) when there is no restriction on A but all rz 
(L=1,2,3,---) are equal to one another. When 7, are 
not all equal, as is usually the case, and when A~/, one 
has to obtain the attenuation numerically. This can 
be done if the ratios r,/7; are known, and the results 
of one such calculation are discussed in Sec. 6. 

A comment on the method of calculating the attenua- 
tion may be usefully made here. Pippard calculated the 
attenuation by essentially calculating the Joule heat 
associated with the steady-state electronic current. In 


*F. Bloch, Z. Physik 59, 208 (1930). 

‘See, for example, A. H. Wilson, The Theory of Metals (Cam- 
bridge University Press, New York, 1954), 2nd. ed., Chap. 9. 

5 See comments following Eq. (30). 
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this method it is the electrons which irreversibly lose 
some of their energy to the thermal energy of the 
metal, the sound wave somehow supplying to the 
electrons an equivalent amount of energy at the same 
rate. Steinberg, on the other hand, set up the equations 
of motions for wave propagation in the metal by adding 
to the elastic stress tensor a kinetic stress tensor associ- 
ated with the steady-state distribution function f. In 
this paper, we set up the equations of motion for the 
ions by considering somewhat more explicitly the forces 
on the ions which arise from the electron-ion interaction. 
We assume that the total force on the ions is composed 
of (a) the force due to the electric field set up by the 
sound wave, (b) the force due to the transfer of mo- 
mentum to the ions in electron-ion collisions, and 
finally (c) an elastic restoring force independent of the 
electron-ion interaction. If the r, are all equal to one 
another [case (3) above ], the results on attenuation by 
our method are, of course, identical with those obtained 
by Pippard and Steinberg. 

In Sec. 2 of this paper the problem is formulated in 
terms of the Boltzmann equation and the method of 
calculating the attenuation is described. In Sec. 3 the 
collision integrals due to electron-phonon and electron- 
impurity interactions are analyzed and explicit expres- 
sions for rz are derived. The relevant solutions of the 
transport equation are obtained in Sec. 4 and the 
various expressions for the attenuation in Sec. 5. 
Finally, the results are discussed in Sec. 6; here the 
possible influence of electron-electron collisions on 
attenuation is also briefly discussed. 


2. BASIC EQUATIONS 


Let an ultrasonic wave of wavelength \ in the metal 
be characterized by a displacement s and particle 
velocity u; for a plane wave travelling in the positive 
z direction, 

s=spe*t-*2),  Qs/dt=u, (2) 
where k=2x/\. For a dilational wave s and w are 
parallel to the z axis. For a shear wave we shall take s 
and u to be along the «x axis. 

In the presence of a sound wave a certain electric 
field F is set up in the metal. The stationary distribution 
f for the electrons will then be determined by the 
Boltzmann transport equation: 


af eF of 
= rans +—-grad,f= | , (3) 
t coll 


m at 


where v is the velocity of an electron, and e and m its 
charge and mass, respectively. In terms of f the elec- 
tronic current density J, and the number of electrons 
N per unit volume are given by (/ is Planck’s constant) 


2em 2m$ 
J=( > ) f var, va— f pov. (4) 
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Integrating (3) over all v, one obtains 


aN of 
—+(1/e) aivs.= {|= | dv=0. (S) 
al Ot Noor 


In (5) the second equality arises from the fact that the 
number density of electrons does not change due to 
collisions. Equation (5) is just the equation of continuity. 

Next one relates F to the total current density J= J, 
—Noeu by Maxwell’s electromagnetic equations (in 
Gaussian units): 


oJ, ou oF 
curl curlF= —c [ae(- —Ne—)+— | (6) 
al al or 


where No is the number density of electrons in the un- 
disturbed metal, and where we have neglected—as we 
shall do throughout this paper—powers of u higher 
than the first. If the collision term in Eq. (3) is known, 
Eqs. (2) to (6) are sufficient to determine completely f 
and F in terms of the particle velocity u associated 
with the sound wave. 

In accordance with the remarks made in the Intro- 
duction, the equations of motion for wave propagation 
in the z direction may be written as 


vs ds 
= psB— aad NoeF+I., 
or 02? 


where p is the density of the metal. The first term on 
the right-hand side of (7) arises from the elastic restor- 
ing force and @ is the square of the velocity of the wave 
arising from this force, i.e., in absence of the electron-ion 
interaction or the terms —NoeF and I,; the second 
term —NoeF is the force per unit volume on the ions 
due to the electric field F set up by the wave, and finally 
I, is the momentum imparted to the ions per unit time 
per unit volume by the electrons in collisions with the 
ions; I, is given by 


2m3 of 
I_.=- (~~) f= dy. (3) 
h Ot Soot 


The last two terms in (7) lead to a force which is out 
of phase with the displacements of the ions and hence 
are responsible for the attenuation of the wave. 

On substituting (2) into (7) and putting k= ki—iky, 
one can obtain the velocity V=w/k, and the intensity 
attenuation a in nepers/cm as 2ko. When k2/k<1, as is 
the case in the problem considered here, we may pro- 
ceed as follows: Let w?/k?=Z=Z,+iZ.2, where Z; and 
Z, are real. Then, if powers of (k2/ki) higher than the 
second are neglected, it may be shown that 


am (w/ V*)Zo, (9a) 
and 


V2~Z,[14+-302/4k,?]. (9b) 
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3. ANALYSIS OF THE COLLISION INTEGRALS 
AND AN INTEGRATION OF THE 
BOLTZMANN EQUATION 


For convenience, we first introduce the following 
symbols, etc. : 

The wave vector of an electron will be denoted by K, 
and its energy by Ex. In the free electron approximation 
(h=h/2x), hAK=mv, Ex=h*| K\*/2m. The values of 2, 
K, and E at the Fermi surface will be denoted by 1, Ko, 
and Ep, respectively. v7» and No are related by 

mvy= h(3.No/8r)'. (10) 
fo, the thermal equilibrium distribution function for the 
electrons in an undisturbed metal, and f are given by 


fo( K) = {exp[(Ex— Eo) xT |+1} - (11) 


— fh? | mul? = 

f( K)=; exp| (- K—-— ~ Fabs) [at | , 
| 2m | hh 

(12) 


where £, is introduced in (12) to include the changes 
in the number density of the electrons associated with 
the passage of a dilatational wave. (Z,=0 for shear 
waves. ) 

The direction of K will be specified by the polar 
angles (6,¢); we take the direction of propagation of 
the sound wave (z axis) as the polar axis and measure 
the azimuthal angle ¢ from the z-x plane. For conveni- 
ence the spherical harmonics Y,4(6,¢) will be defined as 


Yp-u(0,e)=PL “ (cos?) cosM Yy for 


O< MCL, 
and 


Yiu(0,¢)=P,'™"!(cosé) sinMge for —L<M<O, 
where P;,“(cos@) are the associated Legendre poly- 
nomials. The expansion of f in spherical harmonics will 
be written as 

Ofo 

f=fo—u— ” Crm(K)Y rm (6,¢), (13) 

OF, LM 
where the summation, in general, is over all integral 
values of L, including zero, and over all M such that 
—L<M<L. The coefficients in a similar expansion 
for f will be denoted by Cz(K). To the first power in 
u, the only nonzero Crm are Cyo=mv and Coo= Ey/u 
for the dilatational waves and C,,= mv for the shear 
waves. We shall also write (13) in the form 


Ofo ne 
f=f—u— ¥ crm(K)¥ ru (6,¢), 
OEx LM 


(14) 
with 


crm(K)=Crim(K)—Crm(K). (15) 
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3.1. Electron-Phonon Interaction 


The Bloch collision integral is discussed in detail in 
Wilson‘ and is given by [Wilson, Eq. (9.33.6) ] 


z 
al L. 1 


-—_r* = | rote +1)/ (K+q)(1—/(K)) 

K)(1—/(K+q)) ]XQ(Ex— Exyq+hvq) 

+[o_.f(K+q)(1—/(K))— (at_,+1)/(K) 
X(1—f(K+-q)) ]Q(£x— Exyq—hv,)}, 


—MNof( 


(16) 


where q is the wave vector of a phonon of frequency »v, 
(=wolq|/2x, wo being an average velocity of sound) 
and energy hvg, © is the Sommerfeld-Bethe electron- 
phonon interaction constant, U is the volume of the 
crystal under consideration, M, is the mass of an atom, 
n, the number density of atoms, and 2, is the phonon 
distribution function. 


sin (xt/h) — 
Q(x) = ae -, f Q(x)dx= ah. 


x in 


(17) 


Q(x) acts as a kind of 6 function differing from zero only 
when x=0. Finally the summation in (16) is over all 
values of q, lying within a sphere of radius go= (67°n,)! 
(Debye spectrum for phonons). 

The collision integral (16) vanishes if we substitute 
into it for f(K) and ,, respectively, the corresponding 
thermal equilibrium distribution functions, namely, 
fo(K) from (11) and 2%,°, where 


=[exp(hv,/xT)—1}". (18) 


The collision integral also vanishes for {(K)= f(K) and 
MNq=N,, where 


N= {exp[(hv,—hq- u)/«T]—1}-. (19) 


However, the collision integral (16) does not vanish if 
we set {(K)= f(K) and %,=%,". This shows that when 
the electron gas is at rest, f(K) and 2, relax due to 
collisions towards fo(K) and %,°; on the other hand, 
when the electron gas contained in a macroscopic ele- 
ment of volume possesses a mass motion (as in the 
presence of an impressed sound wave), we may assume 
that f(K) relaxes due to collisions towards f(K), pro- 
vided we assume also that SU, relaxes towards Ny. We 
note that the phonon gas represented by N, also has a 
finite macroscopic momentum; this is not unreasonable 
since the sound wave passing through a metal, imparts 
momentum to an element of the metal as a whole.® 


* It will be realized that the above argument is, by no means, 
rigorous, since we have assumed that the collision integral itself 
is not modified due to the impressed sound wave and that the 
collision events can be considered, to some extent at least, localized 
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Now in order to determine the steady-state distribu- 
tion function f(K) from (16) and the transport Eq. (3) 
we should, to be consistent, write similar equations for 
MN, and solve the two transport equations simultane- 
ously for f(K) and %,. Instead of doing this, for 
simplicity we shall determine {(K) by setting’ in (16) 
N,=N,. Let us now substitute into (16) N,=N, and 
for f(K) from (14), and simplify the resulting expression 
by using the condition that (16) vanishes for f= f and 
Nq=N,. The remaining expression is proportional to « 
and, in addition, contains higher powers of u through 
its dependence on {(K) and N,. Since we neglect powers 
of u higher than the first, we may replace f(K) and N, 
by fo(K) and %,°, respectively. Finally, we substitute 
for N,° from (18), remember that 2,°= N_,’, and re- 


place the summation over q by an integral (for this step 
see Wilson,‘ p. 259). We then obtain for the collision 
integral (16) the expression 


of 
fan. 


Q*u if q\? 1 
Sx8ngM kT LM Vq exp(hvg/xT)— 


X {fo(Ex)E1— fo(Fxcs<) ]0(Ex—Exyqthve) 
+ fo(Ex+q)[1—fo( Ex) |Q(Ex— Ex, 
X{erm(| K+q])¥im(6’,¢’)—crm(| K!) ¥iu(6,¢)} 
(20) 


q—hv,q)} 


X¢¢dq sinédédw, 


where (6,w) are the polar coordinates of q with K as the 
polar axis and (6’,y’) are the polar coordinates of 
K+ q in the frame of reference in which the polar co- 
ordinates of K are (@,¢). With K as the polar axis, the 
polar coordinates of K+ q may be written as (u,w). 
Now in (20), Vz (@’,¢’) is the only term which depends 
on the azimuth w and it can be readily integrated over 
w by using the group-theoretic properties of the three- 
dimensional rotation group. The result is 


f Viu(0,¢')\dw=2r¥ 1o(u) Vim (6,¢). (21) 
“? 


The integration over 6 is carried out by using (17) and 
in space and time, even though the collision probabilities in (16) 
are calculated quantum mechanically. These interrelated ques- 
tions have been discussed by Holstein [T. Holstein, Phys. Rev. 
113, 479 (1959) ]. He has shown that when the interaction between 
the thermal phonons and the impressed sound wave is taken into 
account, the collision integral (16) is so modified that it vanishes 
for f=fand Wq = D4’. To the first power in u, Holstein’s collision 
integral leads to the same results as the procedure adopted in 
this paper. 

7 We note that in solving the electrical conductivity problem, 
one sets JUq= Iq’ in (16). The error involved in such a procedure 
is not appreciable so long as one is not considering second order 
phenomena like the thermoelectric power; see, for example, J. M. 
Ziman, Electrons and Phonons (Oxford University New 
York, 1960), Sec. 9.13. 


Press, 
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is analogous to the corresponding step in Wilson,‘ p. 261. 
Using (21) and integrating (20) over 6 and mw, one 
obtains® 


“1 (-") (4m)! (<) 
— = ——--f -- 
Ot Seon OEx AtP Ex} (-) 
+ IT 2°dz(e"+1) 
J_eir |1—e7-*| (et+#+1) 
X {LX Lezm(n)—crm(n+2)Vr0(u) Vim (,¢)}, 
LM 
(22) 


=u> IrmY im (6,¢), (23) 


LM 


where z= hyg/xT, n= (Ex—E)/xT, kO=hwogo, and 


4r\'4Mx0Q D Na! 
pape Hoge a, 
3a IC? Ey No 


xTz\—* «Ts DyT\? 
cosy = (1+) }1+ —- (=) | (25) 
Ix 2kx kx } : 

We next substitute (13) into the left-hand side of 
Eq. (3), note (a) that our considerations apply only to 
isotropic metals (i.e., for which the electrical conduc- 
tivity tensor is a scalar) so that F\ju, and (b) that 
0u/dt=iwu, and du/dz= —iku, and equate the resulting 


expression® to the right-hand side of (23). One then ob- 
tains for Cz(Ex) the integral equation 


Ofo | 
-(=) (iw—ikvY \o(0,¢)) 
aEx/ | 
eF 


XCX Crm(Ex) Vi (6,¢) }—-—Yiw (0,¢) | 
LM u 


and 


7 SIztuVim(O,¢), (26) 


LM 


where we have to put M’=0 for the dilatational waves 
and M’=1 for the shear waves. 

We now note that 9, [see the expression within in 
the square bracket of (28) ] are different from zero only 
for values of Ex such that | Ex—Eo|~x«Tz<xO; 
we, therefore, write Czy(E£x) in the form Cry(Ex) 
=Crm(Eo)+dim(Ex—Eo), and assume that in this 
small neighborhood of Eo, dzru(Ex—Eo)<<Crm(£»). 
Then integrating (26) over Ex, we obtain to zero 


’ The limits of integration +©/T in (22) are on the assumption 
that No>0O.25n4. When No<0.25nq, the limits of integration be 
come +(0/T)(4No/na)!(E/Eo)?. 

* It has been assumed here that changes, if any,.in the tempera- 
ture of the electron gas can be neglected. We note that the attenua- 
tion per wavelength resulting from heat flow (either among the 
electrons or between the electrons and the lattice) is at most of 
the order [(Cp/Cy)—1] or 10~ at liquid helium temperatures; 
here Cp and Cy are the specific heats at constant pressure and 
constant volume, respectively. 
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order in «x7/Ep the following equation for Cry(Ep): 
(iw— ikvoY 10(8,¢)) > Crm(Eo) Yim (6,¢) | 
LM = 
eF v9 . _, Cum (Eo)— Crim (Eo) 
—— Fy (0,¢)= — 2’ —— aw 


u LM TL 


where we have used (15) to eliminate czs(Eo), and 
where 


1 m\' 1 /T\? pt” 
(EOL 
TI 2Eo/ Ah? \O ‘i 


+O/T o2dz(1—Vyol(u))p 1 1 
xf |______| as) 


eit |1—e-*| (e7—1) 


etl et44 


( m ) 1 (<) i z*dz(1— VY ro(u)) 
2Eo/ Af? \O/ J_eir |1—e7*| (e?7—1) 

The prime on the summation sign on the right-hand 
side of (27) implies that the term L=0 is to be excluded 
from this sum. This is because the integral /SodE 
vanishes, as it should [see, Eq. (5) ]. Finally, since 
xT2/E)<10-, the expression (25) for cosu may be 
approximated to 


(29) 


cosu™[1— (D/E»)(T/@)?2? }. 


(30) 


It will be observed that Eq. (27) determines Cz, 4 (Ex) 
at Ex= Ey only. This is, however, sufficient to deter- 
mine J, and hence attenuation. It should be mentioned 
that in order to completely justify the step leading to 
Eq. (27) from Eq. (26), one must still verify that 
dim(Ex—Eo)&KCrm(Eo) for |Ex—Eo| SxTz<xO. We 
shall not take up the verification of this inequality here; 
but we mention that one may convince oneself of its 
validity by noting that all the integrals 97.4 are of the 
same form and that for the conductivity problem, for 
which the collision integral is just (22) with all cz~=0 
except Cio, it has been found to be true at all tempera- 
tures.” Finally we remark that the rz, as defined in 
(29), may be formally regarded as a set of effective 
relaxation times; for example, when the expression for 
t, from (29) is substituted for + in the expression 
a=(Ne*?/m)r for the electrical conductivity one ob- 
tains just the Bloch-Griineisen formula. (Note that rz, 
are undefined as a function of the energy Ex of an 
electron and hence are not the relaxation times in the 
usual sense of the term.) 


Evaluation of r1 


To evluate rz from (29), we note that Vzo(u) is 
identical with the hypergeometric series" F(L+1, —L; 


0 See, for example, W. Ehrenberg, Electric Conduction in Semi- 
conductors and Metals (Oxford University Press, New York, 1958), 
p. 168; also reference 4, pp. 278, 310. 

—, T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press, New York, 1946), 4th ed., 
p. 312. 
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1; 3(1—cosyu)). Hence (29) may be immediately written as 


GE) ale) GG) Ef vorm-or{E(5) J 





- (L+1)(L+2):-+-(L+r)L(L—1)(L—2)-++(L—r+1) 


b 


(r!)?2" 


22rtdz 





e e/T 
Jnss(=)= f (e\—1)(1—e-*) 


At very low temperatures, T7/0<1, the integrals (32) 
become independent of T and the series in (31) is in 
increasing powers of (7/@)*. Hence for sufficiently low 
temperatures all but the first term in the series may be 
ignored. One then has 


7/tt=$L(L+1), TKO. (33) 


Using the table of integrals for J2,43;(0/T) given in 
Wilson‘ (p. 337), one finds that for L= 2 expression (33) 
is correct to within 10% for 7/@<1/20; and for L 
up to 6 it is correct to within 10% for T/Q<1/40. For 
larger L, the approximation (33) for 7:/rz is a good one 
only at still lower temperatures. Because of this, it is 
of interest to obtain here the values of 7;/rz in the 
high-temperature limit 7>>© (although the attenua- 
tion of sound waves due to electrons is negligible at 
these temperatures). Noting that for 7>>0, the factor 
[exp(z)—1][1—exp(—z) ] in (29) may be replaced by 
2, and transforming the integration variable from z to 
cosy, we may obtain from (29) 


cos“! (1 —D/Eo) 
71/TL= 2(Ee/D} f (1— Vro(u)) 
0 
Xsinydp. 


(34) 


Since D/Eg™~1, for simplicity we evaluate (34) at 
D/E,=1. One then has 7;/rz=2 for all even L. For 
L=3 and 5, r:1/r,=7/4 and 17/8, respectively; and as 
L— «,7:/r,— 2. Therefore, whereas 7,/r2 changes 
in the whole temperature range by only about 50%, 
the variation of 7,/r, with temperature for larger L is 
much greater. 


3.2 Electron-Impurity Scattering 


The collision integral due to the scattering of elec- 
trons by the impurities may be written in the form 
[ Wilson, Eq. (9.4.1) ] 


af) ov 
| =— few - ex 
RR = fuw®-10) 


X0(Ex— Ex-)|(K’| AV|K)|*¢dK’. (35) 
The factor 2(Zx—£x:) in (35) ensures that the colli- 
sions of electrons with impurities are elastic. Now, since 
the momentum of the electrons is not conserved in 





collisions and since the right-hand side of (35) is ob- 
tained on the assumption that impurities are at rest, 
expression (35) vanishes for f= fo, but not for the dis- 
tribution function f(K) which represents electrons with 
a mean momentum mu per electron. Since in the pres- 
ence of a sound wave impurities also move with a 
velocity u, we consider the scattering of electrons from 
states K, — K,’, where#K, and”#K,’ are the momentum 
of the electrons in the reference frame in which im- 
purities are at rest and thus heuristically modify the 
collision integral by making the replacement : 
0Q(Ex— Ex:)| (K’| AV | K)|? > 

2(Ex,—Ex;’)| (K,’| AV! K; 
Since AK, =hK— mu, hK,’=hK’— mu, the collision in- 
tegral so obtained vanishes for f= f. 

If we now substitute for f from (14) into the modified 
collision integral, use the condition that it vanishes for 
f=f, and then ignore powers of u higher than the first, 
we obtain 


te) 
ome =—4I — 
Otheon wh? \dEx 
xz cum (Ex) f LY u(0,¢)—YViml(@’,¢’) | 
LM 
X2(Ex— Ex-)|(K’| AV K) ak’ | (36) 


We assume now that the matrix elements (K’| AV | K 
depend only on the angle between K and K’ and not 
individually on the directions of K and K’ in the metal. 
Then taking the polar coordinates of K’ as (u,w) with 
K as the polar axis, and integrating (36) over Ex and 
w with the help of Eqs. (17) and (21), we may write 
(36) in the form 


of Ofo cim(Ex)Vim(6,¢) 
| =u(—) 5: - — + (37) 
Ot coll Okx LM 7L( Ex) 

with 


1 UK? / dK * 
= (—)f [1—YVz0(u) | 
rL(Ex) h dEx 0 


<|(K’| AV|K)|? sinudu. (38) 
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The integration of (37) over Ex is straightforward and 
we thus see that for impurity scattering also Cr(Eo) 
are determined by Eq. (27). Further, to the approxima- 
tions made in this paper, when the electrons are scat- 
tered by both phonons and impurities, one has only to 
write for 1/rz in Eq. (27) the expression 


1 1 1 
—=—-+—, (39) 
% ym 


where 7,‘ are given by (29) and r,°°[=r,“ (Ep) ] 
are the effective relaxation times for the electron- 
impurity scattering. 


Evaluation of 7, 


We first rewrite (38) in a more convenient form. Let 
the fraction of impurity atoms, all of the same kind, 
be denoted by x, and let x<1. We suppose the im- 
purities to be distributed at random and we denote by 
U(r) the difference in potential between the dissolved 
and solvent atoms. Further let P(u) be the probability 
that an electron (energy Ey) in a unit volume (wave 
functions yx and yx: of the electron normalized to unit 
volume) is scattered through an angle yw per unit solid 
angle per unit time. Then (38) for Ex=Ey) may be 
written in the form 


1 ® 
em an f [1—Vro(u) |P(u) sinudp, (40) 
TL" 
with 


2xm\?*| ' 
P(s)=naxeo( Jer obie , (41) 
12 


The ratios 76/7, 
form of U(r). 

As an example, we consider here U(r) to be a screened 
Coulomb potential: U(r) « (r~') exp(—qr). Mott” has 
shown that the potential of a polyvalent impurity dis- 
solved in a monovalent metal is approximately of this 
type. In the Born approximation P{) is proportional 
to [(1—cosu)+4q?/(2Ko*) }*, and the ratios 7;{/7r,“ 
may be easily found to be given by 


ni _Q2'(3)-a) 
Ky 


would naturally depend on the 


ru Qy'(8)—Qu'() 


where (Q(3) is the Legendre function of degree L of 
the second kind," and Q’(3)=dQ(z)/d%. From (42) 
we see that 7;‘"/r,“ depend on the range q~ of the 
potential and on the wave-number Ko of the Fermi 
electron. For L=2, using (42), one finds that 7,°0/7r, 


2 See, for example N. F. Mott and H. Jones, The Theory of 

Properties of Metals and Alloys (Oxford University Press, New 

York, 1936 and Dover Publications, Inc., New York, 1959), p. 87. 
18 See reference 11, pp. 318-320. The first three Q,( 3) are: 


Qo( 4) =$ In[(4+1)(4—1)*], Q1( 3) = 4Qo( 3) —1, 
Q2( 3) =4(3 B—1)Qo( 8) — $3. 


(42) 
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monotonically decreases from the value 3 to unity as 4 
increases from 1 to . For a polyvalent impurity dis- 
solved in copper,'* q-'=0.55X10-® cm, and one has 
=1.87 and 7°?/r2=1.4. A similar calculation for 
a polyvalent impurity dissolved in silver or gold gives 
)/72%—~1.37. We have not made a similar calcula- 
tion for other values of L. 


T,"' 


4. SOLUTIONS OF EQ. (27) 


By rearranging the terms and remembering that 
C1,(Eo) = mv for the shear waves and C1o(Eo) =m» for 
the dilatational waves, we may rewrite Eq. (27) in the 
form 


(iw = ikv9 Y 10(6,¢) Coo 


r 1 
+>’ i it w(0e)+— |Coa Yru(6,¢) 


LM TL 


eF m 
= (—+ ~ )eo¥iw-(¢). (43) 


u Tl 


For convenience, we suppress from now on the argu- 
ment Ey in Cry(£p). Since in the absence of the sound 
wave all Cry=0, it follows from the orthogonality of 
Yim(6,¢) and Y;-(@,¢) that the only nonzero Cry are 
C1 for the shear waves and Cz» for the dilatational 
waves. Of these nonzero Cry, we have actually only to 
determine C1, and Cy, as these coefficients determine 
completely J, and hence F through the electromagnetic 
Eqs. (6). 


4.1 Determination of C,, for Shear Waves 
Using the identity 
(2L+1) Y 10(6,¢) Yn (6,¢) 
’ (L+1)Y; 1,1(0,¢) + LV 141,1(6,¢), 
and equating the coefficients of different spherical har- 
monics on the two sides of (43), we obtain the following 
infinite set of equations for Cz: (L=1, 2, 3, ---). 
Ciui- 1y L(bx.1 Cj 1,1 +br } 1C 141.1) 


= (1+iwr:) A (ri)6z, (44) 


where 6,,;=1 for L=1 and is equal to zero otherwise, 
and where 
yr=hkli(ltiwry), I= 
bp. 11= (L—1)/(2L—1), 
br r41= (L+2)/(2L+3), 


(45) 


VoT Ly 


(46) 
and 


A (r1)=mv_1+oF/(Noeu) ], (47) 


(48) 


14 Values of qu! are taken from reference 12. It should be men- 
tioned that the values of 7;“/r2“) obtained here have a semi- 
quantitative significance only, since the Born approximation for 
P (uz) for the short-range interaction under consideration (q/Ko~1) 
is not a very good one. 


with 
a= (Ne*/m)r3. 
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Cy, may be readily determined from Eqs. (44) for the 
following three cases: 
Case I: |y:\, 


ly], lys|, ele., Much Less Than Unity" 


Under these conditions Ci, C2, Cs,--: form a 
rapidly decreasing sequence. Hence putting Cz,;=0 for 
L>4 into (44), we obtain for C), the expression 


A (71) 1 8 1 

Cu=- | 1-9 — —V172 Pats avid! au | 
ori ad 0 

(49) 

Case II: 


lyil, |ve!, ele., Much Greater Than Unity'® 


For this case Cy, is given by'® 
(50) 


Ci=30A (71) (1 +iwr))~yr 


Case III; All r, Equal to One Another 


Let r1= 72= 73° ++ =7 Say, and yi1=y2=Y3"** =¥ Say. 
In this case an dndiyticel solution of Eqs. (44) 
possible for the whole range of values of |y|. Cz: are 
given by 


(2L +1)A(r) ff [- is Y (8,9) ¥ 11(0,¢) 
nL (L+1)(1+iwr) 1-i7Y¥w(6,¢) 


Xsinédédy. (51) 


Cu=- 


Integrating (51) for L=1, one obtains for Cy the 


expression 


Cu= $A (7) (1+iwr)-'y 


[(1+7*)(1—g(y))—1], 


17’ dx 
‘ f a 
2/_, 1—tyx 


\y|>>1, Eq. (52) reduces to 


x (54) 


where 


g(y)= —y~' tan~'y. (53) 


In the limit 


Ciu= aA (7) (1+iwr)-y 


4.2 Determination of C, for Dilatational Waves 


From Eq. (43), one readily obtains the following set 
of equations for Co: 
twCoo— (55a) 


LikveC =() 


c 107 171(b;0C 90 +812C 20) - A (ri) (1 +itwrt 1) - (55b) 


a6 One 2 may readily convince oneself that in order that (49) and 
(50) form a good approximation, it is sufficient that the first few 

yx| in the sequence 71, y2, y3, --* satisfy these conditions. 

'® Divide each of the equations in (44) by the respective +, 
appearing in it and write C); as a ratio of two determinants D; and 
Dz: Cu = (A (11)/kh) (Di/D2). If one now expands D,; and D, in 
series in which successive terms contain the inverse of the products 
of more and more y’s, one finds that the leading term in each of 
these series is independent of y’s. Hence in the limit |yz| — @, 
D,/Dz would be independent of y’s and would have the same value 
as for the case where all the yz are equal to one another. Equation 
(50) then follows by comparing the above expression for Ci; 
with Eq. (54). 
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and for L>2 
Crom tyr (br, 1-1C 1-1, 0+ 61, r41C 141,90) =9, 
where now 
br.141=L/(2L—1), =(L+1)/(2L+3). 


br ry 


Equation (55a) may be seen to be equivalent to the 
equation of continuity (5). Eliminating Cy 
(55a) and (55b), we obtain 


Cro0( 


between 


—hiyikve/w)—iyibieC2=A(71)(1+iwr). (55d 


Analytical expressions for Cio, by solving Eqs. (55c) 
and (55d), are readily obtained for the three cases dis- 
cussed in Sec. 4.1. 


Case I: First Few \y1| Much Less Than Unity'® 
In this case Cio is given by 


Cyo= A (11) (1+iwr)™ 


ee 4 
X] 1-17 1k(v0/w)+ 
3 


ween 
15 
Case IT: First Few \y.| Much Greater Than Unity'® 
Cio for this case is given by (see footnote 16) 
Cy=A (71) (14+ 1wT1) 


When the first few |y_,|~1, one has to solve Eqs. 
(44) for Ci, or Eqs. (55c) and (55d) for Cio numerically. 


1 11 


, 1-2/. =e 
71 | — 91k (% w)+¢@r | (33) 


Case IIT: { nother 


All ry Equal to One 


In this case Cy is given by 


. A(r) te Lig 
Cy=——— — tiy—-+t iv(- — ) . 50) 
(1+iwr) w g(y) . 


Expression (59) is valid for all values of y. For |y|>>1, 
(59) reduces to 


Cyw=A (r)(1+iwr)"y"L- 


1-b(, |-1 
ik (vo/w) + 6x | 


5. EXPRESSIONS FOR THE ATTENUATION 
5.1 Shear Waves 


Writing C1:=AB, where A is given by (47), and using 

Eqs. (4), (10), and (13), we obtain for J, the expression : 

J.= (oF +Noeu)B. (61) 

Substituting (61) in (6) we obtain for F the expression 
4rriwN peu(B—1) 

F= ——— ‘ (62) 


c?(k®+ Bho) 


where ko= (4riwo/c*)! is the reciprocal of the classical 
skin depth of the electromagnetic waves of frequency w. 
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In (62) a term w/c? has been neglected in comparison 
with &?. 

Using Eqs. (2), (8), (61), and (62) in the equations 
of motion (7), one obtains, after some algebraic manipu- 
lation, for Z=w?/k® the expression 


Exh} $4 


Bho? +k? 


iwNom(1—B)p ke? +R? 
| (63) 


pk*r; 


The attenuation and the velocity of shear waves 
may now be readily calculated from (63) by using Eqs. 
(9) and different expressions for Cj, or AB obtained 
in Sec. 4; the expressions for the attenuation for the 
three cases discussed in Sec. 4 are given below. We note 
that in this calculation it is sufficient to regard the k 
appearing in (63) to be real; in what follows we denote 
the real part of the wave number by & instead of &. 


Case I: kli<«1 


In this case Cy; is given by (49), and the inequalities 
R<\k?| and k*<|Bk,?| are also satisfied. Hence the 
expression within the square bracket of (63) may be 
replaced by B-'. One then obtains for the attenuation 
a; of the shear waves the expression 


mv? N ow” 8 
ord — —R*lol 3+ 7 | 
35 


(64) 
5p Ve 


where V;, is the velocity of the shear waves. 


Case IIT; kl\>1 


Now Ci, is given by (50) so that B=32/(4kl,). We 
have to subdivide this case into two: 


IIa: When &/;>>1, but P<! Bko?|<<| ke? |, az is given by 


4Amvo.V ow 


—— (65) 


Qy= 
3apV ? 


IIb: When &1,>1, R>|ke?|, wri>>1; in this case 
k?>>| Bk,?| also, and 


mNo 
(66) 


ar ° 
, 
pV ‘71 


We note that the frequency w, at which k°= | Bk,?| is 
given by, using (50), w.=29(3V PNoe*/(4mc*n))*. For 
most metals (w,/2a)~ 10° sec. Since (66) is valid only 
for w>w,, this case is not experimentally realizable at 
the present time. (It will be noticed that for high fre- 
quencies the attenuation is determined by 71, whereas 
at low frequencies it is determined by 72.) 


Case III: All r, Equal to One Another 


For this case the preceding cases (I) and (IIa) can 
be combined together. Using for C; the expression from 
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(52), we obtain for the attenuation 


a mroNo 
-=———G;, (kl), 
Ww pVe 


(67) 


where 
got (kl) go— : 
ee AR. (68a) 
kIL1— go— go(kl)* } 


and 


go=g(kl)=1—(ki)“ tan (Rl). (68b) 
Here /=vor. For kI>>1, (67) and (68) lead to the ex- 
pression (65) for the attenuation; for ki<1, the ex- 
pression obtained from (67) and (68) is the same as 
that obtained from (64) by putting in it r=71=72=73. 
Finally the expression for the attenuation corresponding 
to case (IIb) above is given by (66) with 7; replaced 
by r. 


5.2 Dilatational Waves 


Writing again Cio= AB, and using the same procedure 
as outlined above for shear waves, we obtain for Z 
the expression 


iwmNo /1—-B \ [ 1+iw/(rw,?) 
SOR 
pk?r, B 1 + 1, ‘(rw,"B) 


where w,?= (4ae*Vo/m) is the square of the plasma fre- 
quency and §, is the square of the velocity of the dilata- 
tional waves in the absence of the electron-ion inter- 
action. For most metals w,~10'* sec~', and it is easily 
verified that the terms (w/7.w,") and (w/rw,?B) are 
negligibly small compared to unity at the ultrasonic 
frequencies currently available. Hence the expression 
within the square brackets of (69) may be replaced by 
unity. The various expressions for the attenuation corre- 
sponding to different Cio evaluated in Sec. 4 are then 
given by the following: 


Z=Ba 


Case I: kh<1 


4mo?N ww” 9 
qe rf —~—Midst- ++I, 
15pV 4? 35 


(70) 


where V, is the velocity of the dilatational waves. 


Case II: kl\>1 


For this case Cio is given by (58); the attenuation is 
independent of the rz and is given by 


MIN ow 
ag=———. (71) 
6pV 2 


This expression for ag is valid for all values of k/,>>1, 
irrespective of whether wz, is less or greater than unity. 
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Case III: All rz Equal to One Another 
By substituting (59) into (69), we may obtain 


Qa MN» 
—as Gal(kl), 


y,* 
wo ple 


Ga(kl) = [4k1(1—go)(go)!— (kl) -*]. 


Expression (72) for aq is valid for all values of kl. It 
reduces to (71) for k/>>1, and to (70) for kl:<<1, when 
the substitution r= 71= r2= 7; etc., is made in (70). 

It will be observed that for wr,>>1, the attenuation 
of dilatational and shear waves, given, respectively, by 
(71) and (66), have different qualitative behaviors as 
regards to their dependence on w and r; further (66) 
is smaller than (71) by at least a factor (V,/1)+10™. 
Strictly speaking our treatment is invalid for w7,>>1, 
since here (following Pippard and Steinberg) the strain 
field of the impressed sound wave is regarded as classi- 
cal. In the free-electron approximation a quantum 
mechanical calculation for the attenuation” of dilata- 
tional waves gives just the expression (71) ; for quantized 
shear waves, the attenuation is zero since these waves 
do not interact with the electrons in the free-electron 
approximation."® 

A comment on the velocity of the dilatational waves 
is also necessary here. In terms of Z the velocity Va 
is given by (9b). For every case discussed in the pre- 
ceding paragraphs, we have for V4 an expression of the 
form 


(72) 


where 


(73) 


Vi =Bat§(mreNo/p)+ O(V PmN o/p). (74) 


The last term, which is of the order 10-°V 2, is associ- 
ated with the attenuation and is frequency dependent. 
The second term has a simple interpretation since 
3mvNo is just the bulk modulus K, of the electron 
gas; we note that K,/p is of the same order of magni- 
tude as Bz. The experimentally observed velocity is, of 
course, that given by (74) and not just 8,! which is in 
contrast to the case of shear waves where V 7-~8;. 

Finally we mention that for the case all rz equal to 
one another, (Case III above), the results obtained here 
are identical with those obtained by Pippard' and 
Steinberg.? These results have been included here to 
facilitate comparison of our results with theirs and with 
experimental data. 


6. DISCUSSION 


The results on attenuation obtained in this paper 
possess certain features which are missed in the more 


17 See, for example, R. W. Morse, Progress in Cryogenics (Hey- 
wood, London, 1959), Vol. I, pp. 219 ff. 

18Tt may be of interest here to mention that the first and 
second terms in the numerators within the square brackets of 
both (63) and (69) arise, respectively, from the electric force 
— NoeF and the impulsive force I, in the equations of motion (7). 
In all cases for the dilatational waves and shear waves, except the 
case IIb, (wr1>>1), for shear waves, the attenuation arises solely 
from the electric force term; in the case IIb, however, it is the 
term I, which determines attenuation. 
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phenomenological treatments of the problem where one 
assumes the existence of a single relaxation time in 
accordance with Eq. (1). Some of these features are 
discussed below. 


6.1 ki<1 


In this case the attenuation of dilatational waves" is 
given by (70) and is proportional to the effective re- 
laxation time 72. In the temperature region in which 
both the electron-phonon and electron-impurity scat- 
terings are significant, r2 is in general, not proportional 
to 7; Hence the attenuation a, also as a rule will not 
be proportional to the electrical conductivity o. Neglect- 
ing the k/,/; terms, etc., compared to unity in (70) 
and making use of (39) and (48), we may write for 
aa/o, the expression 


T2 (71°) l4(7, )) 1 


So 1 (72°?) 1+ (72) 


where 
S=4m'r7u?/ (15pV we’). 


Let now 7») denote the temperature at which 7,°?) 
=7,, ie., at which the electrical resistance due to 
impurities equals that due to the electron-phonon inter- 
action. Taking 7:'”)=3r,_") and 7;°°=1.47,“, as ob- 
tained in Sec. 3, one then sees from (75) that for TT», 
aag/So~0.71, and for T>>To, ag/Sc~0.33. A plot of 
aa/So against T/T» is given in Fig. 1, which has been 
drawn for 7<@, so that 7,°”) « 7-5, We note that most 
of the variation of az/So with T is confined to the tem- 
perature region 0.5T7)< T< 1.57». 

It will be realized that the numerical values in the 
above example cannot be taken too literally, since they 
are based on the values of 7/72 for the specific electron- 
phonon and electron-impurity interactions, and also 
since P(u) for the latter has been calculated in the Born 
approximation (see reference 14). Nevertheless, one 
may expect that, in general, 7:°”)/r2"”) would be suffi- 
ciently different from 7,“/72“ to make the deviations 
from proportionality of a to o experimentally observ- 
able. Experimental measurements on aluminum by 
Filson” and Lax” and on silver by Lax,” however, show 
that @ is proportional to c. The reason for this dis- 
crepancy is not known. It would be of interest to have 
experimental measurements of a and o on specimens 
having different and varying amounts of impurities. 


19 The discussion for shear waves is similar since the attenuation 
of both these types of waves is determined by the same set of rz. 
We add that, as pointed out by Pippard (reference 1, p. 1110) in 
metals in which the electrons occupy more than one Brillouin 
zone, there may occur for dilatational waves an additional relaxa- 
tion effect (and hence attenuation) due to a periodic transfer of 
electrons from one zone to another. This effect is not considered 
in our work and has yet not been experimentally observed. 

” —. H. Filson, Phys. Rev. 115, 1516 (1959). 

31 E. Lax, Phys. Rev. 115, 1591 (1959). 

"FE. Lax, Technical Report No. XVII, Office of Naval Re- 
search, December, 1959 (unpublished). 
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Fic. 1. Typical variation of a/So against T/T» in the tem- 
perature region where 7<Debye temperature @. S is a constant 
given by (76), and T» is the temperature at which the electrical 
resistance due to electron-phonon interaction equals that due to 
the impurities in the specimen. 


As regards the absolute magnitude of the attenuation, 
Filson” and Lax”! find that if one uses 7; in expression 
(70) for attenuation, ayxp/atheor is about 1.5 for alumi- 
num and 1.8 for silver. On the other hand, if we use 72 
in (70), as one should, then aexp/atheor is even larger 
since according to the calculations of Sec. 3 rz2<7. In 
connection with these discrepancies between theory and 
experiment, we make here the following two comments: 

First, the reason why the values of both 72°”’/7,"” 
and r2"/7, given in Sec. 3 are less than unity is that 
for the particular electron-phonon and _ electron- 
impurity interactions chosen, the scattering or P(u) is 
predominantly in the forward directions. As may be 
verified by using (40), if the scattering were relatively 
more in the backward directions or if there were a 
minimum in P(u) around .=90°, then 72/7; would be 
greater than unity. Such a situation, for example, can 
arise for the electron-phonon interaction if the ‘Um- 
klapp” processes (ignored in the calculation of Sec. 3) 
contribute significantly to the collision integral at the 
temperature under consideration, since for these proc- 
esses the scattering is predominantly in the backward 
directions.“ At room temperature the ‘“Umklapp” 
processes contribute to ¢ as much as 80%; and, although 
their relative contribution decreases with decreasing 
temperatures, there seem to be both experimental 
evidence and theoretical arguments to indicate that 
they continue to contribute significantly down to very 
low temperatures. A further discussion on this point 
will not be given here, since it is rather involved, and 
also because there exist other effects, like those due to 
deviation of Fermi surface from spherical shape, which 
may be of comparable magnitude and which have not 
been considered in this paper. 

Second, we mention that in an “effective mass” 
approximation in which the Fermi surface is spherical 
but the energy of an electron is given by h?| K|?/2m*, 

% See, for example, Fig. 113 of reference 7 or Tables II to Vina 
paper by A. B. Bhatia and K. S. Krishnan, Proc. Roy. Soc. 


(London) 194, 185 (1948). 
* See reference 7, p. 370. 
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where m* is the effective mass of an electron, the various 
expressions for the attenuation given in Sec. 5 have to 
be modified as follows: First eliminate the Fermi ve- 
locity v9 from these expressions by means of (10), and 
then replace any m appearing explicitly in these ex- 
pressions by m*. Thus, for example, in expressions (64) 
and (70) for a, and ag for kl;<«1, the factor mv, outside 
the square brackets is to be replaced by (3Noh®/8r)! 
X (1/m*). When the factor mvp is eliminated from ex- 
pressions (65) and (71) for a, and ag for kl,>>1, the 
resulting expressions become independent of the effec- 
tive mass parameter.”> We see also that the factor S in 
(76) is independent of m* and thus the effective-mass 
approximation cannot account for the observed magni- 
tude of attenuation in silver and aluminum. (Note that 
tz also contain m*—but the ratios rz,°)/r1 or 
are independent of m*. The dependence of 
71°?) and 7; on m* may be found in reference 4 and 
will not be given here.) 


Ta; Fs 


Electron-Electron Collisions 


It is well known that in the free electron approxima- 
tion the interelectronic collisions do not contribute to 
the electrical resistance of a metal. However, they would 
influence the attenuation of sound waves. For a 
degenerate Fermi gas the relaxation time 72°* for inter- 
electronic collisions is proportional to 7~*. Hence, 
writing (r2)~!= (r2°”))—!'+ (72) 1+ (72%), we see 
that when kl;«1 and 79, a“ will depend on tempera- 
ture in the manner 


a =a;+a,,.7*+a,T*. (77) 
Thus there exists the possibility of determining 72° 
from the attenuation measurements. A rough theo- 
retical estimate of r.** shows that the last two terms in 
(77) should be of the same order of magnitude at about 
3°K in copper. 


6.2 Attenuation over a Wide Range of 
Frequencies of Sound Waves 


Mason?* has compared Pippard’s analytical expres- 
sion for ag with experimental results on tin over a wide 
range of values of kl; as follows: Assuming that r=71 
in (72) and using the values of 7; from the electrical 
conductivity measurements, he multiplies (72) by a 


25 Recently Blount [E. I. Blount, Phys. Rev. 114, 418 (1959) ] 
has obtained attenuation [assuming Eq. (1) for the collision in- 
tegral] in such a way that his expressions contain not only m* 
but also an interaction parameter A (=1 in the free-electron 
approximation) for the direct interaction between electrons and 
the impressed sound wave. If we take this latter interaction to be 
the same as that between longitudinal thermal phonons of long 
wavelengths and electrons, then in the spherical band approxima- 
tion | A | =m*/m. If we substitute this value of A and 19= (h/m"*) 
X (30/8)! in Blount’s expressions, the effective-mass depend- 
ence of his expressions becomes identical with that given above. 

26 W. P. Mason, Physical Acoustics and the Properties of Solids 
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1958), 
p. 329. 





BHATIA 














kb, 


Fic. 2. Attenuation as a function of kle. Here k=2n/(wave- 
length of sound wave) and /,=vor2, a mean free path of the elec- 
trons. --— Numerical calculations of this paper using for rz/7: 
the values from Eq. (33). —— Pippard’s analytical expression 
(72) with r=re. 


normalization factor SM%p such that the theoretical 
values of attenuation agree with experiment for k/,<1. 
He then finds that the theoretical limiting value of 
aa/w for kl,;>>1 is only about 40% of the observed value. 
If we make a similar comparison with the theoretical 
results of this paper, we would have to multiply our 
expressions by a factor SW pX (71/72) to obtain numerical 
agreement with experiment for k/,;<<1; and hence our 
limiting value of ag/w for kl;>>1 would be 11/72 times 
greater than Pippard’s. Since as a rule 71>72, we see 
that experimental results on tin are in better agreement 
if r in Pippard’s expression is identified as 7. rather than 
71. It should be mentioned that in view of the rather 
idealized assumptions made in this paper, our con- 
siderations hardly apply to tin, and it would be desirable 
to have measurements over a wide frequency range on 
some of the alkali and noble metals, particularly in 
view of the results already discussed for silver and 
aluminum for the case kl;<<1. 

We have seen above that if we identify r appearing 
in Pippard’s analytical expression (72) as re, then for 
both &/:<1 and ki,>>1, (72) reduces to the expressions 
obtained in this paper. For the intermediate values of 
ki,, however, the attenuation calculated from our Eqs. 
(55) will in general be different than that calculated 
from (72), if the various rz, appearing in (55) are dif- 
ferent from one another. As an example, we have 
calculated numerically the attenuation for dilatational 
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Fic. 3. Ie*ff/le as a function of kl. based on the numerical 
calculations of this paper. ---— Pippard; (/2°ff=J/, for all &/z in 
this case by definition). For explanation of /.°" see text. 


waves for several values of &/, assuming that the im- 
purity scattering can be neglected and that the ratios 
7:/T, are given by (33). The results of these calculations 
are shown in Fig. 2, where ag/w is plotted against ly. A 
plot of ag/w as obtained from Pippard’s expression (72) 
with r=r7z is also given. We note that the maximum 
difference between the two curves is about 20%. 

A more sensitive way to compare the results given in 
Fig. 2 would be as follows.”’ Take the numerically calcu- 
lated value (or the experimental’ value) of ag/w at a 
given frequency and equate it to (72). This would de- 
termine a value of k/2, and hence of /». We designate this 
value of /, as an effective /, at this frequency and denote 
it by /.°"f. Doing this at several frequencies would give 
a value of /,° at each frequency. Now plot /,°f/l, 
against w or k/,. (Note that /,°'=/, for kix1.) Such a 
plot based on the numerical calculations outlined in 
the preceding paragraph is given in Fig. 3. If all the rz 
were equal to one another, one would just obtain for 
l/l, a horizontal straight line of ordinate unity. It 
should be mentioned that a comparison such as above 
would be meaningful only if the experimental data on 
attenuation (after allowing for the background attenua- 
tion due to causes other than the interaction of sound 
waves with electrons) is accurate to within a few percent. 


*7 This procedure is reminiscent of the manner in which the 
experimental data on specific heats Cy is compared with theories; 
here instead of plotting Cy against 7, one plots an effective Debye 
© against 7. 
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The electrical conductivity and Hall coefficient of n-type GaSb doped with Se or Te have been measured, 
in most cases at 77° and 300°K, for samples with net donor concentrations between about 6 10"* cm~ and 
2X10'* cm=*. In general, the data are consistent with the two-band model which Sagar has proposed for 
the conduction band of GaSb, but systematic differences are observed between the properties of Se-doped 
and Te-doped samples. It seems likely that these differences are associated with impurity conduction of the 
metallic type. For the Te-doped samples, the electron mobility at 77°K apparently varies in an anomalous 


manner with increasing impurity concentration. 


INTRODUCTION 


HE electrical properties of n-type GaSb doped 
with tellurium have been investigated by Sagar,! 
who measured the Hall coefficient (Ry), conductivity 
(c), and piezoresistance as functions of temperature and 
also determined the dependence of Ry and ¢ on hydro- 
static pressure. Sagar found that his results could not 
be explained solely on the basis of the spherically sym- 
metric conduction band with energy minimum at k=0 
and effective mass of 0.047 mo which had been deduced 
by Zwerdling ef al.2 from their data on the infrared ab- 
sorption of p-type GaSb. He proposed, therefore, an 
additional conduction band with minima lying at a 
slightly higher energy (~0.075 ev) along the (111) 
directions in k space. He suggested that this band 
might resemble the (111) band in germanium, with a 
density of states about 40 times that of the lower band. 
By assuming different mobilities for the electrons in the 
two bands, he could explain the observed electrical 
properties of n-type GaSb in terms of changes in the 
distribution of electrons between the bands. 

In the present investigation, the Hall coefficient and 
electrical conductivity of n-type GaSb have been meas- 
ured, in most cases at room temperature and at 77°K, 
for Se-doped as well as for Te-doped samples. In 
general, the data are consistent with the two-band 
model proposed by Sagar. Systematic differences, how- 
ever, have been observed between the properties of 
Se-doped and Te-doped samples. Furthermore, although 
the data for Te-doped samples agree with Sagar’s ex- 
perimental results, it has been found that some features 
of these data are not explained by his band model. 
Therefore, it appears that the character of the donor 
impurities, as well as the conduction-band structure, 
plays an important role in determining the electrical 
properties of n-type GaSb which contains relatively 
high donor concentrations (> 10"? cm~). In particular, 
impurity conduction of the metallic type, which was 
neglected by Sagar, is probably significant. 


* Operated with support from the U.S. Army, Navy, and Air Force. 
' A. Sagar, Phys. Rev. 117, 93 (1960). 
* S. Zwerdling, B. Lax, K. Button, and L. Roth, J. Phys. Chem. 
Solids 9, 320 (1959). 


EXPERIMENTAL 


Samples for Hall and conductivity measurements 
were cut from crystals which had been pulled from the 
melt, in a hydrogen atmosphere, in approximately the 
[111] direction. The raw material used was zone-refined 
p-type GaSb (supplied by United Mineral and Chemical 
Corporation) which, like all high purity GaSb currently 
available, contained a free hole concentration of ap- 
proximately 10'7 cm~ at room temperature; sufficient 
Se or Te was added to the melt to obtain n-type crystals 
with excess donor concentrations ranging from about 
6X 10'* cm to about 2X 10'* cm~*. The samples were 
rectangular parallelepipeds 1-2 mm thick, 3-5 mm wide, 
and 10-15 mm long. Two potential leads were ultra- 
sonically soldered with indium to each of the long sides 
of each sample, so that duplicate Hall and conductivity 
measurements could be made. Data for a sample were 
rejected unless the duplicate results agreed to within 
10%. Conventional de potentiometric techniques were 
used to make the voltage measurements, while the mag- 
netic field of approximately 7800 gauss was monitored 
with a rotating coil fluxmeter. In most cases measure- 
ments were made only at room temperature and at 
77°K, but for five of the Se-doped samples detailed 
measurements were made between 77° and approxi- 
mately 350°K by using automatic switching and re- 
cording apparatus to obtain the data as the samples 
were allowed to warm up slowly from liquid nitrogen 
temperature. . 


CALCULATION OF ELECTRICAL PROPERTIES 


In order to compare the experimental results with 
theory, Sagar’s conduction band model was used to 
calculate the electrical conductivity (¢), Hall coefficient 
(Rx), and Hall mobility (Raa) at 300° and 77°K as 
functions of net donor concentration (Vp’). It was 
assumed that the donors are completely ionized at both 
temperatures, so that the total concentration of free 
electrons is equal to Vp’, independent of temperature. 
(The intrinsic carrier concentrations at both tempera- 
tures are negligible compared to the values of Np’ 
considered.) The values of Ry and o were calculated 
according to the usual expressions for two-band 
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Fic. 1. Electrical conductivity (¢) as a function of temperature 
for Se-doped n-type GaSb. 


conduction: 
a= el Nopo+ Mp1), 
Ru =—e (L(nqme?+nipr)/ (moots)? |, 


where » and yu represent the free electron concentration 
and mobility, respectively, while the subscripts 0 and 1 
refer to the conduction bands with energy minima at 
k=0 and along the (111) directions, respectively. The 
electron concentrations were evaluated according to 
Fermi-Dirac statistics. The effective mass for the lower 
band (minimum at k=0) was taken as 0.047 mo, the 
value obtained by Zwerdling ef al.2 Following Sagar, 
the density of states for the (111) band was assumed to 
be 40 times that for the lower band, while the difference 
in energy between the band minima was taken to be 
0.074 ev. The mobility ratio u:/uo was assumed to have 
the value of 1/6 estimated by Sagar, while the values 
of wo at 300° and 77°K were taken as 3300 and 2600 
cm?/v sec, respectively, in order to give a satisfactory 
fit to the data for the samples of lowest net donor 
concentration. 


RESULTS AND DISCUSSION 


The measured values of o and Rg for five Se-doped 
samples are shown in Figs. 1 and 2, respectively, for the 
temperature range 77°-350°K. (The experimental 
points are omitted for the sake of clarity.) The data are 
plotted against temperature, rather than against 1/7, 
in order to facilitate comparison with Sagar’s plots for 
Te-doped samples. The net donor concentrations (Vp’) 
for these samples have been estimated from the Ry 
data at 77°K, together with the theoretical Ry vs Np’ 
curve for 77°K calculated on the basis of Sagar’s con- 
duction band model in the manner described above. 
The estimated Np’ values increase from 1.7 10!7 cm-* 
for sample [C-2, No. 2] to 8X10'7 cm™ for sample 
[C-1, No. 21]. 


STRAUSS 


The temperature dependence of o and Ry for Se- 
doped samples qualitatively resembles the temperature 
dependence measured by Sagar for Te-doped samples. 
The most striking feature of both sets of data is the 
increase in Ry with increasing temperature for the 
samples with highest Ry values—i.e., lowest free elec- 
tron concentrations. In contrast, for an extrinsic semi- 
conductor exhibiting single band conduction, Ry either 
decreases with increasing temperature (as additional 
free carriers are produced by increasing thermal ioniza- 
tion of impurities) or is independent of temperature 
(if all impurities are already ionized). 

For both Se-doped and Te-doped samples, the tem- 
perature dependence of Ry is consistent with Sagar’s 
band model, according to which the changes in Ry 
reflect changes in the distribution of electrons between 
the two conduction bands, rather than changes in the 
total free electron concentration. For sufficiently pure 
samples, essentially all the free electrons are in the lower 
band at 77°K, so that Ry~1/ne. With increasing tem- 
perature, however, some of the electrons are promoted 
into the higher (low mobility) band, and Ry therefore 
increases in accordance with the mixed conduction ex- 
pression given above. The decrease in o with increasing 
temperature for these samples is caused primarily by 
the reduction in the mobility of electrons which are 
transferred into the higher band, rather than by a de- 
crease in electron mobility in a single band due to in- 
creased lattice scattering. For less pure samples, some 
electrons are in the higher band even at 77°K, so that 
the distribution of electrons, and therefore Ry and oa, 
does not change to as great an extent with increasing 
temperature; for samples containing sufficiently high 
concentrations of free electrons, the electron distribu- 
tions and electrical properties are essentially independ- 
ent of temperature. 

Although the general features of the data for Se-doped 
and Te-doped samples are similar, detailed comparison 
reveals systematic differences which are surprisingly 
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Fic. 2. Hall coefficient (Rx) as a function of temperature for 
Se-doped n-type GaSb. 
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large in view of the chemical similarity between Se and 
Te. These differences are illustrated by Fig. 3, in which 
Rn(300°K)/Ry(77°K) and o(77°K)/o(300°K) for all 
samples are plotted against Ry(77°K), and by Fig. 4, 
in which the Hall mobilities Ryo(300°K) and 
Ruyo(77°K) are also plotted against Ry(77°K). The net 
donor concentrations estimated from the values of 
Ru(77°K) range from 6X10'* cm to 410" cm-. 
Sagar’s data for Te-doped samples, which are in good 
agreement with the present results, are included in both 
figures. The dashed lines in Figs. 3 and 4 are theoretical 
curves derived from the Ry and o values for 300° and 
77°K calculated on the basis of Sagar’s conduction 
band model in the manner described above. It is seen 
that for high impurity concentrations [i.e., low values 
of Ru(77°K) |, Se-doped and Te-doped samples which 
have the same values of Ry(77°K) differ markedly both 
in the degree of change in Ry and o between 300° and 
77°K and also in the Hall mobilities at these tempera- 
tures. For the purest samples, on the other hand, the 
differences are minor. 

Although no detailed explanation can be given for 
the differences between the properties of Se-doped and 
Te-doped samples, since these differences disappear 
with decreasing donor concentration it seems likely that 
they are associated with impurity conduction. In the 
case of degenerate n-type Ge, which exhibits impurity 
conduction of the metallic type (i.e., impurity conduc- 
tion which does not require the simultaneous presence 
of acceptor impurities), there are appreciable differences 
between the Hall mobilities of As-doped and Sb-doped 
samples*‘ and also between the characteristics of tunnel 
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3 P. L. Moody and A. J. Strauss, Semiconductor Symposium of 
the Electrochemical Society, May, 1960 (unpublished). 

4Y. Furukawa, J. Phys. Soc. Japan 15, 730 (1960). 
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Ru (77°K) for Se-doped and Te-doped n-type GaSb. 


diodes prepared from such samples.*:> Since Se and Te 
atoms in GaSb are shallow, singly ionized donors anal- 
ogous to As and Sb in Ge, differences in impurity con- 
duction due to these atoms in GaSb would not be sur- 
prising. Furthermore, it seems certain that impurity 
conduction does occur in n-type GaSb, since the total 
donor concentrations in even the purest n-type samples 
must exceed 10! cm™, the acceptor concentration in 
the raw material used for both the present crystals and 
those prepared by Sagar. Even at this minimum con- 
centration, impurity conduction of the metallic type 
would certainly be associated with the lower, low-mass 
conduction band. For still higher concentrations, metal- 
lic impurity conduction would probably also be asso- 
ciated with the higher conduction band, if this band is 
similar to the (111) band in Ge, as Sagar has suggested ; 
in Sb-doped Ge, the onset of metallic impurity conduc- 
tion occurs at approximately 10'’ cm~*, according to 
Fritzsche’s data.® 

In view of the uncertainties in a number of the band 
parameters used in calculating the theoretical curves of 
Figs. 3 and 4 from Sagar’s band model, a detailed com- 
parison between these curves and the experimental 
data would not be particularly useful at this time. Com- 
pensation by the residual acceptors and the probable 
occurrence of impurity conduction, which were not con- 
sidered by Sagar, also complicate the situation. Two 
general comments seem appropriate, however. 

For the Se-doped samples, each of the properties 
plotted in Figs. 3 and 4 exhibits the monotonic decrease 
with decreasing Ry which is predicted theoretically, 
but in each case the decrease is more rapid than calcu- 

5N. Holonyak, I. A. Lesk, R. N. Hall, J. J. Tiemann, and 
H. Ehrenreich, Phys. Rev. Letters 3, 167 (1959). 

6 H. Fritzsche, J. Phys. Chem. Solids 6, 69 (1958). 
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lated. The discrepancies between theory and experiment 
could probably be removed by adopting somewhat 
different values for the band parameters, without 
making any radical revision in Sagar’s model. It should 
be noted, for example, that the band parameters were 
taken to be independent of impurity concentration. 
The usual decrease in electron mobility in each conduc- 
tion band with increasing impurity concentration would 
therefore cause the observed Hall mobilities to decrease 
more rapidly with decreasing Ry than predicted. 

For the Te-doped samples, both R,(300°K)/ 
Ru(77°K) and Ryo(300°K) vary with Rq(77°K) in 
approximately the manner predicted by theory. This 
agreement is to be expected, since several of the band 
parameter values used in the calculations were adopted 
by Sagar in order to fit his data on Te-doped samples. 
Surprisingly, however, both o(77°K)/o(300°K) and 
Rya(77°K) first increase markedly with decreasing Ru, 
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rather than decreasing monotonically as predicted. At 
77°K, therefore, the electron mobility in one or both 
conduction bands appears to increase at first with in- 
creasing Te concentration, rather than decreasing in the 
usual manner. No explanation has been found for this 
anomalous increase in mobility. Although the increase 
might be connected with impurity conduction, it should 
be noted that in the case of Ge the Hall mobility de- 
creases continuously with increasing impurity concen- 
tration throughout the degenerate range.’ 
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The Friedel sum rule is derived for a system of interacting electrons in a periodic potential. 


I. INTRODUCTION 


N a recent paper' one of the authors (J. S. L.) has 
derived an expression for the impurity-resistance 

of a metal using as a model an interacting Fermi fluid 
and randomly placed scattering centers. As expected, 
the current-carrying excitations of the fluid had wave 
numbers just at the Fermi surface and were scattered 
by screened impurities. The usual independent-electron 
approximation was replaced by the assumption that 
these single-particle-like excitations do not interact 
strongly among themselves. A graphical prescription 
was given for calculation of the relevant impurity- 
scattering amplitude. 

Needless to say, it is not practicable to evaluate this 
amplitude in perturbation theory including exchange 
effects and allowing for an arbitrarily strong scattering 
potential. Thus, it is highly desirable to know certain 
general relationships pertaining to this scattering process 
which may be useful in semi-phenomenological analyses 


* Present address: Institute for Theoretical Physics, Copen 
hagen, Denmark. 

1 J. S. Langer, Phys. Rev. 120, 714 (1960), hereafter referred to 
as I, 


of metallic properties. For example, the Friedel sum 
rule?* relates the total charge displaced in the field of a 
fixed impurity to the scattering by that impurity of a 
free electron at the Fermi momentum fy. In particular, 
the rule states that the number of displaced electrons 
Np is given by 

) 

Np= _ > ( 2l +-] )d,( kp), 
gg i 


(1) 


where the 6; are the scattering phase shifts. This rule 
has been used by Kohn and Vosko* to deduce some 
features of the screening of solute atoms in dilute alloys 
from the known residual resistivity of these materials. 
They then were able to explain certain results of nuclear 
resonance experiments and to lend support to the theory 
of a sharp Fermi surface in metals. 

The question of the nature of the Fermi surface is 


* J. Friedel, Phil. Mag. 43, 153 (1952). 

Che sum rule has been proven for independent Bloch electrons 
in the case of spherical energy surfaces by L. M. Roth, Tech. 
Rept. 267, Cruft Laboratory, Harvard University, Cambridge, 
Massachusetts, 1957 (unpublished). 

* W. Kohn and S. H. Vosko, Phys. Rev. 119, 912 (1960). 





FRIEDEL SUM RULE FOR 
central in the present discussion. Up to now, Friedel’s 
sum rule has been derived only for the model of inde- 
pendent electrons, which, of course, presupposes a 
well-defined Fermi level. It is the purpose of this article 
to show that Eq. (1) still is valid when the electrons 
are allowed to interact among themselves, and that the 
phase shifts 6; are exactly those which determine the 
impurity-resistance according to I.' Furthermore, we 
shall show that an even more general form of the 
sum rule is 

1 

— Tr InS(y), (2) 
2ri 


No = 


where $(z) is the scattering matrix for single-particle-like 
excitations whose energy is the chemical potential x. 
Equation (2) is valid for interacting electrons in a 
periodic potential where the Fermi surface may not be 
spherically symmetric. The only assumption to be 
made in the derivation of (2) is that the single-particle- 
like states of energy u do not decay. This assumption, 
which seems to be provable only in perturbation theory, 
is made also by Luttinger and Ward,°* who conclude 
that the sharpness of the Fermi surface is essentially 
preserved in the case of interacting electrons. 


II. DERIVATION OF THE SUM RULE 


We consider a single, fixed impurity immersed in a 
large sample of volume & containing electrons which 
move in a periodic potential and interact among them- 
selves. This system is to be examined at zero tempera- 
ture and chemical potential yu. In order to calculate the 
charge displaced by the impurity, we compare the 
number of electrons in this system with the number in 
a similar system of volume Q, temperature zero, and 
chemical potential 4, but containing no impurity. This 
comparison may be performed fairly easily by means 
of the techniques devised by Luttinger and Ward? in 
their examination of the zero-temperature limit of 
quantum statistical mechanics. This procedure also will 
enable us to avoid the assumption of a spherical Fermi 
surface.’ 

According to Luttinger and Ward,’ the number of 
electrons in the system without the impurity is given by 


N=" Tr >, exp(¢0*)S(¢1), 


¢1=u+[ri (21+1)/8), 


where S is the single-particle propagator for an electron 
in a system of chemical potential ~ and temperature 
T=1/k8. S is a matrix which may be expressed in the 
representation of the independent single-electron eigen- 
states. If we are dealing with Bloch waves, for example, 
then S is diagonal in the wave vector and spin indices 
but not necessarily in the band indices. More explicitly, 

5 J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417 (1960). 


6 J. M. Luttinger, Phys. Rev. 119, 1153 (1960). 
7W. Kohn and J. M. Luttinger, Phys. Rev. 118, 41 (1960). 
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we may write 


S5(¢1)= [fo h > (e1) J .. (4) 
where h is the single-electron Hamiltonian and 2(¢,) is 
the sum of all proper self-energy graphs. 

In similar fashion, we may compute the number of 


electrons in the system which does contain the impurity, 
N’ (5) 
Because of the presence of the impurity, the single- 
particle propagator S’(¢;) is no longer diagonal in the 
wave-number indices. We may write it in the form 
So) =Lr-h-2' (GE) J. (6) 
It will be convenient to separate out from 2’ those 
proper self-energy graphs which contain only electron- 
electron interactions and are thus diagonal in the wave- 
number indices. As in I we write 


8 Tr ¥°, exp(¢0*)S’ (fo). 


D' (SY) =Z (Ei) + (1/2) 8(Er), (7) 
where 0(¢7) is the sum of all proper self-energy graphs 
containing at least one interaction with the impurity. 


$y comparing Eqs. (3) and (5) we have 
Np=6" DY exp(¢0*) Tr LS’ (6) —S(ed) J. 


We now want to perform the sum over / in this ex- 
pression. To do this, note that 


(8) 


] 


Tr(0/0¢;) Inf fi- h— (1) 


TrS(¢)[1—(d2/de)], (9) 


and 


Tr(0/0¢,) In[fi—h—- 


- (ag>’ 0¢;) }. (10) 


Here we have used the relation 


Tr(d/dx) In{ A +-B (a 


Tr[A+B(z)}"(0B/dx), (11) 


which is true for two not necessarily commuting 
matrices A and B. Now in Luttinger and Ward) it is 
shown that 


lim © exp(¢,0+)S(¢.) (0E/d¢,) =0. 
Bow | 


(12) 


Precisely the same argument may be used to prove that 


lim > exp (¢ 0" 8" C71) ( oD’ 0¢1) == (), (13) 


Bow 1 
Thus in the zero-temperature limit we have 
: 1 fe) 
Np=lim -— Tr © exp(¢0*) 
ps B l 
X {In[t.—h—2 (ey) — (1/2) 8(¢,) ] 
—In{t:-h—=(E,) }} 


Ot) 


0 
=lim - Tr }> exp¢0+— 
Bow B l Of1 


XIn[1—S(¢1)( 
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In the last step we have used 


Tr InA+Tr InB=Tr InAB, (15) 
which again is true for two not necessarily commuting 
matrices.® 

Following Luttinger and Ward, we transform the 
sum in (14) into an integral by writing 


1 
Nini — f dg exp(t0*) fe-(u,8) 
B72 Jes r 


£71 


0 
XTr— Inf1i—S(¢)(1/2)8(¢)], (16) 
og 


where f;~ is the Fermi function of complex argument ¢, 
namely, 

Fe (w,8) = (F&&P+1)-. (17) 
fe has simple poles at each ¢={;; and the contour 
I encloses these poles in the negative sense with two 
separate loops, one above the real axis and the other 
below. [See the diagram in Appendix A of Luttinger 
and Ward.*] The factor exp(f0*) allows us to distort 
I into the contour Ip which surrounds the entire real 
axis but encloses none of the poles of f;-. Integrating 
(16) by parts, we have 


1 ) 
Np=-—lim — f asl —f nf) 
B-© 2riJ ro LOt 


1 
xTr in| 1-5()-0() | (18) 
Q 
Since 


ts] 
lim —fy-(u,8)= —6(¢—y), (19) 
B+@ og 


we may perform the ¢ integration immediately to obtain 


1 1 
Np=lim —Th| nf —S(u—in) (un) | 


10 Dri Q 
1 
In| 1—S(u-tin)-olu-+in) || (20) 


Next we must make the assumption mentioned in the 
8 We are grateful to Dr. A. A. Maradudin for providing us with 
a simple proof of this result. 


AND 


V. AMBEGAOKAR 


Introduction that the single-particle-like state at the 
Fermi surface does not decay; i.e., the self-energy 2 (x) 
is real. According to the discussion following Eq. (7.7) of 
I, this assumption implies that 2’ (x) also is real as long 
as the impurity potential does not shift the bottom of the 
continuum of free-electron states. Using this assumption 
we may write, for infinitesimal 7, 


(21) 


(22) 


S(u— tn) = S (utin) + 27rid(A+ Z (u)—p); 
D(u—in) = 3(ut+in) =i (yz). 


On substituting ( 


1) and (22) into (20) and using the 
matrix relation (15) 


2 
5) we have 
Np=— Tr In{1—2nid(4+2(u)—y)(1/2)8(u) 

2ni ; ' 
X[1—S(ut+in)(1/2)8(u) >}. (2: 


The argument of the logarithm in Eq. (23) is just 
the $ matrix which describes the process in which eigen- 
states of the Hermitian operator 4+ Z(u) at energy u 
are scattered by the screened impurity potential d(y). 
This is precisely the same scattering system which was 
relevant to the calculation of impurity resistance as dis- 
cussed in I. According to Lippmann and Schwinger,’ 
the exact scattering states ya“ 


Ya =gatS (u+in) (1/2)3(u)ya™, 


satisfy the equation 
(24) 


where ¢, is an eigenstate of 4+ 2(u). The 7 matrix cor- 


responding to this process is 
Ts,a= Loo, (1/2)5(u)Ya : | 
= { (1/2)6(u)[1—S(ut+in) (1/2)5(u) FP }o,0; 


and 
So.a(u) = bb.a— 2716 ( Eo—p igen 
Thus 
Np= (1/277) Tr InS(y). 


In the special case of spherical symmetry, the eigen- 
values of $(u) are e?®!“**), where the 6, are the scattering 
phase shifts. Using this form of $, we have immediately 

1 2 
Npo=— > 2i%6:(kr)=- 


Qri l,m,o 


> (2/+1)6:(kr), (28) 


which is the usual form of the Friedel sum rule. 


* B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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Low-energy electron-diffraction and secondary electron-emission measurements have been made on (111) 
and (111) surfaces of GaSb and (100) surfaces of InSb. To account for the diffraction patterns observed both 
for these materials and previously for Ge and Si, a general model for (111) surfaces of diamond-structure 
semiconductors is proposed. Every second atom, counting along alternate close-spaced rows is raised with 
respect to its neighbors, being bonded to the sublayer by three » bonds while the “dangling bond” is s type. 
The remaining three-fourths of the surface atoms have dangling » bonds and are bonded to the sublayer by 


trigonal sp?-type bonds. 


The Ga or (111) face of GaSb has maximum sticking coefficients of 10-' and 10~ for oxygen and COs, 
respectively, these values being 10 times greater than those found for the Sb or (111) face. Multilayer 
adsorption of oxygen takes place on all the surfaces measured. The oxygen can be removed by heat treatment 
alone. Evidence is presented to show that diffusion of oxygen into the bulk is an important mechanism for 
regenerating the clean surfaces by heat treatment. Carbon dioxide adsorbs on GaSb so as to show structure. 
It apparently deposits as an unbroken molecule, and, unlike oxygen, does not build up several layers. 


I. INTRODUCTION 


REVIOUS low-energy electron-diffraction measure- 
ments on surfaces of Ge, Si,! and InSb,? cleaned 
by the ion bombardment and annealing technique of 
Farnsworth e¢ al.,3 have indicated that the atoms in 
the surface layer occupy structures such that half-order 
diffraction beams are observed. The occurrence of such 
beams has been interpreted as showing that the surface 
atoms are displaced from their normal bulk positions. 
A model of such atomic displacements on (001) surfaces 
has been discussed by Schlier and Farnsworth. In this 
article we report results of low-energy electron-diffrac- 
tion measurements on (111) and (111) surfaces (desig- 
nation used previously”) of GaSb,‘ and on (001) surfaces 
of InSb. On the basis of results for all four above- 
mentioned diamond-structure semiconductors, a model 
for a clean (111) surface is deduced which would appear 
to account for the observed results in a simple manner. 
A new model for an (001) surface is also suggested. 
Adsorption of various gases on the clean surfaces 
has been measured using low-energy electron-diffraction 
and also secondary electron-emission measurements as 
monitors of the process. New evidence which throws 
light on the mechanism of regeneration by heat treat- 
ment of clean surfaces after oxygen adsorption is 
presented. 
A difference between gas adsorption rates on (111) 
and (111) surfaces of GaSb has been found. Because 


* This work was supported by a contract with the U. S. Air 
Force, Air Force Cambridge Research Center, Air Research and 
Development Command. 

+ Now at Physics department, University of New South Wales, 
Sydney, Australia. 

1R. E. Schlier and H. E. 
917 (1959). 

2D. Haneman, J. Phys. Chem. Solids 14, 162 (1960). 

3H. E. Farnsworth, R. E. Schlier, M. George, and R. M. 
Burger, J. Appl. Phys. 29, 1150 (1959). 

4 A summary of measurements on GaSb is given in Proceedings 
of International Conference on Semiconductor Physics, Prague, 
1960 (to be published). 


Farnsworth, J. Chem. Phys. 30, 


of the asymmetry of the zinc-blende structure in the 
[111] direction, such faces [created by a cut parallel 
to (111) planes] consist ideally of Sb faces and Ga 
faces, respectively. The results are discussed in terms 
of the new surface models. 


II. CRYSTAL PROCESSING AND VACUUM 
PROCEDURES 

Measurements were made in a low-energy electron 
diffraction tube (assembled by Dr. R. E. Schlier) of a type 
described by Farnsworth eé al.,’ a separate experiment 
being performed for each crystal face. The crystal mount 
arrangement was the same as that described previously,” 
the crystal being pressed against a Mo block by spring- 
loaded Mo hooks bearing on slots cut in the crystal 
sides. All tube parts were degreased in an acetone ex- 
tractor prior to assembly in the tube. 

An n-type single crystal of GaSb, having an impurity 
content of 10'*/cc, and a single crystal of InSb having 
an impurity content of 10'°/cc were used. Specimens 
were cut in the form of cylinders 8 mm long and 7 mm 
in diameter. The front faces were oriented parallel to 


desired planes to within } 


degree by an x-ray method. 
The faces were ground and polished, and etched. GaSb 
faces were immersed for a few seconds. in a heated 
mixture of 2 parts 70% HNOs, 1 part 50% HF, and 
1 part glacial acetic acid, diluted with distilled water. 
The InSb face was etched in a solution (room tempera- 
ture) of equal parts of HNO; and HCl diluted with 
distilled water. 

The etching action was stopped by flooding with 
distilled water before removing the crystal face from 
the solution, in order to prevent very thick oxide layers 
being formed. Identification of the Ga and Sb faces of 
the GaSb crystals was made by correlating their dif- 
ferent etch characteristics with the x-ray data of 
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Warekois and Metzger.’ The (111) face consists ideally 
of Ga atoms and the (111) face of Sb atoms. 


Ill. CLEANING PROCEDURES 


After the usual vacuum procedures, pressures of 
below 10-* mm Hg were obtained in the experimental 
tube and were 2X 10-* mm with several filaments hot. 
All surfaces were cleaned by the ion-bombardment and 
annealing technique, it having been shown previously 
that this was efficacious for compounds? as well as for 
elements. Low current densities of 5 to 10 wa/cm? were 
used for periods of 5 to 20 minutes at ion energies of 
200 to 600 ev. Full precautions were taken against the 
back-sputtering effect? by ensuring that the crystal face 
could ‘‘see” only metal surfaces (at grid potential) 
during ion bombardment. Argon pressures during bom- 
bardment were 10-* to 10~* mm Hg, the gun used to 
ionize the argon being shielded from the crystal by a 
Mo shield at the accelerating-grid potential of +50 
volts with respect to the filament. No electron diffrac- 
tion patterns could be obtained for the ion-bombarded 
surfaces, indicating a disordered structure. However, 
sharp diffraction patterns were obtained after annealing. 
For both the InSb (mp 523°C) and GaSb (mp 725°C), 
annealing at 350°C-400°C for 30 minutes or more was 
sufficient. At these temperatures no hillock formation’ 
was observed on any of the surfaces. 


" 
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IV. DIFFRACTION PATTERNS 
Gallium Antimonide 


Intense and reproducible low-energy electron-diffrac- 
tion patterns were obtained from both (111) and (111) 
faces after the ion-bombardment and annealing cycles. 
The patterns were characteristic of (111) GaSb planes, 
using the bulk lattice constant of 6.09 A for GaSb. They 
were in general somewhat more intense on the (111) 
face than on the (111) face. On the latter face, beams 
in the (112) azimuth were weak compared to beams in 
the (110) azimuth. 

Measurements in the (110) and (112) azimuths on 
both faces indicated that in addition to strong integral- 
order beams there were half-integral order beams of 
about one fourth to one half the intensity of the integral- 
order beams on the average. These characteristics ap- 
plied to both (111) and (111) surfaces. A plot of beam 
positions in the (110) azimuth for a (111) face is shown 
in Fig. 1. A typical recorder trace of diffracted beam 
current versus primary electron energy for a clean 
surface is shown in Fig. 2(a). 


Indium Antimonide 


Reproducible diffraction patterns were obtained from 
the (100) face. The intensities of the patterns were in 
general about one third of those obtained previously? 
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Fic. 1. Positions of diffraction beams in the (110) azimuth for a cleaned (111) surface of GaSb, plotted as a function of colatitude 
angle @ and primary beam voltage V. The solid curves are theoretical plots of the surface grating formula »(150/V)=d sin@, using 
the bulk lattice constant of 6.09 A for GaSb. Dots (-) represent diffraction peaks and crosses (X) indicate positions at which the peaks 
are maximized. The order of diffraction, m, is marked on the curves. 


5E. P. Warekois and P. H. Metzger, J. Appl. Phys. 30, 960 (1959). 
®° D. Haneman, Phys. Rev. 119, 563 (1960). 
7D. Haneman, J. Appl. Phys. 31, 217 (1960). 
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l'ic. 2. Typical recorder traces 
of diffracted beam current J versus 
primary beam voltage V, in (110) 
azimuth. (a) Clean (111) GaSb 
surface (a); (b) surface (a) after 
exposure to 7X10-§ mm min of 
oxygen; (c) surface (a) after ex- 
posure to 7X10-? mm min of car- 
bon dioxide; (d) clean (001) InSb 
surface. Solid curves would be four 
times as high as shown if plotted 
to same scale as dotted curves. 
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for (111) faces. The patterns in the (310) azimuths 
were as intense as those in the (110) azimuths and about 
twice as intense as those in the (100) azimuths. Weak 
half-order beams (about 10% of intensity of integral 
order beams on the average) were observed in the (310) 
and (110) azimuths but no such beams could be detected 
in the (100) azimuth. This feature was also found on 
(100) faces of Ge and Si by Schlier and Farnsworth.' 


V. OXYGEN ADSORPTION CHARACTERISTICS 


Exposure of the clean surfaces to oxygen, admitted 
through a heated silver leak, resulted in a gradual 
weakening in intensity of all diffraction beams. Pres- 
sures used ranged from 10-° mm to 10° mm. The 
changes in beam intensities were a function of exposure 
(pressure X time) and were not sensitive to the absolute 
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pressure. Half-order and integral-order beams were 
weakened at the same rate on all surfaces. However 
in the case of GaSb the rates at which the beams 
weakened were markedly different for the (111) and 
(111) surfaces. Plots of beam intensity versus oxygen 
exposure are shown in Fig. 3. It is seen that the (111) 
surface, consisting ideally of Ga atoms, showed a higher 
adsorption rate than the (111) surface, consisting ideally 
of Sb atoms. The adsorption rate of the latter surface 
was similar, at lower exposures, to those reported 
previously? for cleaned InSb (111) and (111) surfaces. 
A typical recorder trace after oxygen adsorption is 
shown in Fig. 2(b). 

For the InSb (100) face the rate of decrease of beam 
intensity with oxygen exposure after about half cover- 
age was not very different from that found earlier® for 
(111) and (111) faces, as shown in Fig. 3. 
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Fic. 3. Relative diffraction beam current (100 ///o) versus exposure to oxygen and carbon dioxide for (111) and (111) surfaces of 
GaSb and InSb, and (001) surface of InSb. Results for InSb [(111) and (111) ] are from reference 2, Currents refer to integral-order 


beams only for carbon dioxide. 
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VI. REGENERATION AND SECONDARY 
EMISSION MEASUREMENTS 


It was found that the oxygen-covered surfaces could 
be cleaned by heat treatment alone. For the GaSb, 
after light exposures corresponding to a fraction of a 
monolayer coverage (i.e., fractional decrease in beam 
intensities) the clean surface could be regenerated by 
heating to 350-400°C for periods of 10-20 minutes. 
After higher exposures, corresponding to more coverage, 
appreciably longer heating times were required to re- 
store the clean surface. This correspondence between 
regeneration heating time and oxygen exposures (cover- 
age) was noted even for exposures greater than those 
required to obliterate the diffraction patterns. This sug- 
gested that oxygen continued to adsorb on the surfaces 
even after coverages sufficient to obliterate the diffrac- 
tion patterns, longer heating times being required to 
remove the greater quantities of oxygen. 

These phenomena were checked by measuring the 
secondary electron emission of the surfaces as a function 
of oxygen exposure. The collimated beam of electrons 
used for diffraction measurements served as the primary 
beam, the total secondary electron emission being col- 
lected by the drum which surrounded the crystal and 
which was held at the same potential. Typical results 
are shown in Fig. 4. It is seen that the secondary emis- 
sion for all surfaces continued to rise with oxygen ex- 


posure long after the diffraction pattern was obliterated. 
These results, which will be discussed below, are con- 
sidered to show both that multilayer adsorption takes 
place and that a diffusion mechanism plays an important 
part in the removal of oxygen by heat treatment. 


VII. CARBON DIOXIDE ADSORPTION 
CHARACTERISTICS 


Carbon dioxide adsorption had not been studied in 
previous low-energy electron diffraction experiments on 
other materials since there appeared to be no special 
interest in its adsorption behavior. However, it was 
discovered, following an accidental exposure to this gas, 
that it adsorbed on GaSb so as to show lattice structure. 
Controlled experiments were then carried out. The high- 
purity gas was obtained from a Linde ‘‘M.S.C.” source. 
Unlike other gases, it was admitted into the experimental 
tube without passing through a liquid nitrogen trap 
(to prevent freezing) but only through dry ice traps 
and in the presence of a molybdenum getter. 

Adsorption of carbon dioxide on GaSb resulted in a 
weakening of all diffraction beams. As in the case of 
oxygen, the (111) face showed appreciably faster ad- 
sorption than the (111) face. Unlike oxygen however, 
it was found that the half-integral-order beams were 
weakened more rapidly than the integral-order beams. 
After sufficient adsorption the weak remaining pattern 
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Fic. 4. Secondary electron emission B for different exposures to oxygen and carbon dioxide. Upper curves are for 100-ev primary 
electron energy, lower curves for 20-ev energy. Note that B rises continually with O2 exposure but reaches a limit at certain CO2 exposures. 
Exposures corresponding to monolayer coverage may be estimated from Fig. 3 (exposures at which beam intensities reduced almost 
to zero). 
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Fic. 5. Possible surface configurations for (111) and (100) surfaces of diamond-structure semiconductors. (100) surface viewed at 
oblique incidence, (111) surface at normal incidence. Probable distortions in second atomic layer when some surface atoms are raised, 
are not illustrated in this diagram. (a) “Ideal” (100) surface; (b) atoms in every second row of (100) surface raised with respect to 
neighboring rows; (c) (100) surface atoms approach in pairs (Schlier and Farnsworth’); (d) “ideal” (111) surface; (e) every second 
atom (counting along alternate close-spaced rows) raised with respect to its neighbors; (f) (111) surface atoms approach ‘in pairs. 
Configurations (b), (c), (e), and (f) would lead to the observation of half-order diffraction beams. For (111) surface, configuration 


(e) is considered probable, see Fig. 6. 


had only integral-order beams. A typical recorder trace 
after carbon dioxide adsorption is shown in Fig. 2(c). 

Secondary emission measurements were made as a 
function of carbon dioxide adsorption. As for oxygen, 
the emission rose with exposure to carbon dioxide but 
reached a limiting value at the same exposures at which 
a very weak limiting diffraction pattern was attained. 
Higher exposures did not affect either the weak diffrac- 
tion pattern or the secondary emission. Characteristics 
are shown in Fig. 4. It appears that multilayer adsorp- 
tion of CO, does not take place. 

Regeneration of the clean surface after CO, adsorp- 
tion could not be achieved by heating up to 400—450°C. 
Higher temperatures were not used to avoid possible 
surface decomposition. After heating at 400-450°C for 
several hours the original diffraction pattern was partly 
restored. However, many beams were weak and 
broadened, with small extra beams present. Further, 
the secondary emission of such surfaces was significantly 
higher (3-5%) than for a surface cleaned by bombard- 
ment and annealing, indicating also that the heated 
surface was not equivalent to a clean surface. Appar- 
ently on heating, chemical reaction between the surface 
atoms and CQO, takes place so as to retain the latter 
or its components in some form on the surface. 

For the InSb, no significant change in diffraction 
beam intensities was observed even after CO, exposures 


of 1 mm Hg min, indicating negligible adsorption of 
this gas at room temperature. Tests with carbon mon- 
oxide indicated no significant adsorption of this gas on 
GaSb or InSb. 


VIII. DISCUSSION 


A. Structure of Clean (111) Surfaces 


The occurrence of half-integral-order diffraction 
beams in the (110) and (112) azimuths is noteworthy. 
This feature has now been found for ion-bombardment 
cleaned (111) faces of Ge, Si,! InSb,? and GaSb, all of 
which are diamond-structure semiconductors. It was 
not found for. (0001) faces of BigTe3,° which has a hex- 
agonal structure. Diffraction patterns with half-order 
beams can be obtained from any surface atom configura- 
tion having a regularity with double the spacing of 
atoms in bulk (111) planes, e.g. Fig. 5(f). However, 
only one such configuration can lead to half-order beams 
having intensities comparable to those of integral-order 
beams, as had been found? for (111) and (111) surfaces 
of InSb. In this configuration, illustrated in Fig. 5(e), 
every second atom, counting along alternate close- 
spaced rows, is raised with respect to its neighbors, so 
that the actual surface layer consists of atoms whose 
spacing is exactly twice that of atoms in bulk (111) 
planes. 

It is possible to give a general explanation for the 
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“real” 


Fic. 6. (111) surface viewed at oblique incidence. Configura- 
tion labelled ‘‘real’” shows every second atom (counting along 
close-spaced rows) raised with respect to neighboring atoms. Each 
raised atom has an s-type “dangling bond’’, with three p-type 
bonds to the sublayer. Remaining surface atoms have “dangling” 
p bonds and trigonal sp*-type bonds to atoms in sublayer. Ratio 
of s bonds to p bonds, averaged over all surface atoms, is same in 
“ideal” and “real” configurations. 


occurrence of such a structure on (111) surfaces of 
diamond-structure semiconductors. 

On a “normal” (111) surface, prior to any rearrange- 
ment, each atom is bonded to three atoms in the second 
layer by tetrahedral sp* bonds. The fourth sp* bond is 
“dangling” perpendicular to the surface. Since its en- 
vironment is now different from that in the bulk it is 
reasonable to suppose that the quantum state of this 
bond is altered. It may become either more s type or 
more p type. Of these two possibilities the latter would 
result in the electron staying mainly on the “outside”’, 
away from the other bonds, which appears reason- 
able. It is then proposed that the dangling bond tends 
to become p type. This would result in the remaining 
three bonds tending to become of type sp’, instead of the 
former sp*. Such trigonal bonds tend to be in a plane. 
Hence each surface atom will tend to be pulled down 
between the atoms in the second layer, exerting strong 
resultant lateral forces on these atoms. These pressures 
can be most easily relieved if the central atom within 
each hexagonal ring of atoms on the surface is forced 
up, as shown in Figs. 5(e) and 6. This would cause a 
reduction in the angular separation of the three filled 
bonds of the raised atom and could readily take place 
if one assumes that these three bonds become type, 
having in consequence a natural angular separation of 
only 90°, instead of the former tetrahedral angle of 
109°. Then the “dangling bond” of each raised atom 
will be s type, and the whole configuration would have 
a minimum strain, since the raising of the atoms shown 
in Fig. 6 allows the atoms in the former second layer 
to move laterally so as to relieve the pressure from the 
sp’-bonded atoms. That is, every second atom, counting 
along any close-spaced row, is raised with respect to 
its neighbors. Three quarters of the original surface 
atoms have dangling » bonds and the remaining fourth, 
which are raised, have dangling s bonds. It is noted that 
this structure, which would account for the electron 
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diffraction results, follows naturally as a result of as- 
suming that the original dangling bond of a surface 
atom tends to become # type, rather than retaining an 
sp® type state, characteristic only of bulk bonding. 

There are several consequences of this proposed 
structure of a clean (111) surface. Firstly, the amount 
by which every second atom is raised will depend on 
the strength of bonding between the atoms. If the 
bonding is very strong, the atoms will be able to move 
very little from their bulk positions. The raising of 
atoms relative to their neighbors will be small and the 
half-order diffraction beams weak. Conversely if the 
bonding is weaker, relatively greater raising is possible, 
perhaps of the order of 1 A, with stronger half-order 
beams resulting. In InSb the strength of bonding is 
significantly less than for Ge, Si, and GaSb (e.g., the 
forbidden energy gaps are, respectively, 0.25 ev, 0.75 ev, 
1.1 ev, and 0.71 ev). Hence the half-order beams should 
be strongest for InSb, as was indeed found. The author 
has reported? that for (111) and (111) surfaces of InSb 
the half-order beams had intensities comparable with 
integral-order beams whereas for Ge, Si,! and GaSb the 
half-order beams were found to have intensities which 
were on the average only a quarter of the intensities 
of the integral-order beams. These observations are thus 
consistent with the model. 

A second consequence is that the asymmetry of the 
zinc-blende structure (diamond-structure with alternate 
atoms different) in the [111] direction will be preserved 
when two faces [called (111) and (111) ] are created 
by a cut parallel to (111) planes. Thus the (111) face 
would still consist of Group III atoms and the (111) 
face of Group V atoms. Before rearrangement a surface 
Group III atom would have a “dangling bond” con- 
taining 2 of an electronic charge and a surface Group 
V atom would have a “dangling bond” with 5/4 of an 
electronic charge. These differences would not funda- 
mentally affect the tendency for every second atom to 
be raised with respect to its neighbors but might affect 
the adsorption rates for gases on the two surfaces. 


B. Adsorption Rates of Oxygen and 
Carbon Dioxide 


As described in Sec. 5, the adsorption rates of oxygen 
and CO, on the Ga face of GaSb were about 10 times 
greater than on the Sb face. This is in contrast to InSb, 
where the adsorption rates of oxygen on the In and Sb 
faces were comparable. It now appears that the latter 
observation was simply due to the comparable activities 
of the In and Sb (111) faces of InSb. It is interesting to 
note that the oxygen adsorption rates on the Sb face of 
GaSb were similar, up to about half coverage, to those 
on the Sb face of InSb. See Fig. 3. Such a correspondence 
is expected since the faces are both composed of Sb 
atoms. At higher coverages the adsorption rates on the 
two surfaces diverge due to the influence of the different 
interiors of the two crystal surfaces. 





PROPERTIES OF DIAMOND 

The observed higher chemical reactivity® of ‘“real” 
(111) faces than (111) faces is probably a complex 
phenomenon since these faces already have oxide layers. 
The interpretation of this on the basis of the above 
results, where the clean (111) or Ga face is initially 
more reactive, is that after the oxygen film is formed 
it would be held more tightly than that on the (111), 
or Sb, face leading to the observed lower reactivity for 
the “real” (111) face. The detailed mechanism however 
probably involves many processes. 

As described in Sec. 7, the effect of adsorption of 
carbon dioxide on the GaSb faces was to cause the half- 
order beams to weaken faster than the integral-order 
beams. Assuming that the adsorbed particles were con- 
tributing to the diffraction pattern, this indicates that 
in the adsorbed layer the particles had spacings the same 
as those of atoms in bulk (111) planes of GaSb. If the 
CO, molecules dissociated on adsorption, the first step 
would be likely to be 2CO,.— 2CO+Ox2. One would 
then expect the CO molecules to desorb, since negligible 
adsorption of CO on clean surfaces was observed. This 
would leave only oxygen on the surface, yet an oxygen- 
covered surface showed no structure. Furthermore the 
CO,-covered surface could not be regenerated by heat 
treatment up to 400-450°C whereas the oxygen-covered 
surface could be regenerated by heating to 350—-400°C. 
From this evidence it is concluded that CO, adsorbed 
as an unbroken molecule, the linear molecules probably 
lying on the surface over definite sites, leading to the 
observed structure in the adsorbed layer. Apparently 
higher layers do not form at room temperature since 
the secondary emission did not change after exposures 
greater than those required to almost extinguish the 
diffraction patterns. 


C. Secondary Emission and Regeneration 
Phenomena 


We consider now the fact that the secondary emission 
of the ‘oxygen-covered surfaces continued to rise with 
exposure after the diffraction patterns had been obliter- 
ated. It appears that the oxygen adsorbs initially either 
in an amorphous film or, possibly, in a polycrystalline 
monolayer arrangement. This causes the net diffraction 
pattern to weaken and disappear. The secondary elec- 
tron emission arising from a monolayer itself is pre- 
sumed to be very small, except at very low voltages, 
compared to the emission from the bulk where most 
of the incident electrons make collisions. Hence the ob- 
served rise in the secondary emission ratio B with gas 
coverage is mainly due to the effect of the adsorbed 
layer on the potential at the surface, apparently increas- 
ing the escape probability of internally created second- 
aries. Oxygen continues to deposit over the initial 
monolayer, causing further increase in B. The number 
of adsorbed layers can be estimated roughly from these 


8H. E. Gatos and M. C. Lavine, J. Electrochem. Soc. 107, 
427 (1960). 
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data as about 3, assuming one monolayer nearly ex- 
tinguishes the diffraction pattern and that B rises ap- 
proximately linearly with depth of coverage. 

If the adsorbed oxygen was simply desorbed when the 
surface was heated, one would expect that the second 
and third layers, being more loosely bound than the 
first, would desorb more easily than the first. Thus a 
given heat treatment which suffices to remove the first 
adsorbed layer should readily remove also the outer 
layers. However, it was observed for the InSb and GaSb 
surfaces that longer heating times (at a given tempera- 
ture) were required to remove several layers of adsorbed 
oxygen than to remove approximately one layer. This 
suggests that a diffusion mechanism is operative in 
removing the oxygen during heat treatment, rather than 
simple desorption. This observation supports the pro- 
posal of Farnsworth® (for the case of Ge) that an im- 
portant mechanism for the regeneration of clean surfaces 
by relatively low-temperatures heat treatment is dif- 
fusion of the adsorbed oxygen into the bulk of the 
crystal. 


D. Structure of (100) Surfaces 


The (100) surface diffraction patterns differ from 
(111) and (110) surface patterns, in that half-order 
beams are observed only in (110) and (310) azimuths 
and not in (100) azimuths. Such patterns were found 
by Schlier and Farnsworth! on (100) surfaces of Ge 
and Si, and have now been found also on (100) surfaces 
of InSb although in this case the patterns were generally 
weaker than for other surfaces. Schlier and Farnsworth® 
proposed a structure for a (100) surface which would 
lead to the above diffraction pattern being observed. 
This structure is formed by the surface atoms, which 
would normally have two dangling bonds, being pulled 
together in pairs, as shown in Fig. 5(c), in the direction 
of their dangling bonds. A possible alternative structure 
which is suggested by the model for the (111) surface, 
is one in which the atoms in every second row in the 
[110 | direction are raised with respect to their neighbors. 
This is illustrated in Fig. 5(b). No detailed explanation 
of the bond characters in either model is presently 
available. ' 

IX. CONCLUSION 
The main results contained in this paper are: 


(a) Observed half-order diffraction beams on clean 
(111) surfaces of diamond-structure semiconductors ap- 
pear to be satisfactorily accounted for by the following 
model: Every second atom, (starting at a given atom 
and counting along any close-spaced row) is raised with 
respect to its neighbors. Each raised atom has a dangling 
s-type bond and three p-type bonds to the underlying 
atoms while the remaining three quarters of the surface 


*R. E. Schlier and H. E. Farnsworth, Semiconductor Surface 
Physics (University of Pennsylvania Press, Philadelphia, Penn- 
sylvania, 1957), p. 3. 
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atoms have each a dangling p-type bond and three 
trigonal sp*-type bonds to the underlying atoms. 

(b) The clean (111) and (111) surfaces of GaSb have 
different sticking coefficients for gases, the maximum 
values being 10-° and 10~ for oxygen on the Sb and 
Ga faces, respectively, and 10-* and 10~-° for COs, re- 
spectively, these values being obtained by the method 
discussed in reference 2. 

(c) Oxygen adsorbs in several layers at room tem- 
perature on (111) and (111) surfaces of GaSb and on 
(100) surfaces of InSb. 

(d) The above clean surfaces may be regenerated by 
heat treatment alone after oxygen adsorption. An im- 
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portant mechanism for oxygen removal during heating 
to 350-400°C is diffusion into the bulk of the crystal. 
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Optical Constants of Silver 


E. A. Tart AND H. R. Partie 
General Electric Research Laboratory, Schenectady, New York 
(Received October 10, 1960) 


The optical constants for electrolytically polished silver samples were determined from normal-incidence 
reflectance data in the spectral region 2 to 10 ev. The sharp minimum in the curve for & near 3.8 ev, which 
is associated with the onset of interband transitions, is deeper than in previous results. A second minimum 


is observed near 9.2 ev. 


INTRODUCTION 


HE optical properties of metals have been the 
subject of many studies.' In the region of 
infrared frequencies, where free-electron absorption 
predominates, these processes may be described by the 
Drude equations. At higher energy, however, pro- 
nounced deviations from the Drude theory are observed 
in many cases. In the noble metals, this departure takes 
the form of a sharp minimum in the curve for k, the 
extinction coefficient. For silver this structure is 
particularly pronounced and much attention has been 
given to reflectance and transmission data in the 
vicinity of this absorption window.’ Corresponding 
theoretical treatment, however, is less complete. There 
seems little doubt that this anomaly is associated with 
the onset of interband electronic transitions. The free- 
electron model, applied to silver with one electron per 
atom, would predict that the perfectly reflecting region 
should extend to the plasma frequency at about 9 ev.* 
Thus the free-electron model cannot be applicable to 
silver. 


1For a review of this subject see M. P. Givens, Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1958), Vol. 6, p. 313; L. G. Schulz, Suppl. 
Phil. Mag. 6, 102 (1957). 

? For summaries of much of this work see R. S. Minor, Ann. 
phys. 10, 581 (1903) ; L. G. Schulz, J. Opt. Soc. Am. 44, 357 (1954) ; 
ibid., 44, 540 (1954); L. G. Schulz and F. R. Tangherlini, J. 
Opt. Soc. Am. 44, 362 (1954). 


Recently, Suffczynski* has proposed a model which 
allows the calculation of the contribution of interband 
transitions to the optical constants of metals. For 
silver, the results are particularly interesting. The 
present investigation is a further study of the optical 
properties of this metal over an extended range of 
photon energy. The optical constants are determined in 
the region 2 to 10 ev by applying the Kramers-Kronig 
relations to normal incidence reflectance data.’ The 
results are of especial interest because this range of 
energy includes the plasma resonance frequency calcu- 
lated from the free-electron model.’ 


EXPERIMENTAL PROCEDURES 


The techniques employed in these measurements have 
been described in a previous paper.’ Reflectance data 
at 300°K for electrolytically polished® silver samples 
are shown in Fig. 1.’ These values were obtained as 
soon as possible after the etching process and, although 
subject to conceivable atmospheric contamination, are 
considered a reasonable approximation to bulk silver 
reflectance characteristics. 


*D. Pines, Revs. Modern Phys. 28, 184 (1956). 

4M. Suffczynski, Phys. Rev. 117, 663 (1960). 

5H. R. Philipp and E. A. Taft, Phys. Rev. 113, 1002 (1959). 

°L. I. Gilbertson and O. W. Fortner, Trans. Am. Electrochem. 
Soc. 81, 199 (1942). 

7 The carefully measured reflectance data of Schulz (see work 
cited in footnote 2) are plotted below 3 ev. The measurements of 
Fig. 1 are fitted to his value at this point. 
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Fic. 1. Spectral dependence of the reflectance of Ag. The data of 
Schulz are plotted below 3 ev (see work cited in footnote 2). 


Curves obtained on mechanically polished and 
evaporated specimens showed some variations, partic- 
ularly in the regions of the reflectance minima.® 
Annealing of mechanically polished surfaces was 
observed at the 3.86-ev minimum, which deepens and 
narrows after heating to 200°C for several minutes. 
The reflectance of evaporated layers at this energy 
was between 2} and 3%, about the same as for mechan- 
ically polished surfaces. 

The position of the broader minimum at 9.2 ev is also 
sensitive to surface treatment. For mechanically 
polished samples this minimum was shifted to lower 
energy by as much as 1 ev. Freshly prepared electro- 
lytically polished or evaporated surfaces always 
exhibited the 9.2-ev minimum, the evaporated films 
giving a less pronounced effect. Aging these samples 
in air shifted this minimum toward the lower energy.’ 

8 X-ray diffraction data were obtained on etched, mechanically 
polished, and evaporated samples. Differences were observed 
particularly in the relative intensities of the diffraction spectra 
lines. Although these effects were not studied in any detail, it 
appears that useful information concerning the nature of these 
surfaces might be obtained from more comprehensive measure- 
ments and analysis of x-ray data. We are indebted to R. F. Reihl 
for these spectra. 

® Silver has been observed to ‘‘tarnish”’ when exposed to short 
wavelength radiation. [See P. R. Gleason, Proc. Am. Acad. Arts 
Sci. 64, No. 6 (1930) ]. This effect is most likely the oxidation of 
silver by the action of ozone produced by radiation in the oxygen 
absorption bands above 6.5 ev. In the present work some samples 
were observed to color (yellow) after long exposure to vacuum 
monochromator wavelengths under poor vacuum conditions 
The yellow film effectively removed the structure at 9.2 ev. 
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Fic. 2. Spectral dependence of the real part of the index of 
refraction of Ag. The values of Schulz are plotted below 3 ev 
(see work cited in footnote 2). 


For silver surfaces, measurements of reflectance 
appearing in the literature have been confined in 
general to the spectral region below 4 ev.? The values 
of Fig. 1 are in accord with these data although there 
are differences in some details. The minimum near 
3.8 ev is deeper than in previous studies. At higher 
energy the present results are at variance with published 
data. The minimum near 9.2 ev has not been pre- 
viously reported. 

Reflectance data were obtained, for a range of sample 
temperatures, in the region of pronounced structure 
near 3.8 ev. As the temperature is decreased from 
350° to 250°K, the minimum deepens and sharpens, 
and shifts by an amount 4X 10~ ev/°K toward higher 
energy. In the range 250° to 80°K, little dependence 
on temperature was found. 


RESULTS AND DISCUSSION 


Values for m and & derived from the reflectance data 
of Fig. 1 are shown in Figs. 2 and 3." Values of absorp- 


10 W. C. Walker, O. P. Rustgi, and G. L. Weissler, J. Opt. Soc. 
Am. 49, 471 (1959); G. B. Sabine, Phys. Rev. 55; 1064 (1939). 

1 Details relating to this calculation are given in the work 
cited in footnote 5. Following the results of the work cited in 
footnote 10, the curve of Fig. 1 is assumed to rise to 9% reflectance 
at 13 ev and remain constant at this value to 25 ev. Above this 
energy, the curve is linearly extrapolated in a plot of InR? vs 
Inhv to 0.026% at 1000 ev. 
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Fic. 3. Spectral dependence of the extinction coefficient (the 
imaginary part of the index of refraction) of Ag. The values of 
Schulz are plotted below 3 ev (see work cited in footnote 2). 


tion constant a=4rk/\ are shown in Fig. 4. There are 
two salient features in these curves. First, the absorption 
exhibits a sharp minimum near 3.8 ev and second, there 
is a much broader minimum in the vicinity of 10 ev. The 
real part of the dielectric constant, ¢=n’—k’, is 
found to be zero at 3.75 ev and remain positive for 
higher energy as far as the measurements were carried. 

The structure in the curve for k near 3.8 ev has been 
associated with the onset of interband electronic 
transitions. Suffczynski‘ has recently calculated the 
contribution of interband transitions to the optical 
constants of metals. In his model for silver, excitations 
from the occupied (conduction) band to the next 
higher empty band are considered.” By choosing the 
energy gap and parameters which describe the bending 
of the energy bands and the manner in which the Fermi 
surface approaches the Brillouin zone boundary, a 
curve consistent with experiment may be obtained. 
The sharp minimum in & in the theoretical curve 
results from the particular way in which the dielectric 
constant associated with interband transitions adds to 


'2 See N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Clarendon Press, Oxford, 1936). Optical 
transitions from the filled 3d band are essentially neglected in 
this treatment. This may not be a realistic assumption. See 
J. Friedel, Proc. Phys. Soc. (London) B65, 769 (1952). 
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Fic. 4. Spectral dependence of the absorption 
coefficient (a=4rkd) of Ag. 


the dielectric constant from conduction electrons 
(Drude theory) in the vicinity of the band separation, 
3.8 ev. 

The reflectance silver exhibit a second 
minimum near 9.2 ev which has not been previously 
observed. This structure occurs near the energy of 
plasma oscillations calculated from the free-electron 
model but in fact can have nothing to do witha collective 
oscillation since the real part of the dielectric constant 
€:, is positive throughout this region.’* The necessary 
condition for a collective oscillation is that €; be zero 
and that the imaginary part of the dielectric constant, 
€,=2nk, be small and roughly constant."* This condi- 
tion is satisfied in silver at 3.75 ev. Thus a collective 
oscillation evidently occurs in silver at this latter energy 
which is much below the prediction of the free-electron 
model because of the influence of the interband tran- 
sitions. 


data for 


‘8 The computed values of m and k above about 8 ev depend 
quite strongly on the way the reflectance curve is extended beyond 
11.3 ev (see work cited in footnote 11). The data of the work 
cited in footnote 10 are consistent with one another and indicate 
that the reflectance is indeed constant in the energy range 13 
to 25 ev. 

4 P. Noziéres and D. Pines, Phys. Rev. 113, 1254 (1959). 
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Fic. 5. Im[1/e] as a function of hy for Ag. 


Information pertinent to experiments on character- 
istic energy losses of electrons in silver'®'® may be 
obtained from the present data. In the dielectric 
formulation of the characteristic energy loss problem, 
the rate of energy transfer from the incident charged 
particle to the solid is contained in the imaginary 
part of 1/e(w).“ This quantity is readily evaluated from 


5D. Pines, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 432. 

‘6 P, A. Wolff, Phys. Rev. 92, 18 (1953), suggests that in metals 
with occupied d bands, such as silver, there is a strong coupling 
between the plasma wave and the d electrons which gives rise to 
frequency broadening. Energy widths should be of order w)nk. 
The plasma frequency may also be shifted in energy by a consider- 
able amount. 


CONSTANTS OF Ag 


a knowledge of the optical constants as follows!’ : 


€2(w) 
Im[1/e(w) ]= = 


2nk 





€” (w) +" (w) . ete Pp 


and is plotted in Fig. 5 as a function of ky. A sharp 
peak is observed at the energy of the collective oscilla- 
tion, 3.75 ev, where €, is zero. A second broad peak 
occurs near 8 ev but this is not related to a collective 
oscillation since €; is positive in this region. Both peaks 
should show up in the characteristic energy loss 
spectrum. 
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Note added in proof. Recently W. Steinmann [Phys. 
Rev. Letters 5, 470 (1960)] and R. W. Brown, P. 
Wessel, and E. P. Trounson [Phys. Rev. Letters 5, 
472 (1960) ] have observed radiation at 3300 A from 
thin silver films bombarded with high-energy electrons. 
This radiation conforms with predictions by R. A. 
Ferrell [Phys. Rev. 111, 1214 (1958) ] on the possibility 
of observing radiation due to collective oscillations in 
thin metal films. Thus these experiments appear to 
provide an independent way of showing that a charac- 
teristic frequency for collective oscillations occurs in 
silver at 3.75+0.1 ev, in agreement with the value 
obtained in the present paper by finding from the op- 
tical constants the energy at which the real part of the 
dielectric constant is zero. 

Steinmann also gives a characteristic energy loss 
spectrum for silver which shows a broad peak at 7.4 ev 
in addition to a sharp peak near the energy of the 
collective oscillation. These peaks are thus in general 
agreement with those calculated from the optical 
constants in Fig. 5. 


17H, Fréhlich and H. Pelzer, Proc. Phys. Soc. (London) A68, 
525 (1955). 
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Detection of Double Resonance by Frequency Change: Application to Hg®”t 


Rosert H. Kox#ier* 
Department of Physics and Research Laboratory of Electronics, Massachusetts Institute of Technology, 
Cambridge, Massachuseits 
(Received September 27, 1960) 


A new type of double-resonance experiment that depends on 
wavelength effects rather than on polarization effects is discussed. 
Incident polarized light is replaced by incident light of wavelength 
coincident with just one component of the structure to be meas- 
ured. The analyzer is replaced by a cell of gas that absorbs just 
that same component and lets the others pass. Magnetic resonance 
from the excited component to one of the others is monitored by 
increases in the light transmitted through the absorbing gas. 
This experiment requires that the Doppler width be smaller than 
the structure. This method was first applied to measure the 
hyperfine structure of the *P, state of Hg®'. The incident light 
and absorbing gas were both supplied by separated Hg™*, whose 


resonance line coincides naturally with one component of the 
Hg™! hyperfine structure. Measurement of Hg” is discussed in 
detail. The following hfs intervals were found: f(4 < $) =7551.613 
+0.013 Mc/sec and f(} < §)=13 986.557+0.008 Mc/sec. The 
magnetic dipole and electric dipole interaction constants, cal- 
culated without quadratic hfs corrections, are a= —5454.569 
+0.003 Mc/sec, b= —280.107+0.005 Mc/sec. 

Means for applying the method when there is no isotope 
coincidence are given. This new method is compared with the 
polarization technique and is found to ‘give signal-to-noise ratios 
that are orders of magnitude higher. 





I. NEW DOUBLE-RESONANCE METHOD 
APPLIED TO Hg”! 

HE new type of experiment discussed here was first 

performed! on the hyperfine structure of Hg™', 
’P,. Special features of the 2537 A resonance line were 
employed. Hg” has three components that are separated 
by intervals that are much larger than their optical 
Doppier widths. Hg'®* has a single component that 
coincides with the center Hg”! component. (See Figs. 1 
and 2.) 

The apparatus is shown in Fig. 3. Light from an 
Hg'® lamp excites just the F=$ component of Hg”! 
atoms in the resonance cell. Light reradiated from 
these atoms passes into an absorption cell containing 
Hg’ vapor. In the absence of any microwave transi- 
tions, the wavelength of this reradiated light is essen- 
tially that of the Hg’ resonance line. This light is, 
accordingly, scattered by the Hg'® atoms in the 
absorption cell and only a fraction of it gets through to 
the photomultiplier. 

When the microwave field is at the resonant fre- 
quency, for transitions to either F=} or F=#, the 
wavelength of such reradiated light is no longer at the 
Hg"® resonance line and the light suffers no attenuation 
in the absorption cell. 

¢ This work, which is based on a Ph.D. thesis, Department of 
Physics, Massachusetts Institute of Technology, August, 1960, 
was supported in part by the U. S. Army (Signal Corps), the 
U. S. Air Force (Office of Scientific Research, Air Research and 
Development Command), and the U. S. Navy (Office of Naval 
Research). 

* Present address, Columbia Radiation Laboratory, Physics 
Department, Columbia University, New York. 

1 R.H. Kohler, Quarterly Progress Report, Research Laboratory 
of Electonics, Massachusetts Institute of Technology, July 15, 
1956 (unpublished), pp. 20-21. 

2 R. H. Kohler, Quarterly Progress Report, Research Laboratory 


of Electronics, Massachusetts Institute of Technology, January 
15, 1958 (unpublished), p. 39. 


Thus the microwave resonance is detected as an 
increase in the output of the photomultiplier.” 
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Fic. 1. Resonance lines of Hg™! and Hg", 


** Bucka has performed a double resonance experiment with a 
geometry similar to that described here, but with a somewhat 
different principle of operation. The lamp, resonance cell, and 
absorption cell each contain the same isotope, one whose resonance 
line shows resolved hyperfine structure. There is slightly selective 
excitation in the resonance cell, and slightly selective absorption 
in the absorption cell. See Z. Physik 151, 328 (1958). 
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DETECTION OF 


A. Zeeman Effect of the Hyperfine Structure 


lor ease in scanning through the microwave res- 
onance, a weak dc magnetic field is applied, and each 
microwave resonance is split into several resonances by 
a calculable Zeeman effect (Fig. 4) in the region that is 
linear with small quadratic corrections. 

The value for the linear energy change*“ is greugHaM, 
and 


F(F+1)4+J(J+1)—J(/+1) 
Sr? Ee rt 


2F(F+1) 
F(F+1)+1(I+1)—J (+1) 


aa tsa 2 he all as 
2F(F+1) 


gy= } (based on L, S coupling); 
gs= 1.4838+0.0004 (measured?). 


See Table I. 


The quadratic energy-level change, from second-order 


TABLE I. Calculation of values of gr for Hg™', *P1. 


PF gr 


g gF (uB/h) 
(approx) (exact) 


[ (Mc/sec)/gauss | 
; 2¢7+1.19K10 
=0.59352+0.0002 
(4/15)g7+1.46X 10~ 
=0.39573+0.0001 
ey +-3.31 10-* 
= — 0.98887 +0.0003 
gy = 1.4838+0.0004 
wy = —0.55153 nm 


0.83074+0.0004 
0.55390+0.0002 


— 1,38411+0.0007 


perturbation theory, is given by 


|(FM|J,|F’M)|2 


Ep—E,f’ 


grupHae X 
FF’ 


These changes are tabulated in Table II. 

The shifts in transition frequencies with magnetic 
field are calculated by subtracting the corresponding 
energy levels. (Tables III and IV and Figs. 5 and 6.) 


B. Line Shape of the Resonances 


The line shape ‘is determined by the microwave 
transition probability, w(/), between two given levels 
in the *P state and by the probability, e~"/r, that 
the atom has not left this state (the lifetime, 7, is 
approximately 10-*® sec). The total probability,’ P, 
that one atom will have made a microwave transition 
is Jo*(e-"'*/r) w(A)dl. 


8 J. Brossel and F. Bitter, Phys. Rev. 86, 308 (1952). 
4E. U. Condon and G. Shortley, The Theory of Atomic Spectra 
(Cambridge University Press, New York, 1953). 
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Fic. 2. Hyperfine structure of the 2537 A line of 
Hg™! and Hg"® (from data of Young’). 


If the applied microwave frequency is close to only 
one possible resonance,* then 
Oye” sin?{3/[ (w—w,y,)*+a,,? }$} 


w(t)= 


where 
b 


ay2= (g7,n/h)?|(FM|H,,-J|F'M’)|? 
) 


wrs/2r=frs=frequency difference between the two 
f= frequency of applied microwave field. 


Performing the indicated integration yields 


1 
P= ja.2 /| (w—w,s)” +-q,,” L | 
rT 


This expression is Lorentzian with a frequency half- 
width of (#7)~! for small a,.2. P gives the line shape. In 
practice, w is held fixed, and w,, is varied linearly with 
the magnetic field according to Figs. 5 and 6 or Tables 
III and IV to give a Lorentzian in magnetic field. 


states, w/2r 


C. Microwave Transition Probabilities 
The strength of the resonance at the center of the 
line, for weak rf fields, is 
hg yu p?(72/h) | (FM |H,,-J| F'M’)|?=P.. 
The nonzero matrix elements, calculated from the 
following expressions,‘ are given in Tables V and VI: 
\(FM|J,|F—1M)|*=A?(F+M)(F-—M), 
\(FM|J,|F—1M+1)|?=}A?(F—M)(F—M-—1), 
(FM|\J,|F—1M—1)|*=1A2?(F+M)(F+M-1), 
, (F—J+I)(F+J+/)(J+J+1+F)(J+J+1-F) 


4F?(2F —1)(2F+1) 


AMP H 


PHOTOMULTIPLIER 


Fic. 3. Diagram of apparatus. 
®N. H. Ramsey, Molecular Beams (Clarendon Press, Oxford, 
1956). 
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D. Signal Strengths 


Signal strengths may be computed conveniently for 
two limiting cases. In the first case the incident light 
strikes the face of the resonance cell from a large solid 
angle, and there is multiple scattering in the cell before 
and after the microwave transition. Each atom receives 


light from all directions uniformly or has all of the 


Zeeman substates of F=% state equally populated. 
Multiple scattering after the transition insures that any 
directional preferences in the reradiated light are lost. 
The amplitudes of the resonances are proportional to 
the transition probabilities. The relative change in 


H (GAUSS) 








-1/2 
-3/2 
-5/2 











observed light is P.(1—¢)/4¢, where P.. refers to the 
resonance in question, and ¢ is the transmission of the 
absorption cell for light reradiated from the F=4 
state (see Appendix). 

In the second case the incident light is strictly parallel 
to the direction of the magnetic field and is scattered 
only once before leaving the resonance cell. Here 
angular distribution effects may be computed from 
Fig. 7. The vertical lines represent w transitions, the 
oblique, o transitions.‘ Both refer to either absorption 
or spontaneous emission. 

Light that is incident and parallel to the magnetic 





FREQUENCY SHIFT (Mc) 





Fic. 5. Frequency shift as a 
function of magnetic field for 
F=}— F=} interval. 
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TABLE IT. Quadratic energy level changes in magnetic field. 








(Eru® — Ep)/gtust (Eru®—E Ex) RIPE (Me) ‘sec)/gauss*) 


0 0.000 
\($4$|Je| $29) |*/(Ess2— Es)2) 0.744 10-* 
|($4|J.| $24) |*/(Es;2— Es/2) 1.12 10- 
| ($3 |J2| $4) |?/(Es 2— Esi2) +-0.744 10~* 
Fas Wd |i AN ~3.17 10-'+1.12« 10-4 
+ | ($5! Je] $4) |?/ (Esi2— Esy2) = —2.05x10™ 
| ($4 | J. | $4) |2/ (Evr2— LEsv2) +3.17 10-4 








field is composed one half of o*, and one half of ao. The For ¢=1 (no absorption cell), 
resulting relative ary “pee ree for the F=3$M 


sublevels (—3, —34, 3 are (3,7,7,3), respectively. a (rem — my) 
as. . ee ; m/s I J 


(K Sou mut dou ry) 


We define the following sy mbols : n,= occupation p= Panyu: 
number of a given state; 7,=number of 7 radiations 
from a state with occupation number of 1; ¢,+=number 
of o* radiations from a state with occupation number 
of 1; c=at+o-; J,=intensity of light observed in x Pony (K ba w’) 
direction, no resonance; I,.= intensity in x direction, p= 
with resonance; p= (I2—I}), ‘I,=signal strength; A= = 30 O(K Sou my ‘Ze nywryu) 

a+ for any M sublevel in *P;. 

The intensity observed in the «x direction is twice For the transitions used in the experiment, case 2 
as great for a @ transition as for a ot or o~ transition. (Table VII) agrees with case 1 within a factor of 2 in 
Then, for transitions from r=(3,M’) to s=(F,M”), _ the limit of small ¢. 
we have 


For ¢<1 (a very good absorption cell), 


II. APPARATUS FOR THE Hg”! EXPERIMENT 


hh=$ Lu myu(2my,ato4,u), This apparatus is shown in Fig. 3. The microwave 


_p \1p re power is off-on modulated at 30 cps so that the light 
Paonyu(2myu tow) +P u (eeu term’), increase at resonance will be modulated so as to be 
Pp. ~4)K o more easily extracted from the background. This 
Pom (1- ‘¢ om Tere InP 2. wd extraction is accomplished by using an ac narrow-band 
O(K Sou mut dou mut) amplifier peaked at 30 cps following the photomultiplier. 








Fic. 6. Frequency shift as a 
function of magnetic field for the 
F= § — F=} interval. 
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TABLE III. Frequency shift as a function of magnetic field for 
the F=} — F=} interval. 





Approximate 
Af/H Exact 
(Mc/sec) / Frequency shift 
(Mc/sec) (H in gauss) 


+0.96900H +-0.000522H? 
—0.96900 7 +-0.000522 H? 
+ 1.52290H +0.0002426H? 
— 1.52290 +-0.0002426H? 
—0.41510H +-0.000522H? 
+0.41510H +0.000522H? 


hAf/upH 





+0.979 
—0.979 
+1.54 
—1.54 
—0.420 
+0.420 


411/10 
~11/10 
—3/10 





The background, which arises from the light that gets 
through the absorption cell in the absence of microwave 
transitions, carries noise’ with it. The noise-to-dc 
background ratio is (2eA//ix)'=(2Af/n,)*, where ix 
is the dc photocathode current, e is the electronic 
charge, Af is the bandwidth of the amplifier, and m, is 
the product of the light flux at the photocathode and 
the photocathode efficiency. 

If the noise-to-de background ratio with the cell 
removed is a, and the signal strength is P/4a (case 1), 
then the noise-to-de background ratio with the cell in 
place is a/4/@, and the signal-to-noise ratio is P/4a,/¢. 
The measured value of a was approximately 3x10 
for an amplifier bandwidth of 0.2 cps. 


A. Optics 


The lamp was of the electrodeless discharge type. 
The Hg"* sample is contained in a sealed-off section of 
5-mm o.d. quartz tubing. The tubing is placed at the 
end of a coaxial microwave line in the place normally 
occupied by the center conductor. The line was powered 
with a 10-cm cw magnetron (QK61) fed by a regulated 
power supply. The lamp was cooled laterally by a 
flow-regulated and ice-bath-cooled dry nitrogen blast. 
The lamp was operated with partial self-reversal. 

For each of the two AF transitions, the resonance 


TaBLe IV. Frequency shift as a function of magnetic field for 
the F=§ — F=} interval. 











Approximate 
Af/H 
(Mc/sec)/ 


gauss 


+0.420 
—0.420 
+0.140 
—0.140 
+1.26 

— 1.26 

+0.979 
—0.979 


Exact 
Frequency shift 
(Mc/sec) (H in gauss) 


+0.41526H +0.0001488 17? 
—0.41526H +-0.0001488H? 
+0.13842H —0.000093 H? 
—0.13842H —0.000093 H? 
+ 1.24600H +-0.0000744H? 
— 1.24600 +-0.0000744H? 
+0.96916H —0.0001306H? 
—0.96916H —0.0001306H? 
+0.69232H —0.000093 H? 
—0.69232H —0.000093 H? 
—0.41548H +-0.0001864H? 
+0.41548H +0,0001864H? 


Min hAf/usH 
+3/10 
—3/10 
+1/10 
—1/10 
+9/10 
—9/10 
+7/10 
—7/10 
+5/10 
—5/10 
—3/10 
+3/10 





Ltititi +i] & 





+1 i+titititi 





tit 








®R. Engstrom, J. Opt. Soc. Am. 37, 420 (1947). 
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TABLE V. Nonzero matrix elements for AM =0. 








| (F 


M|J,|F’M)|? 
10/18 
24/100 
36/100 








cell was an evacuated quartz chamber, charged with 
60% enriched Hg”, and sealed off. The cell for the 
7.6-kMc/sec transition is basically a section of 12-mm 
o.d. tubing with a flat window fused onto one end. 
The cell for the 14-kMc/sec transition is shown. in 
Fig. 8. The small size of the cell necessitated the use of 
special care in producing a flat window at the left end. 
A flat quartz disk and the 7-mm section were each 
ground to perfectly matching 45° bevels. Fusion was 
then possible with a relatively cool flame, which did not 
distort the window. Both cells were operated at room 
temperature, at which approximately half of the 
incident radiation is intercepted and multiple scattering 
is present. 

The Hg™ absorption cell provided a 1-cm absorption 
path and was operated at room temperature. The only 
impurity in this Hg"*® was 0.22% of Hg”. 

The measured value of ¢ was approximately 0.20. 
The calculated value (see Appendix) with the assump- 
tion of a very broadband exciting line and single 
scattering out of the resonance cell was 0.18. The 
calculated value with the assumption of a Doppler 
exciting line and single scattering out of the resonance 
cell was 0.01. Approximately one-third of the output 
of the photomultiplier was from stray lamp light that 
is outside of the 2537 A Hg" line. 

Schemes to obtain a better value for ¢ would require 
elimination of this stray light in order to be effective. 
These schemes were not undertaken because of the 
high signal-to-noise ratio already available. 


B. Microwave System 


Two distinct sets of microwave equipment were 
required, one for each of the two AF resonances. The 
schematic diagram shown in Fig. 9 is suitable for either 
one. 

Each cavity operated in a TE mode’ of a right 


TABLE VI. Nonzero matrix elements for AM = +1. 








F’ 
i 
5 


se. | 





\(FM|J_|F’M’)|8 
15/36 
5/36 
30/100 
18/100 
9/100 
3/100 


HIE He HIE 


Rol Rap B2/Go BIIEM ROP BI/co 








7C. G. Montgomery, Technique of Microwave Measurements, 
Radiation Laboratory Series (McGraw-Hill Book Company, Inc., 
New York, 1947), Vol. 11. 





TION OF 


DOUBLE RESONANCE 


BY FREQUENCY CHANGE 1109 


TaBLeE VII. Calculated relative change in intensity (case 2). 








Transition 
General 
No absorption cell 


,M=+}to F=}4,M=+} 
) (40 —32)/o (736) 
)(8)/736= (0.0761) P, 

) (40) / (736) = P,(0.380) / 


ay 
P. 7 
p. 

p. 


( 
(7 
(7 


Good absorption cell 


F=}, M=+}to F=§, M=+} 
P..(7) (48—32¢)/(736) 

P.(7) (16) /736= 
P.(7) (48) /(736) = P,(0.456) / 


Pa}, M=+} to F=§, M=+} 
P.,(3) (42 —48¢)/o(736) 

P.(3) (—6)/736= — (0.0244) P, 
P (3) (42) /6(736) = P.(0.171)/o 


(0.152) P. 





circular cylinder with one end wall on a movable 
plunger for tuning. The 7.6-kMc/sec cavity operated 
in the TE, mode. The optical exit aperture was 
covered with gauze to prevent lowering of the cavity Q 
by radiative losses. The resonance cell had almost no 
effect on the Q. The 14-kMc/sec cavity operated in the 
TEou mode. This cavity did not present the trouble- 
some double moding that the other cavity did. The 
optical exit aperture consisted of 0.012-inch slits normal 
to the axis of the cylinder. These had no affect on the 
cavity Q. The resonance cell lowered the Q only 25%. 
Larger cells lowered it drastically. 

The interrupter is a mechanical device for providing 
30-cps full modulation of the microwave power. The 
device consists of a semicircular blade of carbonized 
resistance board mounted on the shaft of a 30-cps 
synchronous motor and passing into a section of 
waveguide through a paraxial slit on the face of the 
waveguide. 

The sampling section picks up a small sample of the 
line power for frequency monitoring. In a crystal 
multiplier-mixer this sample is beaten with a harmonic 
of the frequency standard at approximately 950 Mc/sec 
the frequency difference being kept close to zero. The 
frequency standard is accurate to one part in 10’. It 
consists of a combination of a Gertsch FM4A chasis, 
a Gertsch FM6 chassis, and a Hewlett-Pack 
frequency counter. 

The klystrons were connected with the shells 
grounded. The cathode-to-reflector voltage was supplied 
by a battery pack, with a provision for continuous 
adjustment over a small range. For the 7.6-kMc/sec 
and 14-kMc/sec systems a Sperry 2K39 and Varian 
VA92C were used. Short-term drifts of 70 kc/sec and 
35 kc/sec were encountered. Long-term drifts were 
eliminated by manual adjustments of the reflector 
voltage. 

The calculated fields at the center of the cavity 
for full power were approximately 0.3 gauss and 
1.0 gauss for the 7.6-kMc/sec and 14-kMc/sec systems, 
respectively. 


and 


A fp. 
g 2 y AY 
[ts Ke BN 8) * 


\ NA2 NV ees ip 


~ . i“ 
— ‘8! | 30 
Wy ~ Fe 


m=3/2 


, 


7 


m=-5/2 m=-3/2 m=-1/2 m=i/2 m=5/2 


Hg I 2 


Fic. 7. Optical transition probabilities for the components of 
the resonance line of Hg™'. 


C. DC Magnetic Field 


The steady field was supplied by Helmholtz coils 
that were powered by submarine batteries and control- 
led manually by variable resistors. The coils could 
produce a maximum field of 75 gauss. The current was 
monitored with a potentiometer and an ice-cooled 
shunt. An absolute calibration was made by means of 
proton resonance, but this was not essential for deter- 
mining the zero-field frequencies because linear extra- 
polation was used. 


D. Detection System 


The detection system consisted of a 1P28 photo- 
multiplier followed by a 30-cps ac narrow-band phase- 
sensitive amplifier of 0.2-cps bandwidth. 


III. RESULTS FOR THE Hg*! EXPERIMENT 


Locations of the resonances and approximate values 
of the AF frequencies were determined by manual 
adjustments of the frequency of the microwave field 
in zero dc field. Here all of the Zeeman resonances 
overlap and thus give high signal strength. Precise 
measurements were made by reducing the microwave 
power to eliminate power broadening; then the signal- 
to-noise ratio was a few hundreds. The microwave 
frequency was kept fixed at various values, and the dc 
field was swept manually over resonance. 

For every frequency setting, a resonance curve was 
taken with the field in each of the two possible directions 
in order to average out the effect of the earth’s magnetic 
field. The resonance curves were plotted, and the 
centers were located graphically. 

For the F=$— F=} interval, three frequency 
settings were wal for both the M=+4 and the M= —} 
transitions. After correction for quadratic effects, the 
frequency settings are a linear function of the field 
center values. These two linear functions have exactly 
opposite slopes, and thus may be put into a single 
linear graph if the field values for just one function are 


7mm 0.0. QUARTZ TUBING 


- 5mm 0.0. QUARTZ TUBING 








Fic. 8. Resonance cell for 14-kMc/sec transition. 
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taken as negative. The zero-field frequency is then 
located by the method of least squares.*® 
For the F=}— F=$ interval, a similar procedure 
was used with the M= +3 resonances. 
The zero-field frequencies are 
f(4 — 3)=7551.613+0.013 Mc/sec, 
f ($< §)=13 986.557+0.008 Mc/sec. 


The mean lifetime, r, was approximately 10~’ second. 


IV. CALCULATIONS FROM THE DATA 
The linear part of the hfs may be expressed® in 
frequency units as 


ec jee 


21 (27—1)J(2J —1) 


where a is the magnetic dipole interaction constant, by 
definition; b is the electric quadrupole interaction 
constant, by definition; and C=F(F+1)—J(I[+1) 
—J(J+1). 

The estimated quadratic hfs effect" is approxi- 
mately 10~ of the total hyperfine structure. Without 
explicit calculations of the quadratic effects, the values 
of the constants are 


a= —5454.569+0.003 Mc/sec, 
b= —280.107+0.005 Mc/sec. 


Calculation of the nuclear dipole moment from a 
is unnecessary because this moment has been measured 
directly.” Calculation of the quadrupole moment is 
limited by inaccurate knowledge of wave functions and 
therefore it was not attempted in this research. The a 
and 6 constants can provide information on anomalies,*.® 
dipole moments, and relative quadrupole moments 
among the mercury isotopes as their *P; states are 
measured. 


5aC + 


8H. Morgenau and G. M. Murphy, The Mathematics of Physics 
and Chemistry (D. Van Nostrand Company, Inc., New York, 
1943). 

*H. Kopfermann, Nuclear Moments (Academic Press, Inc., 
New York, 1958). 

© C. Schwartz, Phys. Rev. 97, 380 (1955). 

' H. Casimir, On the Interaction between Atomic Nuclei and 
Electrons (Teylors Tweede Genootschap, Haarlam, 1936), Vol. 
11, p. 36. 

2 B. Cagnac and J. Brossel, Compt. rend. 249, 77 (1959). 

‘3 The method described in this paper has now been used by 
C. V. Stager to measure the hyperfine structure of Hg™ and 
Hg"*’. An anomaly has been calculated from the hyperfine struc- 
ture of Hg™! and Hg™. [See C. Stager and R. Kohler, Bull. Am. 
Phys. Soc. 5, 274 (1960).] Also, C. Brot has measured one fre- 
quency interval in Hg” with this method. 
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V. GENERAL REMARK ON THE METHOD 


The experimental method discussed in connection 
with Hg”! may be applied, in principle, to any resonant 
state whose structure, whatever its cause, is larger 
than its Doppler width. 

In the Hg™ experiment a natural coincidence of 
isotopes was employed. When no natural coincidence 
with an isotope to be measured exists, artificial coin- 
cidence can be produced by Zeeman effect or magnetic 
scanning of the lamp and absorption cell, each of 
which contains a convenient isotope. 

The new double-resonance method described here 
should be compared with the pioneering polarization- 
detection experiments.’ Such experiments are not 
subject to the limitation that the hfs of the excited 
state be larger than its Doppler width. The new method 
usually gives higher light fluxes than the old method, 
particularly if no magnetic scanning is required to 
produce a coincidence, because large solid angles may 
be subtended at the scatterer by both the source and 
the detector and all polarization components of the 
incident and scattered radiation can be used, lossy 
polarizers are absent, and the resonance cell may 
operate at high optical densities. 

The signal strength of the new method may be 
orders of magnitude higher than that of the old, which 
is usually less than 0.1P for hfs measurements. In 
the new method, @ may be made arbitrarily small 
until secondary effects appear. The wings of the 
absorbing line or isotope impurities in the absorption 
cell may cause attenuation of the wrong hfs components. 
The incident light may contain radiation that is not 
affected by the absorption cell; this radiation might 
result from isotope impurities in the lamp or from 
other spectral lines. There may be small spontaneous 
transfer in the resonance cell from one hyperfine level 
to another. For such atoms, the resulting reradiation is 
not affected by the absorption cell. 

Higher light fluxes and higher signal strengths 
result in signal-to-noise ratios that are orders of 
magnitude higher than those obtainable by the old 
method. A polarization detection experiment'® in which 
the hfs of Hg”, *P; was measured in high fields gave a 
signal-to-noise ratio of less than 5 for saturated 


4 F, Bitter, S. P. Davis, B. Richter, and J. E. R. Young, Phys. 
Rev. 96, 1531 (1954). 

'5 P. Sagalyn, Phys. Rev. 94, 885 (1954). 

‘© P, Sagalyn, A. Melissionos, and F. Bitter, Phys. Rev. 109, 
375 (1958). 





DETECTION OF DOUBLE 
transitions. Measurements of this same hyperfine 
structure in zero field by the new method, with saturated 
transitions, have given a signal-to-noise ratio of 
approximately 5000. 
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APPENDIX. HEAVY ABSORPTION OF 
SPECTRAL LINE 


We shall give expressions for the transmission of light 
from a single Doppler-broadened spectral line passing 
through a gas with a Doppler-broadened absorption 
resonance in the limit of small transmission.!7:'* 

The relative transmission, ¢, can be expressed as an 
integral’*: 


$(u,8,y) 


8\' -* 
-(-) f exp{ —[» exp(—2*)+8(a+y) }}dx. (1) 


T —o 


The following symbols will be used: [1 ]=the incident 
line, [2 ]=the absorbing line, 7= absolute temperature, 
M=gram molecular weight, vi=center frequency of 
line [1], n=density of molecules in the absorbing gas, 
1=path length of light in the gas, oo=cross section for 

'7R. H. Kohler, Quarterly Progress Report No. 52, Research 
Laboratory of Electronics, Massachusetts Institute of Technology, 
January 15, 1959 (unpublished), pp. 32-37. 

‘SR. H. Kohler, Ph.D. thesis, Department of Physics, Mass- 
achusetts Institute of Technology, August, 1960 (unpublished). 

J. E. R. Young, Ph.D. thesis, Department of Physics, 
Massachusetts Institute of Technology, July, 1956, (unpublished). 
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absorption of the center of absorption resonance, 


(— (—*). (“—")\(— i 
v= % Ee Cerca, , 
V2 ) 2RT> V2 ot 


T2 M, V2 
B 7 — 


, p=aoonl, 
Ti M, Vi 


For the special case y=0, 


r'(g) 
visa! 


uf 


PA erated 
am In (u /B) 
For the general case, 6=¢1+¢2, 
By! expl[—B(ai—y)? JP’ (o1) 
6:(u89)~(-) = ———— —— a 
T 2a; (p;"') 
8\! exp[—8(a.+y)? JT (2) 


us 


, 
2a2(p2"*) 
in which 


Ma) , pas 4 
a= +( i ~— ). a= +(in ; ). 
B(ai—y) B(a2+y) 


m=B(a—y)/a, p= 
The equations for ¢; and ¢2 are valid if 
| 


|8y/4pita*|<1, 
| pia? >I1, 


By/4p7a2* |<K1, 
p2d2”| >I, 
exp(a;)>1, exp(as’)>>1. 

It must be noted that the theory in this Appendix 
assumes Gaussian lines and no coherence among scatter- 
ing molecules in the gas. However, real optical spectral 
lines are Gaussian with Lorentzian tails, and real 
gases display some coherence in scattering.”! 


2” A. Mitchell and M. Zemansky, Resonance Radiation and 
Excited. Atoms (Cambridge University Press, New York, 1939). 
*1 R. Dicke, Phys. Rev. 93, 99 (1954). 
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The electron-hydrogen scattering problem is reduced to an equivalent one-body problem by the use of an 
optical-model potential. Two effects are examined quantitatively : the influence of the Pauli principle and the 
elastic scattering in the triplet state. For a long-range optical potential, the effect of the Pauli principle is 
small; however, for a short-range optical potential, the Pauli principle changes the zero-energy cross section 


by an order of magnitude. 


The elastic scattering results, though in agreement with many previous calculations, are disappointing. It 
is argued that this is due to an inconsistent application of the optical model, and that a more consistent use of 
the optical model is equivalent to (and therefore provides a derivation for) the heuristic procedure, used by 
Martin, Seaton, and Wallace, which yields scattering lengths close to the Rosenberg, Spruch, and O’Malley 


bounds. 


1. INTRODUCTION 


HE success of optical-model techniques in nuclear 
physics—where their use is well known'—sug- 
gests that these methods might also be of value in 
atomic scattering problems. This application of optical- 
model theory has already been considered, in its formal 
aspects, in two recent papers?*; in this paper, we 
describe its application to a practical, numerical prob- 
lem—the elastic scattering of electrons by atomic 
hydrogen. A brief outline of our method is presented in 
this section, the detailed discussion being reserved for 
the later parts of this paper. 

The optical model asserts an equivalence between a 
many-body problem and a one-body problem. The 
equivalence is achieved by replacing the many-body 
potential by an equivalent one-body potential—the 
“optical-model potential.” Unfortunately, this can be 
done exactly only when the solution to the many-body 
problem is known exactly; that is, a complete specifica- 
tion of the optical-model potential demands a complete 
solution of the scattering problem that the optical 
model simulates. 

In our problem, although the complete expression of 
the optical-model potential, valid everywhere, is not 
known, its asymptotic form is available and is in- 
creasingly correct as we approach the limit where the 
adiabatic approximation*:> holds, namely, large separa- 
tion between the scattered electron and the atomic 
system. The proper expression for the optical potential 
is unknown only at small separation distances. 

We have dealt with this circumstance, which seems to 
preclude the use of an optical potential, by constructing 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 See, for example, proceedings of the International Conference 
of the Nuclear Optical Model, Mar. 16-17, 1959 (Florida State 
University Studies No. 32), Florida State University, 1959. 

*M. H. Mittleman and K. M. Watson, Phys. Rev. 113, 198 
(1959). 

3 B. A. Lippmann, M. H. Mittleman, and K. M. Watson, Phys. 
Rev. 116, 920 (1959). 

*B. H. Bransden, A. Dalgarno, J. L. John, and M. J. Seaton, 
Proc. Phys. Soc. (London) 71, 877 (1958). 

5B. A. Lippmann, Bull. Am. Phys. Soc. 5, 119 (1960). 


the potential in two parts: the asymptotically correct, 
long-range part and the remaining, shorter-range part. 
The short-range part is represented by a function arbi- 
trary in form, but of limited range. This part is intro- 
duced with a multiplicative factor that is adjusted by 
imposing, on the optical-model wave function, an 
orthogonality condition that the exact wave function is 
known to obey. The ensuing one-body scattering prob- 
lem is then integrated numerically on a computing 
machine. 

The orthogonality condition we employ arises natu- 
rally in the problem. For singlet scattering (total 
electronic spin function antisymmetric), it expresses the 
orthogonality of the scattering and the H~ wave func- 
tions. For triplet scattering (total electronic spin func- 
tion symmetric), it is equivalent to the Pauli principle. 

In the latter case, since we can impose the orthogo- 
nality requirement or ignore it at will, we obtain, in the 
normal course of our calculation, a quantitative esti- 
mate of the influence of the Pauli principle on low- 
energy electron-hydrogen scattering. These results, 
which have already been presented in preliminary form,° 
are described more fully in Sec. 6a. 

The wave function that emerges after the machine 
integration of the optical-model wave equation repre- 
sents, to some unknown degree of approximation, a 
solution to the original scattering problem. Cross sec- 
tions and other information can be obtained by using 
this wave function directly. However, we can also use 
this wave function as a trial function in a variational 
calculation. This procedure helps to compensate for 
some of the approximations that entered into the trial 
function. Thus, our philosophy is to regard the entire 
optical-model construction primarily as providing a 
rational basis for our choice of a trial function to be used 
in a variational principle; or, alternatively, the varia- 
tional principle can be regarded as supplying the 
corrections that the wave function requires, due to the 
neglect of nonadiabatic and other effects. 


6 B. A. Lippmann and H. M. Schey, Bull. Am. Phys. Soc. 5, 378 
(1960). 
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2. THE OPTICAL MODEL 


The electrons in our problem are labeled 1 and 2, and 
the proton is considered to be infinitely heavy. The 
Schrédinger equation is 


(E—H)y(1,2)=0, (1) 
where 


H=Hot+V, 


e 
Hy=T;+T:-—, 
| Ti | 


T,=P2/2m; T.=P?/2m, 


The symbols have their conventional meanings. 

Equations (1) and (2) form a complete specification 
of the scattering problem, if we add the boundary 
condition 


ry—> 2 : W(1,2)~or(1){ (e®) 
+ outgoing scattered waves in electron 2}. (3) 


The following additional remarks should be adjoined 
to Eq. (3). First, elastic scattering only has been as- 
sumed and spin functions have been suppressed. Second, 
the Pauli principle applied to (3), supplies the form of 
the boundary condition r;— ~. Finally ¢;(1) is the 
wave function of electron 1 in the ground state of hydro- 
gen, and k;, is the wave vector of the incident wave. 

The hydrogen-atom Hamiltonian, Hy, and its eigen- 
functions, $,, are defined by 


> 


e 
Hirpa(t)=[ Ti+ — }pu(t) = Epa) (4) 


tT) 


The complete set of hydrogenic eigenfunctions defines 
an expansion of (1,2), namely, 


¥(1,2) =o n on(1)xn(2), 
Xn(2)=(x(1),W(1,2)):. 


Here, the notation (---), means that only electron 1 is 
involved in the Hermitian scalar product; if both 
electrons are involved, we shall use the usual notation 
in which the subscript is absent. 

By definition, the optical-model wave function is xi. 
According to (3), it is the only one of the x,’s that 
survives as r2 approaches ©. Furthermore, taking the 
scalar product of (1) with ¢;(1), we see that, if we define 
the optical-model potential, U(2), by the relation 


U(2)x1(2)= (oi (1), V(1,2));, (6) 


then the optical-model wave function satisfies the 
Schrédinger equation 


[(E— E,)—T:—V (2) xa (2) =0, (7) 
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where the boundary condition on x:(2) may be obtained 
by taking the scalar product of #;(1) and (3). 

Equation (6) emphasizes the fact, mentioned in the 
Introduction, that the determination of the optical po- 
tential implies that the solution of the scattering problem 
is known. 

Now, in the limit r,—» ©, as we see from (2), V be- 
comes very small. As this limit is approached, the solu- 
tion of the scattering problem by first-order perturbation 
theory becomes more and more accurate. The exact 
wave function, 

on(1)(on(1),VP(1,2))1 
0(1,2) =¢(1)x1(2) + 2 ———_—__——_, 
nl E-—T.—E, 


can be represented to first order by inserting $:(1)x1(2) 
for ¥(1,2) on the right. Using this expression for (1,2) 
in (6), we find 


(2) =(1(1),Vei(1))1 + X (oi(1), Von (1): 


nl 


1 
X———(.(1),Voi() +--+. (8) 


“n 


The first term is the shielded Coulomb potential, 


1 1 | 
vinae(Ltjem, 


ao rT 


where a@o9(=%?/me?) is the Bohr radius. 

The second term of (8), evaluated in the adiabatic 
approximation (E—T»:~ F), which entails a negligible 
error for rz large,‘ is 


(10) 


V p(r)= —a/ 2r'. 


Here a, the polarizability of the hydrogen atom, has 
the value’ 4.5. We emphasize that the expression (10) 
for the polarization potential is valid only in the limit 
where 72 is very large. 

Thus, in the limit of large r2 the optical potential is 
known, namely, 


72> ©: V(2)~V,(r2) + V p(r2), (11) 


and ‘therefore the Schrédinger equation for x1, Eq. (7), 
is also known in this region. 

For r2 small, the optical-model potential is unknown. 
Both the perturbation expansion and the adiabatic ap- 
proximation break down in this region. If the adiabatic 
approximation breaks down first, U (2) becomes nonlocal, 
for then the T, in (8) can no longer be ignored. 

In order to solve (7), we require U(2) for all values of 
r.. Our procedure will be to use (11) for r2 large and to 
try to infer the optical potential for r, small by invoking 
properties the correct x; is known to possess. 

Thus, in place of (7) we shall use 


[(E-E,)—T.— 0 (2) xi(2)=A (2), (12) 


7 A. Dalgarno and J. T. Lewis, Proc. Roy. Soc. (London) A233, 
70 (1955). 
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where U(2) is given by (11), and /(2) is arbitrary in 
form, though it must be short-range so that (12) shall 
reduce, asymptotically, to (7). We have chosen the 
hydrogenic ground-state function, ¢:(2), for f(2). The 
inhomogeneous term, A /(2), is similar to an exchange 
potential or other nonlocal potential, since it can be 
considered to be the result of an integral operator 
operating on x1. The form given in (12) approximates 
the effect of an integral operator without making it 
necessary to solve an integrodifferential equation. 

The A in (12) is a parameter. It is adjusted to enable 
xX: to satisfy an orthogonality condition that the exact 
x1 is known to obey. This is explained in the next 
section. 


3. THE ORTHOGONALITY CONDITION 
(a) Triplet Scattering 


Consider the scalar product of ¢; and x;. From (5), 
we have 


(b1(2),x1(2))2= (b1(2)1(1),y(1,2)) =0, (13) 


since the Pauli principle requires that the triplet y(1,2) 
must be antisymmetric in the electronic coordinates. 
Thus, for triplet scattering the parameter A in Eq. (12) 
may be adjusted to insure that x, is orthogonal to the 
ground state of hydrogen. Further details are given in 
Sec. 5. 


(b) Singlet Scattering 


The condition (13) is no longer applicable in this case, 
for the singlet y(1,2) is symmetric in the electronic 
coordinates. However, another orthogonality condition 
can be used to replace (13), namely, the requirement 
that the scattering wave function must be orthogonal to 
the H~- wave function, yu-, which is also a singlet wave 
function but belonging to a different energy. Or, if only 
the first term in the expansion (6) is used, d is fixed by 
the requirement that 


(61(1)x1(2),Wa-(1,2))=0. 


Note that because of the symmetric nature of ¥u-, only 
the symmetric part of ¢:(1)x:(2) really is affected 
by (14). 


(14) 


4. THE VARIATIONAL PRINCIPLE 


After solving Eq. (12), subject to (13) or (14) as the 
case requires, the asymptotic form of x; is examined and 
from this the scattering cross section is inferred. The 
value thus obtained has been called the “direct calcula- 
tion.” 

We have also constructed the function 


$1(1)x1(2)—¢1(2)xi(1), (15) 


and used it as a trial function in the Kohn variational 
principle.* This is in keeping with our expectation, 


* W. Kohn, Phys. Rev. 74, 1763 (1948). 
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already discussed, that errors arising from nonadiabatic 
and other effects could thereby be corrected in some 
measure. The variational principle was used to compute 
each partial wave separately, as discussed in Sec. 5, the 
cross sections obtained in this way being labeled 
“variational calculation.” 

The normalizations of the wave functions used in the 
variational calculations were adjusted as prescribed by 
Spruch and Rosenberg.’ This has the effect of making 
the triplet scattering lengths, computed variationally, 
upper bounds on the true scattering lengths. 


5. COMPUTATIONAL DETAILS 


To solve (12) we expand the wave function x;(r) in 
eigenstates of angular momentum. Putting 


1 « 
xi(r)=- > u,(r)P;(cos6), 
r i=0 


we find that the radial functions u;(r) satisfy the 
equations 
uy L(l+1) 2m 
ra ke 


of cs adn 
dr? , 


2m _ 
rf(r)b, x 
nh 


(16) 
r hr 


where 
k= (2m/h*)(E— FE). 


Since we have considered only spherically symmetric 
functions f(r), only the /=0 case of (16) contains an 
inhomogeneous term. 

The boundary conditions on x(r) may be translated 
into conditions on u;(r). Thus we require that «;(r) 
vanish at the origin and have only outgoing scattered 
waves at infinity. The orthogonality condition (13) may 
also be written in terms of the radial functions (of 
course, only the /=0 case will be involved) : 


yD 


Jf wirs@ar=o. 
0 


To solve (16) we replace it by an equivalent difference 
equation according to standard procedures.” The differ- 
ence equation is then solved numerically on an IBM-704 
computer subject to the boundary conditions. The 
procedure involves integrating numerically from r=0 to 
¥=fmax at and beyond which the optical potential and 
the inhomogeneous term rf(r) are essentially zero. At 
this point the numerical solution is joined smoothly to 
a linear combination of spherical Bessel functions which 
is the solution in the field-free region. The scattering- 
phase shifts, from which the cross section is calculated, 
are, of course, determined from the asymptotic form of 
the wave function. 

* L. Spruch and L. Rosenberg, Phys. Rev. 116, 1034 (1959) ; 117, 
1095 (1960). 

10 See, for example, B. J. Scarborough, Numerical Mathematical 


Analysis (Johns Hopkins Press, Baltimore, Maryland, 1955), 3rd 
ed., pp. 265 ff. 


(17) 
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Fic. 1. Effect of Pauli principle on scattering by a 
long-range potential. 


In order to fulfill the orthogonality requirement [Eq. 
(17) ] we follow the above procedure twice in the case 
1=0. The equation is first integrated with \=0, yielding 
the solution uo (r), and then a second time with A= 1 to 
give uo (r). The general solution for arbitrary \ is then 
clearly 

u(r) = cu (r)+Auo™ (r), (18) 
where ¢ is some constant. Equation (17) may now be 
rewritten 


® 


uo (r)r f(r)dr+yr uy" (r)r f(r)dr=0. 


With c given in terms of A according to this relationship, 
the /=0 solution, Eq. (18), satisfies the orthogonality 
requirement. The solution, of course, is normalized 
arbitrarily, but this is irrelevant for the determination 
of the phase shift. 

Once (16) has been solved we are in a position to 
make a calculation based on a variational principle. We 
write the Kohn variational principle for each angular 
momentum state in the form : 

(2/+-1)m 
tand,;=tand;'+- —Iy, 
dorh?k, 


where 6,‘ is the /th partial wave phase shift resulting 
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;. 2. Effect of Pauli principle on scattering by a 
short-range potential 


from the direct calculation described above, and 


I,= fece-my dr df, (19) 


where ; 
—  tilre) ui(r1) 
¥i=¢1(r1)— P {(cos@e)— i (r2)- P (cos6;) 


To r) 


is the /th partial wave term of (15). The functions #,(r) 
are normalized according to Rosenberg and Spruch’s 
prescription, and 6; is, of course, the “corrected” phase 
shift predicted by the variational principle. The angular 
integrations involved in (19) are easily carried out 
analytically, and the remaining integrations over the 
radial variable are performed numerically using Simp- 
son’s rule. 


6. RESULTS 


As we have seen, for triplet scattering the Pauli 
principle reduces to the orthogonality condition (13). 
Equation (12) was integrated for two optical potentials, 
U=V,+V, and U=V,. In each case, a solution was 
found with the Pauli principle included [A chosen to 
satisfy (13) ], and with the Pauli principle ignored [A=0 
in (12)]. V, was taken to be —a/2(r?+d?)*, with 
d=1.5a9. This has the correct asymptotic form and is 
finite at the origin. The values of the cross section that 
resulted are plotted in Figs. 1 and 2. 
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Fic. 3. Electron-hydrogen scattering, according to the optica! 
model, using only the screened Coulomb potential as the optical 
potential. Pauli principle ignored. 


According to general principles, one expects that the 
effect of the Pauli principle would be small at large 
energies and large at small energies. Figure 1 tends to 
confirm this expectation: The effect of the Pauli princi- 
ple is greatest at zero energy, and it becomes un- 
observably small as the energy increases. Figure 2, 
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Fic. 4, Electron-hydrogen scattering, according to the optical 


model, using the screened Coulomb potential as the optical 
potential and including the Pauli principle. 
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however, seems anomalous; although the Pauli principle 
changes the zero-energy cross section much more than 
the cross sections at any other energy, the effect does not 
diminish with increasing energy, as in Fig. 1. 

The explanation of this behavior is obtained by noting 
that the overlap of the wave functions of the two 
electrons determines the influence of the Pauli principle. 
If the overlap is large, the effect of the Pauli principle is 
large; if the overlap is small, so is the effect of the Pauli 
principle. Now, as the energy increases, the electrons 
can be represented by more and more highly localized 
wave packets. The overlap then is negligible except 
when the electrons are very close to one another. In 
Fig. 1, a long-range potential, V p, is present. Most of the 
scattering occurs before the electrons are very close, i.e., 
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Fic. 5. Electron-hydrogen scattering, according to the optical 
model, using the screened Coulomb potential and the polarization 
potential as the optical potential. Pauli principle ignored. 


most of the scattering takes place far from the overlap 
region. For this reason, the Pauli principle is negligible 
at high energies, when the overlap region can be made 
very small, and has only a moderate effect at low 
energies, when the overlap region becomes comparable 
to the range of the potential. 

In Fig. 2, on the other hand, the potential is quite 
short in range. The Pauli principle has a large effect—an 
order of magnitude at zero energy—because now almost 
all the scattering occurs when the electrons are close to- 
gether. Even at the energies considered, the overlap of 
the wave packets is about the same as the range of the 
potential; thus the Pauli principle has a noticeable 
effect over the entire range of energies shown, although 
its influence is particularly large at zero energy. 
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Fic. 6. Electron-hydrogen scattering, according to the optical 
model, using the screened Coulomb potential and the polarization 
potential as the optical potential and including the Pauli principle. 


The curves of Figs. 1 and 2, which correspond to a 
“direct calculation,” are replotted in Figs. 3-6, each 


together with the associated “variational calculation.” 
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Fic. 7. S-wave phase shift corresponding to the variational 
calculation of Fig. 6. 
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We have several comments concerning these last four 
figures. 


1. Figures 3 and 4 show rather striking dips in the 
variational results, around 2-4 volts. These sharp 
minima are a consequence of the S-wave phase shifts 
passing through zero. Without going into details, we 
remark that we regard these dips as spurious. The other 
portions of these curves are dependable. 

2. The variational results of Figs. 4-6 lie very close 
to one another. This is particularly true of Figs. 5 and 6; 
if superimposed, these curves coincide exactly except in 
the region 0-2 volts, where they differ slightly. 

According to the Rosenberg-Spruch theorem,* zero 
energy is a critical point for the variational calculations: 
The variational calculation that produces the smallest 
scattering length at zero energy is the most accurate. 
This criterion, applied to the set of scattering lengths 
tabulated in Table I, suggests that the calculation 
plotted in Fig. 6 is the most accurate of the variational 
calculations. 

3. The direct calculations of Figs. 5 and 6 give differ- 
ent results at zero energy. The corresponding varia- 
tional results also differ, but by a much smaller amount ; 


Taste I. Triplet scattering lengths. 





Variational 
calculation 


Direct 
calculation 
Pauli principle ignored 
Pauli principle included 





Dao 
1949 


2.4849 
2.39a9 





that is, the variational principle displaces the diverging 
direct calculations towards each other. The magnitudes 
of the displacements suggest that we are converging on 
a wave function that makes the variational expression 
stationary, but we have no assurance that this is the 
exact solution; what is more likely is that we are con- 
verging on the best solution—in a variational sense— 
that is possible for a trial function of the assumed form. 

4. The S-wave phase shifts plotted in Fig. 7 have been 
taken from our most dependable variational calculation, 
that belonging to Fig. 6. The phase shift given by the 
associated direct calculation is also shown, together 
with a set of phase shifts adopted, after a critical 
analysis of several calculations, by Bransden, Dalgarno, 
John, and Seaton." We note that their points agree very 
well with our variational calculation, but, again, we 
cannot infer from this that we are converging on the 
exact solution. 


Indeed, we know, from recent work by Rosenberg, 
Spruch, and O’Malley,” that the zero-energy triplet 
scattering length is no more than 1.91a 9. Our value of 


1! Reference 4, Table VI. 
12 L., Rosenberg, L. Spruch, and T. F. O’Malley, Phys. Rev. 119, 
164 (1960). 
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2.39a9 shows that our trial function has an error of at 
least 50%. 

A triplet scattering length of 1.99 has been calculated 
by Martin, Seaton, and Wallace," using an equation 
which, they say, “cannot be derived from a consistent 
variational argument.” Their method of calculation 
differs from ours in only two respects: First, they use an 
exchange potential in Eq. (12) instead of the Ag; term 
that we use; and second, in Eq. (15) they replace ¢; by 


(on (1),Vei(1))1 
o;(2)+ > ¢,(2)—— a 


n#l 1—-E&, 


: (20) 


where, in the actual numerical evaluation, they include 
2p states only in the sum over m. The extra term in (20) 
is, of course, the first-order perturbation-theoretic cor- 
rection to ¢; evaluated in the adiabatic approximation. 

The use of an exchange potential instead of \¢, should 
not cause the Martin, Seaton, and Wallace results to 
deviate significantly from ours, since both the exchange 
potential and the Ad; term serve only to satisfy the 
Pauli principle. We therefore infer from the Martin, 
Seaton, and Wallace calculation, that the use of (20) in 
our calculation would improve our estimate of the triplet 
scattering length, bringing it close to the present upper 
bound established by Rosenberg, Spruch, and O’Malley. 
Furthermore, it is clear (after the fact) that the replace- 
ment of ¢; by (20) is really necessary in our calculation: 
having already used (20) to calculate the asymptotic 
form of the optical potential, consistency demands that 
(20) also be used in (15) in order that the asymptotic 
forms of the optical potential and the wave function 
both be considered to the same order of accuracy. In 
this sense, our method provides a rationale for the 
equation, established heuristically by Martin, Seaton, 

%3V. M. Martin, M. J. Seaton, and J. B. G. Wallace, Proc. Phys. 


Soc. (London) 72, 701 (1958). We are indebted to Professor Spruch 
for calling this calculation to our attention. 
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and Wallace. It is satisfying to see that such a simple 
procedure leads to scattering lengths close to the present 
limits established by the Rosenberg-Spruch theorem.'*:'® 


7. CONCLUSIONS 


1. The Pauli principle is important only when the 
wave functions of the two electrons overlap. If the opti- 
cal potential is long-range, and such that most of the 
scattering occurs far from the region of overlap, the 
Pauli principle has a small effect; if the potential is 
short-range, and such that scattering is appreciable only 
in the overlap region, the Pauli principle can change the 
zero-energy cross section by an order of magnitude. 

2. The optical-model analysis of low-energy electron- 
hydrogen scattering, in its simplest form, leads to results 
in good agreement with previous calculations, but not 
at all close to the limits presently associated with the 
Rosenberg-Spruch theorem. However, it is suggested 
that a more consistent use of the optical model leads to 
a calculational procedure, very much like that already 
used by Martin, Seaton, and Wallace," which produces 
scattering lengths close to the upper bounds established 
by Rosenberg, Spruch, and O’Malley.” 
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4 Although we have discussed only the triplet scattering ex- 
plicitly, these remarks also apply to the singlet scattering. In this 
case, too, the Bransden, Dalgarno, John, and Seaton calculation 
gives a result close to the upper bound found by Rosenberg, 
Spruch, and O’Malley. 

16 We note that the use of (20) is also the starting point for 
procedures employed by A. Temkin and J. Lamkin, Phys. Rev. 
121, 788 (1961), where, again, it leads to scattering lengths close 
to the Rosenberg, Spruch, and O’Malley values. 
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The microwave spectrum of chlorine dioxide has been investigated and several rotational transitions 
assigned. The resulting rotational constants (in Mc) are: 


C50O;: 
CB70,: 


A=52 072, 
A=50 725, 


B=9952, 
B=9952, 


C=8332; 
C=8295. 


These constants are limited in precision by the presence of hyperfine structure which has been only ap- 
proximately treated. The structural parameters of chlorine dioxide as obtained from the rotational constants 
are rci_o=1.47340.01 A; <O—Cl—O=117° 36’41°. Approximate hyperfine constants are given. 


INTRODUCTION 


BRIEF history of the investigations of the micro- 

wave spectrum of chlorine dioxide seems appro- 
priate in view of the large number of authors and 
institutions represented on the title page. 

The first thorough investigation was made at the Oak 
Ridge Gaseous Diffusion Plant by D. F. Smith and 
D. W. Magnuson in 1953. Over two hundred lines were 
measured. The investigation was continued at Rice Uni- 
versity by G. R. B. and J. C. B. and at Cambridge 
University by J. G. B., T. M.S., D. R. J., and C. N. K. 
Both of these investigations started about 1954. After 
G. R. B. left Rice University in 1958, the work there 
was continued by R. F. C., J. L. K., and R. F. H. 

The assignment presented here was arrived at inde- 
pendently by the Cambridge and Rice groups. The 
Cambridge results were presented at the Bologna Inter- 
national Conference on Spectroscopy in September, 
1959, the proceedings of which will be published in due 
course. The principles on which the assignment was 
made there are somewhat different from those of the 
present treatment, but ied essentially to the same 
characterization of transitions. The Rice results were 
presented at The Ohio State Symposium, June, 1960. 
J. G. B. was on both papers. 


* This work was supported by grants to Rice University by the 
Robert A. Welch Foundation, The Research Corporation, and 
Monsanto Chemical Company. 

+ Pre-Doctoral Southern Fellow, 1958-1959. Present address: 
Department of Chemistry, University of California, Berkeley, 
California. 

t Present address: Bristol University, Bristol, England. 

§ Present address: California Research Corporation, Richmond, 
California. 

|| Present address: Polaroid Corporation, Cambridge, Massa- 
chusetts. 

4 Partly supported by D.S.I.R. Research Scholarships. 


Chlorine dioxide is a stable molecule with an odd 
number electrons and consequent resultant electronic 
spin. This electronic spin both complicates the micro- 
wave spectrum of ClO, and makes the analysis of the 
spectrum of interest. The only molecule similar to 
chlorine dioxide which has been investigated is nitrogen 
dioxide.! 

The hyperfine interactions in molecules like ClO2 have 
been discussed by Lin,? by Baker,’ and by Curl and 
Kinsey.‘ In the case of chlorine dioxide each rotational 
energy level is split into eight by the interaction of the 
electron spin with molecular rotation and by the inter- 
action of the electron spin with the nuclear spin. There 
may be as many as thirty-four hyperfine components 
for a single rotational transition corresponding to AJ 
=+1, 0, AF=+1, 0. Usually, however, eight lines are 
observed for a rotational transition corresponding to 
AN=AJ=AF. These eight lines are grouped into two 
quartets corresponding to the two possible values of J 
for given NV. 

Of primary concern here is the rotational assignment 
and the determination of rotational constants. For these 
purposes a crude treatment of the hyperfine splitting 
has been made and is given in the Appendix. Some 
knowledge of the hyperfine interaction parameters is 
necessary in order to determine accurately the rota- 
tional constants. Indeed, as will be seen, the uncertainty 
in the rotational constants arises from the approxima- 
tions made in the treatment of the hyperfine splitting. 


1 George R. Bird, J. Chem. Phys. 25, 1040 (1956). 

>C. C. Lin, Phys. Rev. 116, 903 (1959). 

‘J. G. Baker, thesis, Cambridge University, 1958 (unpublished). 
‘R. F. Curl and J. L. Kinsey (to be published). 
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EXPERIMENTAL 


The spectra reported here were obtained by several 
spectrometers. The region from 7000-50 000 Mc was 
investigated to varying extents on three different spec- 
trometers. The spectrometer at Rice University is a 
100-kc Stark-modulated spectrometer of conventional 
design.’ The frequency standard used with this spec- 
trometer is stable 5 parts in 10® per day and was 
checked regularly with WWV. The spectrometer at 
Cambridge is a 85-kc Stark modulated spectrometer.® 
The frequency standard was controlled by the National 
Physical Laboratory 5-Mc transmission from Rugby. 

A very useful atlas of about 225 lines of chlorine 
dioxide in the region between 7000 and 34000 Mc 
was furnished us by D. F. Smith and D. W. Magnuson 
of the Oak Ridge Gaseous Diffusion Plant. Some of 
these lines are used in this paper with their kind 
permission. 

Both normal and Cl*-enriched (95 isotope % Cl**) 
samples were used. The normal sample was prepared by 
the reaction between KCIO; and oxalic acid.* The Cl**- 
enriched samples were prepared by the electrolysis’ of 
NaCl* to NaCl*Ox3. Proper conditions for a good yield 
from this electrolysis appear to be (1) vigorous stirring, 
(2) temperature about 50° to 60°C, and (3) anode cur- 
rent density less than about 0.4 amp/cm?. The NaCl*O; 
was then reacted with oxalic acid. 

Over 300 lines were measured in the region from 7000 
to 60 000 Mc and a list is available on request. The lines 
for which both isotopes have been assigned are listed in 
Table I. The estimated uncertainty is +0.2 Mc. 


ROTATIONAL ASSIGNMENT 


Because ClO, has a two-fold axis of symmetry half of 
the rotational levels are missing. This is a consequence 
of the O"* zero spin. 

The two O'* nuclei may be interchanged by rotating 
both nuclei and electrons about the symmetry axis by 
180° and then rotating the electrons only by another 
180°. The total wave function should be symmetric (or 
unchanged) by this over-all operation since the (0'® 
nuclei obey Bose-Einstein statistics. 

In the ground vibrational state, the total wave func- 
tion has the symmetry of the rotational wave-function 
under the first operation, since the electronic coordinates 
are tied to the nuclei. For the second operation the total 
wave function has the symmetry of the electronic wave 
function. Therefore if the electronic wave function is 
symmetric, the rotational must also be symmetric. If 
the electronic wave function is antisymmetric the rota- 
tional wave-function must be antisymmetric.® 


°K. B. McAfee, R. H. Hughes, and E. B. Wilson, Jr., Rev. Sci. 
Instr. 20, 821 (1949). 

®R. W. Brown, Tappi 35, 75 (1952). 

7See E. Miiller, Electrochemisches Praktikum (Theodor Stein- 
kopff Verlag, Dresden, 1920), p. 130. 

® For further discussion of this point, particularly with reference 
to the antisymmetric *Z,~ electronic ground state of Oz, see G. 
Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand, 
Company, Inc., Princeton, New Jersey, 1950), p. 238 ff. 


et al. 


A cursory look at the molecular orbitals of ClO: indi- 
cates that the odd electron will probably go either into a 
(2pr,B;) antibonding orbital or into a [2(sp*)o A, | anti- 
bonding orbital. The first alternative is supported by the 
assignment of odd rotational levels (see below) and by 
the values of (aa);, (bb);, and (cc); (see Appendix). 
Therefore, we conclude that 


Cxhrot= —Wrot, 


and the asymmetric rotor quantum number 7 must be 
odd. 

The hyperfine structure is useful in making the rota- 
tional assignment because the corresponding hyperfine 
splittings within a quartet for a given rotational transi- 
tion should have the following relationship: 


Avoy**/ Ave. = uci" ‘oi? = ee J 


In addition, the splitting between quartets for a Cl* 
transition should be about the same as the splitting be- 
tween quartets for the corresponding Cl*’ transition. 
Using these aids and the Stark and Zeeman effects, the 
assignment in Table I was made. The assignment of 
hyperfine structure quantum numbers should be re- 
garded as tentative. 

The average of the eight hyperfine component fre- 
quencies of a transition is not equal to the rigid-rotor 
frequency, but depends also on the hyperfine-interaction 
parameters. This average must be corrected to the rigid- 
rotor frequency by adding the following correction: 
i? 


> » 
«+S “~S 


ere -)= (as 4) 
2N’+1 2N+1 


dren +(1/4)( 


2 “I 
x| —--—-—-—- ~-—]. 
Proeterre end 


This formula does not hold when VS1. The primed 
state is the upper, and Ys and &, are defined in the 
Appendix. 

This correction was applied using the approximate 
parameters given in the Appendix. The Areorr and ex- 
perimental rigid-rotor frequencies vp obtained in this 
way are listed in Table I. The 19:— 119 transitions are a 
special case and a special computation was required to 
obtain the vo. 

The rotational constants were adjusted to reproduce 
as nearly as possible the »o’s and are given in Table II. 
Comparison between observed and calculated y9’s is 
made in Table I. 


STRUCTURE OF CHLORINE DIOXIDE 


The a and 6 coordinates of Cl** in Cl*°O2 may be found 
from the moments of inertia of Cl*°O; and Cl'7O, and 
Kraitchmann’s equations. The 6 coordinate of the 
oxygens may then be found from the center-of-mass 
conditions assuming C2, symmetry. 

The a coordinate of the oxygen atoms can be found by 
fitting Iz for either species. This is not regarded as a 
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TaBLe I. Rotational assignment of chlorine dioxide. 
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13 852.05 
13 858.45" 
13 894.5* 
13 953.6 


14 231.6% 
14 246.7" 
14 256.4* 
14 262.5 


47 697.25 
47 739.8° 
47 764.6 
47 778.2 


48 232.10" 
48 276.60" 
48 336.0% 

48 398.20" 


25 261.0 
25 274.6 
25 290.15 
25 306.7 


25 798.58 
25 828.1% 
25 852.7 
25 870.18 


20 688.0% 
20 713.3* 
20 741.8* 
20 770.6 


20 857.2* 
20 881.2" 
20 900.6" 
20 915.9" 


Av (corr) v9 (obs) vo (calc) 
(Mc) (Mc) (Mc) 


47 992 


20 845 
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42 112.40" 


42 096.40 
42 135.12° 
42 109.20" 
42 047.54" 
42 117.52" 
42 055.84" 


43 227. 
43 201.! 


43 294.88 


41 856.53 
41 968.48 
41 977.60" 


42 948.50 
43 060.24" 
43 104.185 
43 215.844 


15 131.8* 
15 136.9" 
15 166.8" 
15 215.35 


15 486.3* 
15 499.2® 
15 507.4 
15 512.4" 


46 503.6" 
46 539.08 
46 560.0 
46 571.0 


47 037.0 
47 074.48 
47 122.6" 
47 175.78 


226.3" 
237.5" 
250.48 
264.3 


739.2 
764.2% 
21 784.1% 
21 797.7% 


24 856.0" 
24 876.8% 
24 898.5" 


25 026.1" 
25 041.0" 
25 054.78 


~ CO, 





Av (corr) vo (obs) 


(Mc) 


(Mc) 


vo (calc) 
(Mc) 





46 787 


24 997 





® The isotope has been verified by 


means of the Cl*§ enriched sample. 
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TABLteE II. Rotational constants of ClOg, in Mc. 
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“A= 50725410 
B= 9952410 
C= 8295410 


A=52072410 
B= 9052410 
C= 8332410 





highly satisfactory procedure.’ The structure obtained 
is rcio=1.473+0.01 A, <O—Cl—O=117° 36’+1°. 
This may be compared to rci_o= 1.472+0.005 A and 
<O—Cl—O=117° 24’+12’ obtained by Ward” from 
rotational analysis of infrared and ultraviolet. The 
latest electron diffraction result is rc:_o = 1.491+0.014 A, 
<O—Cl—O= 116° 30’42.5°." 
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APPENDIX 
The Hamiltonian to be considered is 


H=Hrt+Hst+Hr+Hpt+Ha, 


where He is the rotational Hamiltonian, Hs is the 
electronic spin-molecular rotation interaction, Hr is the 
Fermi or contact interaction between electronic and 
nuclear spin, Hp is the magnetic dipole-dipole interac- 
tion between electronic and nuclear spins, and Hg is the 
nuclear quadrupole coupling interaction. 


Hr=AN2+BN#+CN2, 

Hs=(0)s(N-S)+ (aa) sN oS a+ (bb) sN 585+ (cc) sN Se, 
(aa) s+ (bb) s+ (cc) s=0, 

Hy=(0),(1-S), 
(0)r= (16/3) gu sun |W (0) |?, 

up>O, 

H p= (aa)1] oS at (bb) 1 6So+ (co) T Se, 

(aa)1+ (bb) 1+ (cc); =0, 


: 1—3?? 
(aa); = — gsgiomn( ais 


3 
r 


1—3%2 
(cc)r= — §sgibk pe n( ; 
rola 


®C. C. Costain, J. Chem. Phys. 29, 864 (1958). 

J. K. Ward, Phys. Rev. 96, 845(A) (1954). 

' J. D. Dunitz and K. H. Hedberg, J. Am. Chem. Soc. 72, 3108 
(1950). 


—~"\ 


(bb); = — £SZIMBUN ( 


et al. 


Ha= (aa) ql + (6d) gl ?+ (cc)al 2, 
(aa) 9+ (bb) 9+ (cc) a=09, 


(aa)g=—_— —, 
21(27—1) da* 

-0 sv 
()q=—_—— 
21(27—1) ab? 

—-eO0 &V 
cc)e=————_ ; 
21(27—1) dc 


All interactions consistent with the C., symmetry of 
ClOz have been listed. 

The basis chosen is the asymmetric rotor basis and 
the J scheme. The basis quantum numbers are JN, r, J, 
F. The effects of matrix elements off-diagonal in NV and 
7 were not considered. This approximation is not satis- 
factory and limits the validity of this treatment. The fit 
obtained is poor and indeed it is not worthwhile to 
consider the effects of (aa)g, (bb)9, and (cc)g to this 
accuracy. 

The levels of 19; and 1:9 were obtained by examining 
the hyperfine structure of the 19: — 1io transition. Then 
(0)7, (aa)z, (6b)7, (cc)1, (0) s—4 (aa) s, (0) s— (cc) s were 
calculated by fitting these levels as nearly as possible. 
Different values of (0); were necessary to fit the two 
sets of levels. 

For most rotational levels there are two values of F 
which are unique and which do not interact, Fy= N+2 
and F,=N-—2. For a rotational transition it can be 
shown that 


Av(Fu—F 1) 
=[»(Fu')—»(Fu) J—D(F1')—»(F 1) ] 
=AN(0)s+425'—325 
=r 21 


— (9/2) ' 
(2N—1)(2N +3) 


(2N’—1)(2N’+3) 
where the upper rotational level is primed and 


Zs=L (aa) s*S NrNr’’ T (bd) S "Sx tNr’’ + (cc) s°Sn tNr'’s 
rv’? 

Zr=L (aa)1°Swen et (bb) 1’Swewer + (co)rSwene 
rt 


TABLE III. Interaction constants of ClO2, in Mc. 
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(0)s= as 538 
(aa) s= —892 
(bb)s= 342 


(0) s= —523 
(aa)s= — 858 
(6b)s= 320 
(cc)s= 550 (cc)s= 538 
(0);= 49 (110) (0O);= 41 (ly) 

38 (1o:) 32 (1m) 
(aa);=— 86 (aa);=— 72 
(bb);=— 87.4 (bb) ;= 72 
(cc)r= 173.4 


(cc);= 








MICROWAVE SPECTRUM 
The Swy,ny are the asymmetric rotor line strengths 
and have been tabulated.” 

The Av(Fy—F z) of 3o3—312 was used along with the 
1o, and 1,9 parameters to obtain (0) s, (aa) s, (bb) s, (cc) s. 
For For Cl", Av(Fu—F_) predicted for 2):—393=410 


BR, E H. "‘Schwendeman and V. W. Laurie, Line Strengths of 
Rotational Transitions (Pergamon Press, New York, 1958). 
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OF CHLORINE DIOXIDE 1123 
Mc, Av.bs= 380 Mc; Av(Fy—F _) predicted for 544423 
=—612 Mc, Av.p,= —563 Mc. For Cl’, Av(Fu—F 1) 
predicted tox 212—303= 368 Mc, Avobs=355 Mc; Av 
(Fu—F,) predicted for 544—423= —556 Mc, Avo.= 
—533 Mc. The spacings inside the quartet groups are 
predicted in error by ~10 Mc. All the parameters 
obtained are listed in Table ITI. 
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Measurements have been made of the ionization cross section for protons incident on hydrogen gas in 
the energy range 0.15-1.10 Mev. The experimental cross section in this region can be represented by 


= (3.45+0.20) E 


~(0.874£0.010) 10-17 cm?/molecule, where E is the incident proton energy in Mev. 


The 


cigaeneatal results are in excellent agreement with a Born approximation calculation, which is discussed. 


I. INTRODUCTION 


HE gross ionization cross section for protons inci- 
dent on hydrogen gas has been measured for 
incident particle energies over the range from 0.15 to 
1.10 Mev. Previous measurements in this area have been 
confined to incident-particle energies below 0.18 Mev.’ 
The work reported here represents an extension into 
a region that is largely unexplored. 

The atomic and molecular reactions that can occur 
when fast atoms or atomic ions collide with the mole- 
cules of a target gas may be conveniently classed as 
either “ionization” or “‘charge-transfer”’ events. There 
is no general agreement on the exact definition of these 
terms—we choose to define them as follows: In an 
“jonization” event, the fast particle ionizes the struck 
molecule but emerges with no change in its own charge 
state, while in a “charge-transfer” event the fast particle 
either gains one or more electrons from, or loses one or 
more electrons to, the target particle. For a given pro- 
jectile on a given target, each class of events in general 
includes several distinct kinds of reactions differing in 
the array of slow residual particles that are produced. 


* This research was supported by the Controlled Thermonuclear 
Branch of the Atomic Energy Commission. The work reported 
here is a portion of a research program undertaken by one of us 
(JWH) in partial fullfillment of the requirements for the degree 
of Doctor of Philosophy at the Georgia Institute of Technology. 

1V. V. Afrosimov, R. N. Il’in, and N. V. Fedorenko, Soviet 
Phys.—JETP 34, 968 (1958). 

?J. P. Keene, Phil. Mag. 40, 369 (1949); Ia. M. Fogel, L. I. 
a and B. G. Safronov, Soviet Phys.—JETP 1, 415 (1985); 


B. Gilbody and J. B. Hasted, Proc. Roy. Soc. (London) A240, 
382 (1957). 


The energies of the latter are usually low, although a 
small fraction of them may have energies as high as a 
few hundred electron volts. In either ionization or charge 
transfer, the incident particle almost always suffers only 
a small loss of energy and emerges with only a slight 
deviation from its original direction of motion. 

In charge-transfer studies, the sum of the cross sec- 
tions for all types of events that produce a given change 
in the charge state of the fast particle may be measured 
by observing the distribution of charge states in the 
emerging fast beam. Such measurements have been 
made previously for hydrogen atoms and ions incident 
on hydrogen gas with energies up to 1.0 Mev.* The ob- 
served cross sections indicate that in our energy range 
charge transfer events should not make a significant 
contribution to the gross ion production. (Our experi- 
mental results bear out this expectation.) 

To study ionization events one must collect and ob- 
serve the slow charged particles produced by the col- 
lision, since the emerging fast beam contains no infor- 
mation about the occurrence of these events. To avoid 
confusion due to multiple reactions by a single incident 
particle, the target must be “thin” in the sense that 
most of the incident particles will traverse the target 
with no collisions at all. One previous study of protons 
on hydrogen has been made for energies up to 0.18 Mev,! 
but the bulk of other previous work has been confined 
to energies of less than 0.04 Mev.’ 


*C,. F. Barnett and H. K. Reynolds, Phys. Rev. 109, 355 
(1958); P. M. Stier and C. F. Barnett, Phys. Rev. 103, 896 (1956). 
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paratus for gross ionization meas- 
urement. The analyzed proton 
beam enters from the right through 
collimating slits, a, 6, c, traverses 
the active volume between the 
collector assemblies, and is col- 
lected in the Faraday cup at the 
left. One set of collector electrodes 
is shown in detail in Fig. 4. 


_— 6-1/2" qeliraal 


II. EXPERIMENTAL METHOD 


The source of incident protons was a 1-Mev Van de 
Graaff positive-ion accelerator, equipped with a beam 
analyzing and stabilizing system. The incident proton 
energy was determined by a 90° deflection in a regulated 
magnetic field, whose value was measured with a pre- 
cision gauss-meter. The nominal proton energy spread 
was +2 kev at 1 Mev. 

The beam was passed through collimating apertures 
and into a collision chamber containing the target gas. 
(See Fig. 1.) The target thickness (5.5 inch) and gas 
pressure (10-‘—10-* mm Hg) was such that the target 
was “thin.” A transverse electric field was maintained 
between two sets of electrodes parallel to the beam axis 
in the collision chamber, the “collector assemblies” in 
Fig. 1. The slow charged particles produced in ionizing 
collisions were collected, while the original incident 
particles passed through the collision volume and into 
a Faraday cup. Detection of both the slow and the fast 
particles was accomplished by electrometer measure- 
ments of the electron and ion currents to the collectors. 
The chamber pressure was measured with a carefully 
cleaned McLeod gauge. While this experiment is very 
simple in principle, completely spurious results can be 
obtained unless a number of factors are considered with 
care. A complete discussion of the design considerations 
and the detailed testing of the apparatus has been pre- 
sented elsewhere,‘ and we mention the more important 
factors only briefly here: 1. Beam apertures should have 
knife edges to minimize scattering from surfaces, Fig. 
1 (b and c). 2. The Faraday cup detector of the fast 
axial beam should be large enough to intercept essen- 
tially all of the beam, allowing for scattering from aper- 
ture edges and target gas molecules. 3. The Faraday 
cup should be designed in such a way as to trap second- 
ary electrons ejected by the impinging beam particles, 
see Fig. 2. 4. The level of background contaminant gas 
should be held to a minimum and held constant, so that 
the ionization of the background constituents will be 
small and capable of being assessed, Fig. 3. 5. Pressure 


4E. W. McDaniel, D. W. Martin, J. W. Hooper, and D. S. 
Harmer, Technical Report, September 1, 1960 (unpublished). 


equilibrium should be established before each run, and 
appreciable pressure gradients in the gas avoided. 6. The 
collection electrodes for the slow residual particles must 
be covered with high-transparency grids, adequately 
biased to eliminate the effects of secondary electron 
emission from the collectors. 7. Guard electrodes must 
be provided to define accurately the collection volume 
from which slow residual particles are collected, Fig. 4. 
8. The transverse sweeping electric field must be strong 
enough to allow collection of essentially all of the slow 
particles, Fig. 5. 9. Leakage currents must be minimized 
and accurately assessed. 10. The contributions from 
charge transfer, if appreciable, must be assessed and 
taken into account. 

A drawing of one of the two collector assemblies is 
shown in Fig. 4. It is seen to consist of nine segments. 
Although all nine are always held at the same potential, 
we measure the ion currents to only one or more of the 
five interior segments. The inactive segments serve as 
guards to assure that the collection field in front of the 
active segments is parallel and uniform. Then the ‘“‘ef- 
fective thickness” of the slab of target gas from which 
all slow ions produced are drawn is just the combined 
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Fic. 2. Incident beam collected in Faraday cup vs suppression 
voltage. Constancy of the indicated current above 30 volts for 
cup A and above 50 volts for cup B assures that secondary electron 
suppression is complete. 
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length of the active collector segments. In the present 
apparatus, it has been verified that the measured ion 
currents are precisely proportional to the number of 
segments included in the electrometer circuit. An elec- 
tron suppressor grid is located } inch in front of each 
collector assembly. The grids consist of parallel, 0.004- 
inch diameter stainless steel wires and have a geo- 
metrical transparency of 96%. 

Leakage currents in the electrometer circuits were 
measured frequently and subtracted from all current 
measurements. The correction was usually less than 
5%. A constant pumping arrangement (described in 
reference 4) was used to provide a residual background 
gas density that is independent of the sample gas den- 
sity insofat as possible. The hydrogen target gas was 
admitted through a palladium leak in order to achieve 
purity of the entering gas. 

The pressure of the residual gas averaged about 
6X 10~-* mm Hg as indicated by ionization gauges, using 
the nitrogen calibration. The actual value was uncertain 
since the composition was unknown. A typical run of the 
ionization currents produced in the residual gas is shown 
in Fig. 3. The slope of the line is almost the same as 
that obtained with hydrogen in the chamber, and was 
not found to vary from day to day. The impurity cur- 
rents at several energies were read daily before the hy- 
drogen was admitted, and again at the end of a day’s 
run. The impurity ionization current for each energy 
inferred from these data was subtracted directly from 


each hydrogen ionization current reading. Except for 
the lowest hydrogen pressures, this amounted to a cor- 
rection of less than 5%. 

In a given run the incident particle energy was varied 
over the entire range while the hydrogen gas pressure 
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Fic. 3. Ion current contribution from protons incident on the 
residual background gas. The energy shape of this curve is ap- 
proximately the same as for hydrogen gas. 


CROSS SECTIONS 


FOR PROTONS ON H: GAS 





v7 


“(1 


bao 7 9-1/8 -— nl 

















Fic. 4. Collector electrode assembly showing guard electrodes 
(outer plates). The “effective collision volume” is defined by 
such of the five central segments as are connected to the elec- 
trometer circuit. 


was held nominally constant. Usually the setting of the 
palladium-leak-heater power was left fixed for at least 
one hour before readings were begun, to allow pressure 
equilibrium to be reached. Even so, the McLeod gauge 
was read frequently during the run. 

Complete runs were made for hydrogen pressures 
throughout the range from 0.1 to 12.0X10~* mm Hg. 
The residual gas pressure was not subtracted from the 
indicated total pressure since it was not really well 
known ; however, if it was really of the order of 6X 10-* 
mm Hg as the ionization gauges indicated, it would 
represent a correction of less than 5% for all hydrogen 
pressures above 1.2X10-* mm Hg. In computing the 
molecular density of the target gas, its temperature 
was taken to be that of the room. 

A set of values obtained for the gross ionization cross 
section at one energy from a series of runs at different 
pressures is shown in Fig. 6, plotted to a relative scale. 
The falloff at pressures below 2.5X10~ mm Hg can 
be identified with the above failure to take account of 
the residual gas in computing the target gas density. 
Similarly, the indication of rising values for pressures 
above 10X 10~* mm Hg can be identified with multiple 
collisions and failure of the “thin target” assumptions. 
The existence of a definite plateau between these regions 
lends confidence that all the important assumptions 
are valid there. All of the data used in compiling the 
final results have been taken from runs lying within 
this plateau. 


Ill. EXPERIMENTAL RESULTS 


Our final values for the absolute gross ionization cross 
section for protons incident on hydrogen gas with 
energies from 0.15 to 1.10 Mev are plotted in Fig. 7. 
The data give an excellent fit to a straight line in this 
log-log plot throughout the energy range. 

The uncertainties in the ratios of the corrected ioni- 
zation currents to the incident beam current should 
not exceed about +2%. The target gas temperature 
is not directly measured and may be uncertain by per- 
haps +1%. By far the largest uncertainty is in the 
measurement of the target gas pressure. Our McLeod 
gauge scale extends only to 10-* mm Hg, and the instru- 
ment has not been absolutely calibrated. We believe 
we can read its scale to less than 5% in the range around 
5X10-* mm Hg, but must admit a probable error of 
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“1G. 5. Data showing the lack of dependence of the trans- 
verse ion current on the collection voltage. 


about +5% in the absolute reading. Combining these 
errors leads to an estimated probable error of about 
+6% in the absolute normalization of the data, and 
this is the vertical error indicated by the brackets on 
the points in Fig. 7. 

The slope of the line is less uncertain, however. The 
proton energy has a nominal uncertainty of only +0.2% 
at 1 Mev, and we believe the uncertainty is not over 
+0.5% at 0.15 Mev. Since individual runs were made 
at constant nominal pressure, the slopes obtained de- 
pend only on the relative scale-reading accuracy rather 


than on the absolute accuracy of the McLeod gauge. 
Further, self-consistency of the slopes from many indi- 
vidual runs at different pressures gives confidence that 
the ratios of the cross sections at the extreme energies 
are known to +2% or better. The straight line drawn 
through the data in Fig. 7 corresponds to the expression : 


oi= (3.45:+.0.20) E- 8740.01) x 10-17 cm?/molecule, 


where E£ is the proton energy in Mev. 


IV. COMPARISON WITH THEORY 


In the present case of protons incident on molecular 
hydrogen, the gross ionization measurements described 
here include contributions from the following four dis- 
tinct kinds of ionization events: 


H*++H, — Ht+H,*t+e, (1) 
H*++H, — H++H*t+H"+e, (2) 
H*++H, — Ht+Ht-+H*-+ 2e, (3) 
H++H, > H++H++H-, (4) 
plus the four kinds of charge-transfer events: 
H++H, — H+H,t, (5) 
H++H; — H°+H*-+H’, (6) 
H++H; — H°+H+t+H*+e, (7) 
H++H, — H-+H*t+H?*. (8) 


MARTIN, 


AND HARMER 

Among the first four, reactions (3) and (4) represent 
more complex events than do (1) and (2), and it seems 
quite likely that they will be correspondingly improbable 
and contribute in a minor fashion to the total ionization. 
The sum of the cross sections for (5), (6), and (7) is 
the gross charge transfer cross section o;9 which has 
been measured previously.’ This cross section is found 
to be of such magnitude that charge transfer should 
make a barely significant contribution of about 2% at 
0.15 Mev, but be negligible above 0.2 Mev. In verifica- 
tion of this assertion is the fact that the collected elec- 
tron currents observed were always equal to the positive- 
ion currents within our reading accuracy of +2%. Any 
significant amount of charge transfer would lead to an 
excess of positive-ion current over electron current.® 
Reaction (8) has a completely negligible cross section 
at our energies.* Therefore, the present gross ionization 
measurements yield essentially the sum of the cross 
sections for processes (1) and (2). 

Theoretical cross-section calculations using the Born 
approximation have been made for the atomic ioniza- 
tion process 
H*++H° — H*+H*-+e. (9) 


A method of obtaining an approximate theoretical 
treatment for the present molecular processes has been 
indicated in reference 6. Although the results calculated 
for reaction (9) were not given in explicit analytic form, 
the following generalization was made: 

If a fast proton collides with a nucleus of atomic 
number Z,, to which one electron is bound in the 1s 
state, then the cross section for removal of that electron 
takes the general form [Eq. (21) of reference 6 ] 


ot = (Z,/AE)*f(MAE/E), 
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Fic. 6. Computed ionization cross section at various target 
gas pressures showing plateau from 2.5X10-* to 10.0«10-4 
mm Hg. 


5 Secondary electron emission produced by positive-ion impact 
on the grid shielding the slow-ion collector has the opposite effect. 
Data presented in reference 4 indicate that this mechanism in- 
creases the electron current by less than 2%. 

*D. R. Bates and G. Griffing, Proc. Phys. Soc. (London) A66, 
961 (1953). 
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Fic. 7. Gross ionization cross section for protons incident 
on molecular hydrogen. 
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in which AE is the ionization energy for removal of 
the electron, M is the reduced mass of the colliding 
system, E is the kinetic energy of the relative motion, 
and f is a function of unspecified analytic form. This 
formula permits scaling of the graphical results given 
for reaction (9) to any other reaction that meets the 
above description. 

It has been often assumed that a hydrogen molecule 
is simply equivalent, in an energetic collision process, 
to two independent hydrogen atoms, so that the molec- 
ular cross section would be expected to be simply twice 
the atomic cross section. However, in the formula above 
there is an explicit dependence on the ionization energy 
AE of the electron to be removed. The vertical ionization 
energy of one electron in the hydrogen molecule is ap- 
preciably different from the atomic ionization energy, 

_ being in fact greater by the factor 1.2. 

The procedure followed is this: The molecule is con- 

sidered to be equivalent to two free neutral atoms in 
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every respect except that account is taken of the fact 
that the ionization energy is 1.2 times the normal 
atomic value. Ignored are the effects of the second atom 
on the reduced mass of the system consisting of the 
projectile and the first atom, on the ratio of the incident 
particle to the relative motion energy, and of course 
on the form of the electronic wave function that was 
used in the calculation of the atomic cross section. To 
this approximation, a theoretical cross section for the 
removal of one electron from the molecule by the impact 
of an incident proton of energy E will be twice the given 
atomic cross section for the incident proton energy 
E/1.2, divided by (1.2)*. This cross section should ac- 
tually correspond to the sum of the cross sections for 
all of the several kinds of molecular ionization events, 
since the theoretical assumptions made no assertion as 
to the final state of the molecule. Therefore, this theoret- 
ical cross section should correspond to our measured 
gross ionization cross section. 

The dashed line in Fig. 7 is the described extrapolation 
from the theory of Bates and Griffing. Knowledge of the 
proper location of the line is limited by our ability to 
read the rather small graphs in the published paper. 
There is excellent agreement within our stated experi- 
mental uncertainties. 

The triangles in Fig. 7 indicate the results of 
Afrosimov e? al.,1 which extend upward in energy only 
to 0.18 Mev. The agreement in the overlap region is quite 
satisfactory. 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge the helpful suggestions 
that have been given by members of the Oak Ridge 
cross-section group, particularly C. F. Barnett and 
Herman Postma. We should also like to acknowledge the 
expert assistance of Robert Langley in the performance 
of our experiments. 





PHYSICAL REVIEW VOLUME 


121, 


NUMBER 4 FEBRUARY 15, 1961 


«* Corrections to Hyperfine Structure in Hydrogenic Atoms* 


DanteEt E. ZwAnzicert 
Columbia University, New York, New York 


(Received August 26, 1960) 


The a’ term in the ratio of the hyperfine splitting in the 2S 
state of the one-electron atom to the hyperfine splitting in the 
1S state is recalculated, and a new theoretical value for this ratio 
is obtained which is in agreement with the experimental value, 
thereby eliminating a previously reported discrepancy. The 
calculation consists in the evaluation of the low-momentum parts, 
of order a? hfs, of the expression for the lowest order radiative 
level shift in the bound interaction representation with external 
Coulomb and magnetic dipole fields. By rearranging the terms 
so as to display the gauge invariance of the matrix elements with 
respect to the external potentials, considerable simplicity is 


achieved, and the formulas are easily interpreted as a generali- 
zation of the expression for the lowest order Lamb shift. The 
contribution from soft photon intermediate states is obtained by 
an extension of the method developed by Schwartz and Tiemann 
for evaluating the Bethe logarithm, and an appendix contains a 
tabulation of twelve analogous integrals which were integrated 
numerically, and which may be of use elsewhere. The calculated 
value of the ratio is }(1.000 034 50.000 000 2) which agrees with 
the experimental values for hydrogen: $(1.000 034 6+.6.000 000 3), 
and deuterium: }$(1.000 034 2+0.000 000 6). 





1, INTRODUCTION 


ERY precise measurements of the hyperfine 

structure separations of the 1S and 2S states of 
hydrogen and deuterium have made possible the 
determination of the deviation of the ratio of the 2S 
to 1S separations from the value, one eighth, given by 
the Fermi formula.! While the bulk of this deviation 
is accounted for by the Breit correction,? arising from 
the use of Dirac wave functions, a residual discrepancy, 
amounting to about one part per million, has remained. 
This discrepancy has been discussed by Mittleman,’ 
who has pointed out that quantum electrodynamics 
contributes to this ratio in lowest order a(Za)? (where 
a is the fine structure constant and Z the nuclear 
charge), which is just of the order of the observed 
discrepancy, and has calculated the effect. His result, 
while of the observed sign and order of magnitude, 
disagrees significantly with the experimental result. 
Such a discrepancy would seem to imply a failure of 
quantum electrodynamics at a distance of order as 
large as the electron Compton wavelength. In view of 
the difficulty of reconciling such a conclusion with the 
well-known successes of the theory, it appeared es- 
sential to re-examine the quantum electrodynamic 
correction, with the objective of either removing the 
discrepancy or establishing it more firmly. 

We present here a new ¢alculation‘* of the quantum 
electrodynamic effect, and results in agreement with 
the experimental observations. Notable calculational 
simplicity is achieved by separating the numerous 


* Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy, in the Faculty of Pure Science, 
Columbia University. This work has been supported in part by 
the U. S. Atomic Energy Commission. 

t Quincy Ward Boese Fellow. Now at the University of 
California, Berkeley, California. 

1E. Fermi, Z. Physik 60, 320 (1930). 

2G. Breit, Phys. Rev. 35, 1447 (1930). 

3M. Mittleman, Phys. Rev. 107, 1170 (1957). 

‘This calculation, while similar to Mittleman’s in a general 
way, differs sufficiently in detail to have discouraged a detailed 
correction of Mittleman’s work. Some errors in this work have, 
however, been located explicitly. 


gauge variant terms, which ultimately cancel each other 
out, from the manifestly gauge invariant terms which 
contribute. These latter are easily understood physically 
as a generalization to the case of scalar and vector 
potential of the expression for the lowest order Lamb 
shift. In addition, an improved method, due to Schwartz 
and Tiemann, for evaluating the bound nonrelativistic 
propagator is used. It is also of interest to note that the 
arguments of Mittleman, showing that there is no 
contribution to the required order from nuclear struc- 
ture effects, have been verified in the interim by the 
explicit calculations of Iddings and Platzman® for the 
case in which the nucleus is a single proton. 

Before proceeding to evaluate the radiative cor- 
rections of interest here, we will briefly review the 
various terms which contribute to the hyperfine 
splitting. All of them may be obtained from the fully 
covariant Bethe-Salpeter equation for the two body 
problem. However, it turns out to be more convenient 
to separate out the various terms according as they 
may be obtained from (1) the Dirac equation for the 
electron in the point Coulomb and magnetic dipole 
fields of the nucleus, (2) quantum electrodynamics for 
the one-electron state with external Coulomb and 
magnetic dipole fields, and (3) considerations involving 
the dynamic properties of the nucleus such as recoil, 
form factor, etc. 

Restricting ourselves to nS states (w=1, 2 here), we 
can express all terms as multiples of the Fermi energy,! 
E,™“ = (e/3m){e-w)y,2(0), where @ is the electron spin 
operator, w the nuclear magnetic moment operator, Yn 
the nonrelativistic Schrédinger wave function for the 
nS state, and where rationalized natural units are 
chosen so that A=c=1 and a=e?/4rfc~ 1/137. Under 
heading (1) one obtains the term 


E,™(1+4n(Za)?+-bn,a(Za)m/M+O(a*)]. (1.1) 


5C. Schwartz, Ann. Phys. 6, 156 (1959); C. Schwartz and J. 
Tiemann, Ann. Phys. 6, 178 (1959); I wish to thank Dr. Schwartz 
for preprints of the articles cited here. 

°C. Iddings and P. Platzman, Phys. Rev. 113, 192 (1959); 
and Phys. Rev. 115, 919 (1959). 


1128 





HYPERFINE STRUCTURE 
The a, arise from the use of Dirac instead of Schrédinger 
wave functions and are known as the Breit? corrections. 
The difference b,.—b,; which contributes to Aves/Avis 
has been evaluated by Schwartz and is obtained by 
treating the dipole potential in second order pertur- 
bation theory. (The 6, individually are divergent for a 
point dipole.) Under heading (2) one obtains 


E.™[a/(24)+ (—0.328)a*?/2?— (5/2—In2)a(Za) 

+¢n0°+O(a4)]. (1.2) 
The first two terms are the well known radiative cor- 
rections to the static moment of the free electron.” The 
third is obtained when binding is taken into account.* 
The terms of order a’ will be discussed below. Under 
heading (3) one obtains 


E,.“[—3m/M+6(m/M)*—8.7am/M 

+O(a?m/M)]. (1.3) 
The first two terms are the reduced mass corrections. 
The third is the result of recoil® and finite size® 
corrections. 

The quantity which will be calculated and compared 
with its value, as determined by experiment, is R, the 
ratio of the hyperfine splitting in the 2S state to the 
hyperfine splitting in the 1S state. We have from (1.1), 
(1.2), and (1.3), 


R=}[1+ (5/8) (Za)*— (5/162)a(Za)? 

+ (c2—c:)e8+O(a?m/M)]}. (1.4) 
We call those terms “state independent” which are 
proportional to Z,™” and hence cancel in this ratio. 
The radiative corrections of order a and a’, and the 
reduced mass corrections fall into this category. 

Let us now concentrate our attention on the terms 
of the form c,a* appearing in Eqs. (1.2) and (1.4). 
They are of three kinds which we may write as a’, 
a (Za), and a(Za)?. By this notation we distinguish 
the order of the radiative correction, which is the power 
of a, from the effect of binding on the hfs, which is 
expressible as a power series in Za (and as we shall see, 
InZa). The a*® term is the unevaluated third order 
correction to the static magnetic moment of the 


7J. Schwinger, Phys. Rev. 73, 416 (1948); A. Petermann, 
Helv. Phys. Acta 30, 407 (1957); C. Sommerfield, Phys. Rev. 
107, 328 (1957). 

8N. Kroll and F. Pollack, Phys. Rev. 84, 597 (1951); R. 
Karplus, A. Klein, and J. Schwinger, Phys. Rev. 84, 597 (1951). 
We will make use of results given by N. Kroll and F. Pollack, 
Phys. Rev. 86, 876 (1952), hereafter referred to as KP. 

*R. Arnowitt, Phys. Rev. 92, 1002 (1953); and W. Newcomb 
and E. Salpeter, Phys. Rev. 97, 1146 (1955) have evaluated the 
recoil correction of order am/M for a point nucleus. The finite- 
size correction was evaluated nonrelativistically by A. Zemach, 
Phys. Rev. 104, 1771 (1956) and relativistically by Iddings and 
Platzman (see reference 6). The recoil and finite size corrections 
are cutoff dependent when taken separately, but their sum is 
well defined. It is expressed above, somewhat arbitrarily, as a 
multiple of a(m/M)hfs. 
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electron. It gives a contribution proportional to the 
Fermi energy and so is state independent and need not 
be considered further. The unevaluated a?(Za) term is 
analogous to the a(Za) term which by explicit calcu- 
lation’ is state independent. That both terms are state 
independent may be seen roughly as follows. When 
intermediate electron momenta are scaled p— Zap and 
the integrands are expanded about p=0, one obtains 
an estimate for binding corrections of order (Za)*. 
However, the relevant integrals in this expansion 
diverge at high momentum, indicating the presence of 
the lower order terms linear in Za. However, the 
momentum space wave functions are state independent 
at high momentum so that these terms are also. 

This leaves only the a(Za)* terms for consideration. 
Denoting by J; and J2, respectively, the coefficients of 
a(Za)?E,” and a(Za)?E,” in the expressions for the 
level shifts of the 1S and 2S states, the (¢.—c,)a* term 
in the ratio R takes the form (J,—J;)a(Za)*. It will be 
the principle concern of this paper to evaluate the 
difference AJ=J.—J,. As will be seen below, it is con- 
siderably easier to evaluate their difference than to 
evaluate J, or Jz separately. The method will be to 
obtain the difference of the two integrals which rep- 
resent the level shifts in the two states, by taking the 
difference of the integrands. We now proceed to the 
calculation itself. 


2. POLARIZATION ENERGY 


Kroll and Pollack® have given finite expressions for 
radiative level shifts correct to first order in a and all 
orders in Za. We will consider first the level shift due to 
vacuum polarization, leaving for later treatment the 
fluctuation energy diagram. Vacuum polarization” 
causes a change in energy given by KP Eq. (21): 


a pt 
AEp=- J (alp.xos|ied|n.) | 
T 0 


(1—}e*) | po—pi|? 
x<— —(pi | n)dp dp» 
[4m?/(1—v*)+ | pe—pi|?] 


—(n|ie/A?|n). 





(2.1) 


5A? has a leading term in which the external potential 
acts three times. It is of order a(Za)*E™ and will be 
neglected. 

A contribution to hfs may arise in AE p either by the 
explicit appearance of a magnetic potential, or by a 

10 R, Serber, Phys. Rev. 48, 49 (1935); E. Uehling, Phys. Rev. 
48, 55 (1935). 

1 A word on notation is appropriate. We denote the charge on 
the electron by —e. p-g=p-qtpe=p-q—PP; p=p-7; 
Our=[Yu,¥r]/2i; |m) represents the electronic state mS, with 
(n|n)=1, (n|=(n|8, y= —iBa. All electromagnetic potentials 
are external potentials, A=(A,A°)=(uXr/4ar*, Ze/4er), in 
rationalized units. 4=c=1. [KP use a normalization ¢,(p) 
= (27)~(p|m) and denote the charge on the electron by e.] 
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dependence of the wave function on the hyperfine 
state. We denote the two cases by a and 5, respectively, 
and consider case a first. Since 


(| A™ |p.) = Cp: 


1 1 | 
—7:V-X ») 
4 r 


Pi) xu: 


|n), (2.2) 


1 
=—¥-(p2- 
4 


we find 


(1— 40’) 


AEp.=— “f dv y2-———— 
(1—2*) 


e 
x f (nip. —¥: (P2o—pi) Xu 
4or 


—2mr 


11 2 
x(p. en( 
r (1—v)! 


) 1 Xi n)dp,dp2, (2.3) 


serve eof 25). 


This expression is easily interpreted as the expectation 
value of the interaction energy of the Dirac electron 
with the induced magnetic polarization potential. 
Since we are interested only in terms linear in the 
nuclear magnetic moment, we take the wave functions 
Furthermore their 
nonrelativistic form suffices to the required order. 
Performing the Dirac algebra, we find 


—@ : (1-— by?) e 
AEp.= =f do »*—_—____ —__( 
cs 0 (1—v) ; 


<id|efio SD] 09 


where |) is now the Schrédinger electronic state. 
Taking a position representation, 


a 1 (1— dy?) 1 
aEre=~ f ic 
0 (1—v*) W,2(0) 


to be Coulomb wave functions. 


—2mr 


x exp —~ w(r) lr’dr. (2.6 
0 “<- (—)E Lv. ‘oJ ( 


Writing AEp,=a(Za)*E,™”(J,)pa, the quantity we 
seek AJ=J,—J,, is given by 
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(1—4$+*) 
'9 oX—_——___ 
° 1-y 


os —2mr 1 2m d 
xf Garey) eae-werrs 


[= 2(r) eh 
x 2dr 
¥7(0) y(0) 


We expand [y,.7(r)/¥:?(0)* ¥2(r)/¥2(0)] in a power 
series in r and retain only the first nonvanishing term. 
Then 


Al p.= 
(2.7) 


3 f' 1 
alr=— f do ?(1—40*?) =—. (2.8) 
Sr Jo 107 


We now take up case 6 in which a contribution to 
hfs arises from a dependence of the wave function on 
the hyperfine state. To obtain this dependence, the 
nuclear magnetic dipole field is treated as a pertur- 
bation of the mS Coulomb state of the electron. The 
change in the wave function is treated nonrelativisti- 
cally and to first order in the perturbation. We therefore 
write |m)=|C)+|M), where |C) is the Coulomb nS 
state and | M) is linear in the nuclear magnetic moment. 
(See Appendix A for the perturbing Hamiltonian and 
the magnetic wave functions.) Elementary consider- 
ations indicate that for a nucleus of arbitrary spin, 
|M) is a superposition of S;, Dy, and Dy states. The 
energy level shift which we seek is proportional to 
(C|A?|M), where A” is the polarization potential. 
Since we seek only terms linear in the nuclear moment, 
in this expression A” is the polarization potential due 
to an external Coulomb field only. Since it is spherically 
symmetric the D; and Dy part of the magnetic wave 
functions can give no contribution to the level shift. A 
similar argument holds for the fluctuation energy. 
Consequently, in all expressions we will retain only the 
S; part of the magnetic wave function. It is given by 
Eqs. (A.4) and (A.5). 

We now return to Eq. (2.1) to evaluate AE p,. Either 
of the states may be magnetic and they contribute 
equally, so we let one be magnetic and double: 


AEn=—— f (Cina p:| nlm.) 


(1 $e*) 


aleamaatceanaibios - —(pi| M)d 1dp2, (2.9) 
[4m?/(1—0°) +|p2—pi| ] in 


2a (1— 42’) 
AEp,= c—/J, f dv ye 
T 0 


1-—? 


|Za —2mr \ | 
x(c|— ew(— ) |e). (2.10) 
|r (1-2)! 
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We follow the same procedure for AEpa, choosing a 
position space representation in the nonrelativistic 
limit. Writing (x|M)= (E™/ry)u(r), we obtain 

=% 


nZa ry 


1 
xf - exp| 
r 


As before, we expand Ayu=yote—yim as a power series 
in r, retain the first nonvanishing term, and obtain 
2In2—3 —4 
AI p»p=——— dv v?(1— 4x?) =——(3—2 In2). (2.12) 
154 


7 0 


Al py= 


—2mr 


=| (Wottoa—Yim,)dx. (2.11) 


(1—v*)! 


The net contribution from the polarization diagram is 
thus 


—{ 16 
AI p=AlI pa + Al pp= * (7-—in2). (2.13) 
10x 3 


It will be observed that a position space represen- 
tation of the polarization energy makes all integrals 
trivial, and that one can easily obtain the level shift 
as a power series in Za by expanding the wave functions 
in powers of r. Alternatively, we could have obtained 
Alp by neglecting (p2—p,)* in the denominator of Eq. 

2.1) and evaluated 
—a 1 
AEp=——(ni| ieV°A| 1) f dv v?(1— 42”) 
4am? 0 
— 
=——(fi|ieV?A| n). 


(2.14) 
15am? 


This is actually a diverge . expression for AEp but 
AI p=[(AEp)2s/E2“— (AEp)is/E\™ |/a(Za)? remains 
well defined. We will make use of this second method 
of evaluation when calculating the contribution of the 
fluctuation energy to AJ. 


3. ISOLATION OF GAUGE-INVARIANT TERMS 
IN THE FLUCTUATION ENERGY 


We now proceed to the more difficult task of evalu- 
ating the contribution of the fluctuation energy 
diagram. It is given by” 


a 
AEr=— fo Po) (—ie)A,(po— pr) 
4dr 





3a 
Ku (bass)(p1|")dpidps + 
— 2ipy—m(1—2y) 
<. é dy(—ie)A ») 
m+ (p?-+-m*)y 


«(a (ia f 
+Lp+Q, (3.1) 


12 See KP Eqs. (27), (33), (34), and (36). There are transcription 
errors in Eqs. (29) and (33). Equation (33) should read, in our 
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where 


. dz 
—________{}(3—8: +82) 
9 [p2(1—2)+piz P 


X (po— pi)*¥u tm (po— pi) Om 

— (ip,t+m)[(1—2) (ipi—m) +m Jy, 
—YuL2(ip2—m) +m }(ipitm) 

+3 (1—22)(p’— pr’) vy. 


+-( ipo+m)y,(ipitm)}, 
8ia “s 
“dels aith) 
(2r)8 eae 
d‘k 
x , 
+N 


(3.2) 


Lp= 


(3.3) 


1 
patie 


" B—2p-k 


2ipu—iRY. | d‘k 
x|— ie | n) - (34) 
k—2p-k | 7B 


The general procedure we shall adopt for evaluating 
AE, is as follows. The first two terms of K, are recog- 
nized as charge and magnetic moment parts of the 
vertex function. That part of Q which contains no 
powers of & in the numerator is divergent in the infra- 
red, but will give a finite result when combined with 
the similarly divergent Lp. To the order of interest this 
will yield the remainder of the charge vertex function 
and an analog of the sum-over-states of the lowest 
order Lamb shift. All other terms will be shown to be 
gauge variant to the order of interest, and hence when 
summed give no net contribution. 

In all expressions for the fluctuation energy in which 
4-vector notation is used, it is understood that a 4- 
vector representing an electron momentum has its 
zeroth component fixed at the energy of the state in 
question. One integrates only over the space part of 
the electron momenta. Contributions to the hyperfine 
notation, 

Ky= ‘fj a { (b2— pi)*y.[2—68(1—2) J 
J [po(1—2)+pis P 
+m (po— pr) oy t§ (1 —22) (p22? — pry, 
+ (ipe+m)y,(ipit+m) — Se ed Yu 
— Fyu(ipitm)*+2(p2— pr) ur (ipitm) 
Baal atta ile 


[(p2—pi)*z(1—s) +2 (ps*—pi*) ] 
dz —YeL 

+f Sy ¥ (p2+ul—pP+ (p2(1—2)+p8)*}} * 

The integral with respect to u is easily performed. Noting that 
(n| In (— p?/m®) A|n)=(n| A In(— p?/m*)|m) and integrating par- 
tially with respect to z, one obtains the symmetric form given 
above for Ky. 
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splitting from the fluctuation energy can arise in three 
ways: by the explicit appearance of a magnetic po- 
tential, by the dependence of the wave function on 
the hyperfine state, and thirdly, since the energy 
appears explicitly in the 4-vector, by the dependence 
of the energy on the hyperfine state. This last case was 
neglected by Mittleman.’ It contributes to the order of 
interest whenever the Coulomb binding energy of the 
state also contributes. 

The quantity, AJ=/,—J,, which we seek is the 
coefficient of a(Za)? hfs in the weighted difference 
(8A4E,—AE,;) of the integrals which represent the level 
shift in the 1S and 2S states. When the difference of 
the integrals is written as the integral of the difference 
of the integrands, the new integral converges more 
rapidly at small r. This is a great advantage since the 
operator which is being evaluated is singular at small r, 
and approximations may be made in the integrand of 
AI which are not correct for the level shifts AZ, and 
AE, separately. In particular we will frequently scale 
electron 3-momenta p— Zap and expand in a power 
series in Za to the order required. We will follow this 
procedure whenever it leaves AJ finite, even though 
the expressions for AE would become divergent if so 
treated. In the following it will often be convenient to 
write formal expressions for AE which are divergent, 
with the understanding that the subtracted form 
(8AE,—AE;) is meant whenever approximations and 
estimates of order of magnitude are made. The fact 
that p is of order Zam in the integral representing AJ 
when it is of order m in the integral for the level shift, 
may be expressed by the statement that high-mo- 
mentum contributions are state independent. 

To treat the first term of Eq. (3.2) for K, to the 
required order, we may approximate the denominator 
by —m?. This means that in the denominator we neglect 
electron momenta compared to m, as explained above. 
The auxiliary integration with respect to z is then 
trivial. It yields a contribution to AE, which we 
denote by AEr(1), that according to Eq. (3.1) is given 
by 


—a 5 
AEr(1)=——- (fi ieV°A|n). (3.5) 
dam? 6 


7m 


This is part of the charge vertex function. We will 
evaluate this term, as well as all others, to first order 
in the nuclear moment. 

To evaluate the second term of K,, Eq. (3.2), it is 
again sufficient to approximate the denominator by 
—m?* when K, is contracted with the Coulomb potential. 
However when K, is contracted with the magnetic 
potential, this term contains the (a/27) correction to 
the static magnetic moment which causes a level shift 
of (a/2r)hfs. To obtain all the terms of order a(Za)? 
hfs, the denominator may not be approximated by 
—m?*. Instead we expand it about —m? and retain the 
first correction term. The auxiliary integration is then 
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trivial and yields for the second term of K, 


~{ 


K,(2)=—(p2— pr) om 
m 


, 1 p?? mid 
6 m? 2 


1 2 2 
he ~| (3.6) 


m? 


1 (po— pi)" 
x| St 
m? 2 


It is understood that the last three terms in this ex- 
pression are to be retained only when K,(2) is con- 
tracted with a magnetic potential. We will treat the 
last two terms of (3.6) together with the remaining 
terms of K, by making use of the equations of motion 
to obtain terms involving more than one power of the 
external potential. When we substitute the first two 
terms of K,(2) into Eq. (3.1) for AEr, we obtain 


e 1 V*\ 0A, 

~on( 1+ - —) n). (3.7) 
m 6 mF dx, 

This is the expansion up to V?/m? of the well known 
second order magnetic moment form factor of the 
electron. We again recall that the V?/m? contributes 
to the order of interest only when the external potential 
is magnetic. 

The terms we have considered up until now involve 
one power of the external potential. The remaining 
terms of K, contain factors of (ip++-m) which operate 
on the wave functions and so involve more than one 
power of the external potential. The second term of 
Eq. (3.1) for AE, also explicitly displays two powers of 
the potential. We will leave these terms for later con- 
sideration and instead proceed to treat Lp, given by 
Eq. (3.3) which contains only one power of the external 
potential. Since 


fe (—iea)| ") 


eS pk 
=(ip+m+icd)——|n), (3.8) 
—2p-h| 


a 
AE r(2)= “(i 
4or 


2p-k 


we may write 


toa (MG 


Pu ) 
“oe B—2p-k 


Pu d‘k 
x| ——, (—ip a] n ’ 
2 2p-k e+? 


where p is any constant vector so that p/(k®—2p-k) 
commutes with (ip-+m-+ieA) and Lp is independent of 
p. It is convenient to choose p= (0,0,0,Z,), so that the 


(3.9) 


18 See for instance A. Akhiezer and V. Berestetsky, Quantum 
Electrodynamics (State Technico-Theoretical Literature Press, 
Moscow, 1953), Eq. (44.3). In English translation, U. S. Atomic 
Energy Commission, AEC-tr-2876 (unpublished). 
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left-hand factor in the expression for Lp does not 
contain any spurious lower order terms, but vanishes 
with p=p—p. The total level shift naturally cannot 
depend on the convergence parameter \ and the calcu- 
lation is simplified if the two A-dependent terms are 
combined and X set to 0 at an early stage. For this 
purpose we separate out of Q the part Qp which is 
divergent as \ > 0. A simple counting of powers of k 
as k— 0 in Eq. (3.4) indicates that 


Sia lf. Pu 1 
Oo=— f(a ia, 
(2m)3 2 29-klip—ikt+m+ieA 


bs atk 
x) ic ")—— (3.10) 
R—2p-k +) 


i.e., that part of Q with no powers of & in the numerator. 
Since 


i a =| 
(a (—ie)A, ep kb 


Pu Pu 
22p-k K—2p-k 








)ip+m+iea), (3.11) 


we may write AEr(3)=Qp+Lp as 





81 Pu Pu 
AEr(3)= fell — ) 
(2m) B—2p-k B—2p-k 
1 


{[ 


‘ (-iol|n) 
ip—ik-+-m+ieAL—2p-k | 


d‘k 
i. 
Re 


ik 





(3.12) 


This form is now convergent and X has been eliminated. 

We will now prove that to the required order the 
level shift AEr is given simply by AEr(1)+AEr(2) 
+AEr(3). Although other terms are individually of 
the order of interest, their sum is not. The argument 
invokes the gauge invariance of the matrix element 
with respect to the external potential. Let us look into 
the situation in more detail. The fluctuation energy is 
given by 


—2ia 


| 1 d'k 
AEr= Kou Vu n)— (3.13) 
(2m)? iptieA—ik+m ke 


This matrix element is formally invariant under the 
substitution A,y—> A,+0A/0x,, |n)— exp(—ieA)|n), 
where A(x) is any real scalar. One consequence is that 
no charge renormalization terms are present in the 
fluctuation energy, since they are of the form 
(i|ieA|n) and hence gauge variant. We will not make 
use of gauge invariance in the most general form 
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however. The potentials are chosen to be time inde- 
pendent: and to satisfy the subsidiary condition™ 
(0/dx,)A,=V-A=0. This restricts the function A(x) 
to the form A,*,, where A, is an arbitrary constant 
4-vector. The restricted gauge transformation is then 
of the form A, — A,y+Ay, Pu — Pu—eA,y, Corresponding 
to a change of the external electromagnetic potentials 
by a constant. The proof will consist in showing that 
to the order required AEr(1), AEr(2), and AEp(3) are 
each invariant with respect to the restricted gauge and 
that all other terms are of a form which is not invariant 
under the transformation. 

We will first show that all other terms are gauge 
variant to the order of interest. These are the remaining 
terms of K,, the second term of Eq. (3.1) and 
Qc=Q—Qp, the part of Q which is convergent. We 
consider them in turn. The last term of K, [Eq. (3.2) ] 
contains three powers of the external potential, when 
one makes use of the equations of motion. It vanishes 
to the order of interest. The next to the last term 
vanishes by the auxiliary integration when the denomi- 
nator is set equal to —m?. The third and fourth terms 
of Eq. (3.2) contain zero or one power of p in the 
numerator and factors of (ip-++-m) which operate on 
wave functions. To the order of interest, these two- 
potential terms yield the forms (ea/m?)(C | (Za/r)@-B|C), 
(ea/m?®)(C|e-AXE|C) and (a/m)(C| (Za/r)*|M). [The 
form (a/m)(C| (Za/r)y-ieA|C) also appears, but can be 
reduced to the others by using the equations of motion 
and dropping terms trilinear in the potential. ] The last 
two terms of K,(2) [Eq. (3.6)] and the second term 
of AEr [Eq. (3.1)] also contain two powers of the 
potential and give rise to the same gauge-variant forms. 

We next examine 0c=Q—(Qp, that part of Q which 
is convergent in the infrared. We first note that it is 
sufficient to replace the bound propagator by the free 
propagator, because the main contribution comes from 
the region k~m. In fact, when this substitution has 
been made, Qc is evaluated by scaling k— mk, 
p— mZap, and expanding about p=0. When both 
potentials are electric, only the term independent of p 
contributes to the order of interest. When one potential 
is magnetic, terms linear in p must also be retained. 
Since Qc contains two powers of the potential, it yields 
the same gauge-variant forms as have been found 
previously. 

We have now examined all terms besides AEp(1), 
AEr(2), and AEpr(3), and found only the gauge- 
variant forms 


(ca/m*){C | (Za/r)o-B|C), 
(2a/m?)(C|o-AXE|C) 
and 


(a/m){C | (Za/r)*| M). 


It is clear that no nonvanishing sum of such terms is 
gauge invariant.!We will complete the proof by showing 


14 See KP, footnote 19. 
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that AEr(1), AEr(2), and AEr(3) contain only gauge- 
invariant terms, so that the others sum to zero. The 
cancellation of the gauge-variant terms has actually 
been verified by explicit calculation. 

AEr(1) and AEpr(2) are manifestly invariant, as 
may be verified by inspection of Eqs. (3.5) and (3.7). 
To prove the invariance of AE (3) we will carry out the 
k integration and thereby reduce it to a manifestly 
invariant form. This term contains the complete bound 
propagator. It will be found that an expansion of the 
propagator in powers of the external potential is not 
an expansion in powers of Za, so that the whole series 
must be summed. Furthermore the first term in this 
series will be found to yield a contribution to AJ con- 
taining In(Za)~—5 as a factor. These two effects 
account for the bulk of AJ. We make use of the operator 
identity 


1 
ip—ikt+m+ieA 
1 
-——__fi-wed 
ip—ik+m ip—ik+m+ieA 








, (3.14) 


to write AEr(3) of Eq. (3.12) in the form 
AEr(3 )=— 


(2m) = ft (5 F 55) 


Nt A dndtens P 1 
—ieA 
¥ (k—- ptm L ip—ik+m-+ieA 


Pu dk 
x| vied] n)— (3.15) 
2 2p-k Re 


We now simplify the Dirac structure, making use of 
the equations of motion: 











(3 _ EL )in(—iptik-+m) 
B—2p-k B—2p-k 


| 2p - kp, 
k?—2p-k 


i|(—ie)Aik( AR a ), (3.16) 
B—2p-k B—2p-k 


since p,=p+p,. The right-hand term in the last ex- 
pression contains an extra power of the external 
potential. Although it is of order a(Za) hfs, it does not 
contribute to the order of interest in the ratio, as 
indicated by a low energy (p~mZa) estimate of this 
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term. AEr(3) now takes the form 


|p+-2p-kp/(k?— 2p -k) 
AEp(3)=— =~ f (al . 
(2x)? 


(k—p)+m* 
1 
‘(1-ied ) 
ip—ik+m-+ieA 
s , | 
x| P ; " ied ||n 


—2p-k k*’—2p-k 
It is convenient to treat separately the two terms of 
the central parentheses, writing AEr(3)=L'+0’, 
where L’ is the result of retaining the first term: 


~ (2m)! =akG (P+ pe yrercrer 


2p-kp 
LL (p 4- -), ial "— (3.18) 
k°—2p-k 2—2o-k 


Comparing Eqs. (3.9) and (3.18), we note that L’ 
differs from Lp in that a factor of 1/(k®—2p-k) is 
replaced by 1/(k?—2p-k+?+m?), which makes L’ 
convergent. If we attempt the usual scaling k — mk, 
p— mZap, and neglect all Za compared to 1, L’ 
becomes divergent. However to evaluate L’ to lowest 
order, we may omit all terms which would be negligible 
under this scaling except the convergence parameter 


p?+m’. Then 








d‘k 





(3.17) 


2p-kp 








| 1 1 
ua fe | (2—2p-k+-p?-+m*) (—2p-h) 


2p-kp 2p-kp | \ dk 
x(r+—_) [n+ —, icl| —. (3.19) 
k?—2p-k k?—2p-k |7# 
It is now a trivial matter to carry out the & integration 
to obtain to lowest order in ~?+-m’, 


—a 2 
L'=—( i (- In 
7m 3 P+m’ 


a {4 ™ 
L'= (- In—+— 
4rm?\3 2ry 


 .. 2m ry 
in( 

"13 Pet m? 
where H and E may be taken to be the nonrelativistic 
Hamiltonian and energy. The entire expression is 
independent of ry, which we have arbitrarily chosen 
to be the rydberg energy [=}m(Za)*]. The first term 
is manifestly gauge invariant and will later be com- 


bined with AEr(1) which has the same form. The 
second term has been written in nonrelativistic form, 


m? 


+~)p -[p,ieA 3.20 
= p,ie 11»), (3.20) 


=)¢a |ieV?A | n) 


poe # 
arm 


)p-(at—2p|m), (3.21) 
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and will be combined with the remainder of 
which we will evaluate next. 

According to Eq. (3.17), it is given by 


AEr(3) 





_ Sia |p+2p- kp,/(k?—2p- k) 
akG ieA 
~ (Qn) (k—p)?+m? 


1 | \ dk 
—_—_—_— E — ied | n)— ; 
ip—ih-+-m-+ied k?—2p- k ke 

To carry out the & integration, the complete bound 
propagator is expanded in powers of the external 
potential, the Dirac structure of the denominators is 
rationalized, and as usual a momentum space repre- 
sentation is chosen, so that the term by term integrand 


is a rational function of k. A typical term of the series 
then has a denominator of the form 


(3.22) 


(II [(k—g,)?+-m?*]} (k?—2q-k)R?. 


i=l 


(3.23) 


This has the poles in the ko plane shown in Fig. 1 for 
typical values of the 3-momenta. The appropriate 
contour for the &» integration is also indicated in the 
figure. The integration is effected by completing 
the contour in the lower half plane. The value of the 
integral is then given by the sum of the residues of the 
poles on the positive real axis. (The poles of k?—2p-k 
wander over the complex ko plane, but the resulting 
integral may be obtained by analytic continuation of 
the integral which is obtained in the present case.) The 
value of the residues at e+[m?+(k—q;) a and 
e+ [e+ (k—g)*-¢ Ag is estimated by ih Ty (k,q,q:) > 
(Zam) (k,q,q.) ) and is found to be one power of Za too 
small. Consequently, the value of Q’ is given simply by 
the residue at the pole ko= |k|, which may be obtained 
directly from Eq. (3.22): 


| Pp k 
BAN AS 


m|k| 


1 
.) (=ép-+ik+m) 


{ 1 
ip ih-wtiel SS 


p+(p-k/m| k!)pn | \ a 
x| -, vical ny , 
| /|k| 


(3.24) 
—29- k 


where k= (k,|k| 


the form 


). We rewrite the central parenthesis in 


—ip+ik—ieA+m 
(p—k+eA)?+m’?+ (6/2) peF oo 


where 


_ ip tikt+m 
(p—k)? +m’ 
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Fic. 1. The complex, ky plane, showing the path of integration 
of the in Moco! Q’ (3.22) and the poles of the integrand. ¢ is the 
relativistic energy of the state in question. 


€+[m? + (k-q;)?}4 


€ + [e? +k*~ 2q-k] 


and scale k—> (Za)*mk, p—> (Zam) 
required order 


. “ey ea + 
cs) 
3am J |—ip-+m 


p, so that to the 





1 
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(p+eA) +m? +2mk-+ (e/ 2) 6 pelo» am 
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_ -)¢ —ip+m)[p,ieA } ae 
P +m? L 2mk 


In the same approximation, (—ip4 
= —2mI|_p,H ||\n), where 


m){ p, —teA ||) 


1 Za 
p+eA)?— t 


2m 


H= 


the nonrelativistic Hamiltonian. As a result the 
numerator has an even Dirac structure, so that in 
the denominator we may neglect y-p compared to m, 
and the spin orbit term e- E. The integral with respect 
to & is trivial and yields 


2a | H-E 
—{n Dp: (in 
3rm? \ | ry 


p +m? 
— ]n—— ~)\(- Hen), (3.25) 


2m ry 


Q'= 


where |) is the Schrédinger eigenstate of energy E of 
the nonrelativistic Hamiltonian H. Adding Eqs. (3.21) 
and (3.25) yields AEr(3)=L’+(’ in the form 


a 4 m 
AEr(3)= —(- In ——+ 


4rm?\3 21ry 


2a | H-—E 
-—— n}p-in( - 


3am? ry 


= (a lieV2A | n) 


-)(u- pln), (3.26) 


It is now easy to show that AF r(3) is gauge invariant. 
The first term in the above expression is manifestly 
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invariant. In the second term, the combination H—E 
is gauge invariant, as is (H— E)p|n)= (H— E)(p+)|n) 
where 2 is any constant vector. This completes the 


proof that to the required order AE r= AEp(1)+AEr(2) 
+AEpr(3). By Eqs. (3.5), (3.7), and (3.26) 


a 
AEr= taht ieV?A|n) 
4rmi3 2ry 
1 V*\ dA, 
ro 
6 m/ Ax, 


p:(H-E) — 


) 


n). (3.27) 
“*") 


3am? 


We have observed previously that the second term 
in this expression is the expansion up to V*/m? of the 
second order magnetic moment form factor. Similarly 
the first term is now recognized as the V?/m? term in a 
corresponding expansion of the charge form factor, in 
which the fictitious photon mass, which is required in 
the form In(A) to make this term finite in the scattering 
approximation, is replaced by In(2 ry)—5/6,"* in agree- 
ment with the connection formula of French. [Equation 
(3.27) is independent of ry, which could be assigned 
any value.] When binding is properly taken into 
account, as it is here, the infrared divergence, charac- 
teristic of the scattering theory, disappears. The above 
expression is the exact analog of the formula for the 
lowest order Lamb shift. The external potential now 
includes the nuclear magnetic dipole as well as the 
Coulomb part, and the magnetic moment interaction 
is represented more accurately by the presence of the 
Oyr(V?2/m?) (0A ,/Ox,) term. 

It must be emphasized that this expression does not 
correctly represent the shift in the hyperfine structure 
to order a(Za)* hfs, but is only suited to be substituted 
into the formula for AJ= (8AE,—AE;)/[a(Za)? hfs ]. 

Schwartz'® has treated this problem nonrelativisti- 
cally in a calculation analogous to Bethe’s original 
nonrelativistic calculation” of the lowest order Lamb 
Shift. Independently of the present work, Schwartz 
has obtained the coefficient of In(Za) and an expression 
equivalent to the third term of Eq. (3.27) for the low- 
energy part. 


4. EVALUATION OF THE FLUCTUATION ENERGY 


We will now evaluate the gauge-invariant terms 
which have been isolated in the preceding section. Let 
us consider the first term of Eq. (3.27) which we label 


16 J. French and V. Weisskopf, Phys. Rev. 75, 1240 (1949). 

16 C, Schwartz, Bull. Am. Phys. Soc. 3, 404 (1958). I wish to 
thank C. Schwartz for communicating his results. 

17H. Bethe, Phys. Rev. 72, 339 (1947). 
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AEc to indicate its origin in the charge form factor. 


—as8 1 Ii 
no sficte) 
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- 2 Z 
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In this expression we have retained those terms which 
contribute to the hyperfine splitting. The first term 
takes the form 


—asS 1 iiy1 e 
AEe=—(- In—+ 
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whereas the second is given by 
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As a result 


1 16 i 
Al c=AleatAlox= -(7- a ind) (m—+—), (4.6) 
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T 3 407 


A comparison of Eqs. (2.13), (2.14), (4.1), and (4.6) 
justifies the remarks immediately preceding and fol- 
lowing Eq. (2.14) by proving the equivalence of the 
two methods. 

We correspondingly label the second term of Eq. 
(3.27) AEw, since it originates in the magnetic moment 
form factor. Recalling that the V?/m? in this term 
contributes only when the potential is magnetic, 
rewrite it as 


we 


=| ¢ 
aEy=a/te| (0 —(1+iV’ n’)a-BIC) 
m f 


1 
= ~C| vay: WeAy,| M)4+— (il liver: WeA,|C > (4.7) 
m 
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The term containing (V?/m?)e-B is easily treated ; only 
large components are retained and @-B is replaced by 
its S-wave part=%$e-wé(x). Comparison with Eqs. 
(4.2) and (4.3) above indicates that this term con- 
tributes —1/(8r) to AJ. To evaluate the term 
(e/m)(C|@-B|C), we express the matrix elements in 
terms of large and small components. For the small 
components the nonrelativistic expression suffices, but 
the Dirac form, yz, correct to order (Za)? is required 
for the large components: 


See) 


a C- t dil 
on (=) “a B(—y Jax. (4.8) 
2m 


4d 2m m 


a e 
-? vito Byads 
7 m 


The first term of this expression contributes (1/27) 
X (3/16+-1n2) to AJ, and the second (1/4) (7/16—1n2). 
The net contribution from the first term of Eq. (4.7) 
is thus 


Al Ma— :(1/ ‘Aar) (5, /16+1n2). (4.9) 


After the Dirac algebra has been performed, the last 
two terms of Eq. (4.7) take the form 


afi Za 
sEw=—|— J ¥0-cAMxy—yax 
4nlm? r 


1 
ones yr yds] (4.10) 


m2 


Comparison with Eqs. (4.1) and (4.5) reveals that the 
second term of this expression contributes (1/27) 
X(3—21n2) to AZ, whereas the first yields (1/87) 
X (5—8 In2), for a net contribution given by 


Al y= (1/83) (17—16 In2). (4.11) 


The total 


Al y=AlvatAl ue 


= (1/4r)[8+ (13/16)—7 In2]. (4.12) 

The only term which remains to be evaluated is the 
last one of Eq. (3.27). It represents the contribution 
due to the presence of a soft photon in the intermediate 
state and will be denoted by AEs. 


H-E 
au (H—E) in )p n). (4.13) 
3am? ry 


Expressions of this sort are usually evaluated by 
inserting a resolution of the identity belonging to H. 
In the present case, where H is the Hamiltonian for a 
hydrogen atom, the resulting sum-over-states involves 
a sum over the discrete bound states of the atom, and 
an integral over the continuum ionized states. However, 
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Schwartz and Tiemann‘ have recently obtained an 
integral representation of the corresponding term in 
the lowest order Lamb shift, and we willapply their 
method here. The derivation will be presented in some 
detail, as an illustration of the method, and because 
certain integrals appear that are of interest for other 
calculations, and which are evaluated numerically. 
We rewrite Eq. (4.13) in the form 


ieee lim |- f dk in| p:-— 
3am? K-@ PE H- E+k 


1K 
+K(n|p?| n)+— In—n|[p- [p,H J]! n) : (4.14) 
2 ry 


Quantities which vanish as K— © are dropped. As 
usual we will retain only those terms which are linear 
in the nuclear moment. Since 
ee We 
|n)=|C)+|M), 


H=H°+H™, E=E°+E*, 


| 1 
( 2¢ C|\p-— ——a|) 
 H°—EC+E | 


ee) 


— E©) 
PYHo—EC+k 


H°—EC+ c). i 


The term involving H™ vanishes. This may be seen by 
taking a momentum representation where it has the 
form 


(q2—q1)i(Q2—@1); 
en ee bt 
}G2—qi}* 


1 
~-;)us}af(a*)dasd, 


which vanishes upon angular integration. 
therefore rewrite Eq. (4.14) in the form 


We may 


2a 


AEs= lim 


3am? Ke 
\p-————_ | M bib 


x{-af ¢c H°—Fe+k | 
-f" i sc) 


+K(n| p?| oe {a Lo,ieaD|n). (4.16) 


E°+k)? 
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The last term has been written in relativistic notation, 
since in this form the contribution of the matrix element 
to AI was evaluated for AJ¢ [Eq. (4.1) ]. 

» It is convenient to transform the second term on the 
right-hand side of Eq. (4.16) to put it in a form similar 
to the first term. For this purpose we note that 


=lim| ~ f Xc \P cade 


+K(C|p-imx|C)—(Clv*IC)}, (4.17) 


——imx 


H°— E°+k 


since p=im[H,x |. Therefore 


ael-Grl sam 


X (2p| M)—imxE™ |C)) 
+K ((n| p*|n)— E™(C| p-imx|C)) 


AEs= 
—E°+k 


(4.18) 


1 K 
+- In—{a| (—ie)V°A|n)+E™(C| p?|C) . 
2 ry 


To obtain AJ s we note that the coefficient of K is state 
independent. This is easily proven by applying the 
virial theorem to (m|p*|m) and retaining terms linear 
in the nuclear moment (i.e., evaluating 


(n|[H,p-x]|n)= 


and by noting that E”(C| p-imx|C)=43mE™(C|¥ -x|C) 
=3mE™. The coefficient of In(K/ry) is obtained from 
Eqs. (4.1), (4.3), and (4.5). Also (C| p?|C)= (mZa)*/n?. 
Writing |M)=(E™/ry)|), we therefore obtain 


kdk 
ppc f 
34 (mZa)* 0 —E°+k 


x(- w)—imx\c)) 


if 16  -— 
-—|7-= 2 |n———, 
3 


(4.19) 
2x ry 2 


where A( )=( )es—(_)is. 

The integration over k has been introduced as a 
device for evaluating AEs given by Eq. (4.13). How- 
ever one easily recognizes that the first term of Eq. 
(4.14) is the expression for the level shift which one 
obtains from the nonrelativistic theory. The term 
proportional to In(K/ry), which appears subtracted off, 
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correctly yields the contribution to AJ proportional to 
In(Za), if one sets K=m. The term linear in K, which 
is also subtracted off, is of order aE™, if one sets K=m. 
As is characteristic of lower order terms, it is state 
independent. 

To proceed with the evaluation it is convenient to 
scale out all powers of Za and work with dimensionless 
quantities. For this purpose we choose the unit of 
length= (1/mZa), and scale (k,H°,E°) — ry(k,H°,E°). 
All quantities are then expressed in atomic units. 
Since we will deal only with S states, we normalize 
¥n(r) to fo? ¥.2r%dr=1, so that 


¥is=2 exp(—7); 


| | (4.20) 
¥es= (1/V2) exp(—r/2)(1—1/2). 


Then 
Als=[2/(3n)] lim AJ—[1/(2r)] 


<[7— (16/3) In2] InK—1/(2r), (4.21) 


where 


K 1 
fd 
0 H°—Ec+k 


X (2p|u)—3ix|C))kdk. (4.22) 


The heart of the method is to evaluate the quantity 
|v)=1/(H°— E°+k)|w) by considering the differential 
equation (H°—E°+k)|v)=|w), and noting that the 
inner product appearing in Eq. (4.22), when expressed 
in a position representation, has the form of a Laplace 
transform. Writing 


#(1/r*) f(r) exp(—r/n) 


oni 
"Ae a rre 


where y=(x|C), w=(x|u), and # is the unit vector in 
the radial direction, we obtain 


K «o dWn 
J.= -f dk af —e*!" f,.(r)dr. 
0 o dr 


Inserting the expressions (4.20) for y, yields 


dun 


onal rts), (4.23) 


dr 
(4.24) 


(4.25a) 


K 
j=2f dk kf,(2), 


K 
Jx= 2f dk k2-4 f2(1)+4f2'(1)],  (4.25b) 


where f,(p)= Jo” exp(— pr) fn(r)dr, the Laplace trans- 
form of f,(r). 
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The problem of evaluating Als is now reduced to 
the problem of obtaining the functions f,(p). We will 
show that f satisfies a first order linear differential 


equation and is thus obtainable by quadrature. From 
Eq. (4.23) 


(H°—E,°+k)#(1/r*) fa(r) ep(-“) 


n 
du, 1 
-1(2*+-.). (4.26) 
dr 2 


In atomic units E,°=—1/n? and H°=—V*?—2/r, so 
that 


r 2 
rher)-2/ 147) p+ (24+) fal 
n n 


du, 1 
=— cnt( 24s), (4.27) 
ow. 2 


or 


( . p+ +e) j9+2(——20H1) 0) 


co) 


du, 1 
e~Prerl v(t rb Jar 
dr 2 
=—ni0,(p). 


In going from (4.27) to (4.28) we have imposed the 
boundary condition f,(0)=0. Since Q,(p) is a known 
function, f,(p) is obtainable by quadrature. Using a 
formula from the elementary theory of differential 
equations,'* we obtain 


(4.28) 


(An +1/n— p)'=-2 
(An— 1/m+p)' +2 

P (An—1/n+p’) eH 
f. (An+1/n—p’)— 


f.A(P)=— 








mM0,(p’)dp’, (4.29) 


where \n= (k+1/n*)#. Since f,(p) is a Laplace trans- 
form, it must be analytic in the right-hand half plane 
of the complex variable ». We therefore set const 
=An+1/n, since f,(p) would be singular at the point 
p=Ant+1/n otherwise. To obtain J, given by Eqs. 
(4.25) we require f,(2/n) and 


ke! (1)= —2v202(1). 


The latter expression is obtained directly from the 
differential equation (4.28) by substitution. 
Inserting Eqs. (4.29) and (4.30) into Eqs. (4.25), we 


(4.30) 


18See for instance H. Phillips, Differential Equations (John 
Wiley & Sons, New York, 1934), p. 39. 


may write Eq. (4.21) in the form 


4 (K+Un)} = dy 2n sA—1/n\" 
Sr a I/n (\2—1/n?) A+1/n 


xf ” (=) oe (p-1/n)?] 





(p)d : 1)K ; 7 us 
XOn(P)dp——04(1 -—| -— na] 


1 
XInK-—. 
2x 


(4.31) 


Q,(p) is defined by Eq. (4.28). The indicated inte- 
gration yields 


1 6 12Inp/2+20 24 
ou(9)=[—4+—4 (4.32a) 
P Pp p* p* 

(?) + : + 
- he p p* 
so that Q,(1)=—27/2. 

Due to the presence of the forms 1/p*, 1/p*, and 
In(p) in Q, the analytic expression (4.31) is considerably 
more complicated than the corresponding expression 
for the Lamb shift treated by Schwartz and Tiemann.® 
As a result, it is not convenient to expand the integrand 
in a series, integrate term by term, and sum the series 
numerically, as they do. The numerical work which is 
required here, however, is still not very difficult. 

In order to carry out the limiting process indicated 
in Eq. (4.31), we separate the integral over k into two 
parts. One part is finite as K — © and is evaluated 
numerically. The other part is integrated analytically 
and combined with the other K-dependent terms to 
yield a finite result. For this purpose we write 


12Inp—4 12Inp+23 15 
— +} (4.32b) 
2p8 





AIs=N+A—1/(2n), (4.33) 


where 


4 « pair 1 
v=—af arn f — 
3m Yin 2/n \x2—1/n? 
(=) "(ey | 1 
x — 
A+1/n A— (p—1/n) —1/n? 
1 A\—1/n 1 A+(p—1/n) 
+— in )+ In 
Ms \A+1/n7 dF A—(p—1/n) 


x[r— (>=) |o.cous, (4.34) 
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and 
{4 (K+1/n*)i A+1/n 1 
A= lim wi ana f dp; ———_ 
K-00 | 3¢ Ji an N—1/n? 
+n ( =) (-— | 
al S (p—1/n) 


1\? 9 
de-(e) ore 
ns - cs 


1 16 
-—(7-~ in2) ink |. (4.35) 


2r 





N was evaluated on the Nevis IBM 650 computer and 

found to be —0.94+0.02. The integration and limit 

process indicated to obtain term A are fairly straight- 

forward, though somewhat lengthy. One obtains from 

Eqs. (4.33), (4.34), and (4.35) 

AI s= —0.94+0.02+ [4/ (3x) ] 

xX [— (58+5/32—4/9)+ (75—1/2) In2 

— 10 In?2+ (5/6)x? ]—1/(2z). 


5. COMPARISON WITH EXPERIMENT 


Writing AJ=Alp+Alc¢+Aly+Als, the respective 
contributions from the polarization energy, charge form 
factor, magnetic moment form factor, and soft photon 
intermediate states, we have from Eq. (2.13), (4.6), 
(4.12), and (4.36) 

AI = —[1/ (10x) ][7— (16/3) In2] 
+ (1/2)Din(1/Za)+ 11/48 ][7— (16/3) In2] 
+[1/ (49) ](8+13/16—7 In2) 
+[—0.94+0.02—1.126—1/ (2) ], 


AI=3.40+0.02. 


(4.36) 


(5.1) 


We now substitute the computed value of AJ into 
the theoretical formula [Eq. (1.4) ] for R, the ratio of 
the hyperfine splitting in the 2S state to the hyperfine 
splitting in the 1S state. Recalling the argument of 
Sec. 1, showing that (c.—c,)a*= Ala(Za)’, we obtain 


Ru=}[1+8(Za)*—[5/ (169) ](Za)*a 
+ (3.4+0.02)a(Za)?+O(a?m/M) ], 
or 


Riww=}(1.000 034 5+-0.000 000 2). 


In this last expression the uncertainty is due to the 
a’m/M terms, estimated to be <0.2 ppm. They are of 
three kinds. One is a cross term equal to (15/8) (Za)*m/ 
M=0.05 ppm, which arises from the Breit correction 
[Eq. (1.1)] and the reduced mass correction [Eq. 
(1.3)] when the ratio R is formed. The second is the 
dipole interaction in second order perturbation theory, 
found by Schwartz® to be —0.085 ppm. The third is a 
recoil effect which Sternheim” is currently calculating 
by means of the Bethe-Salpeter equation. 


19M. Sternheim (private communication). 
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The experimentally determined ratios for hydrogen™ 
and deuterium” are 


Rexp(H) =} (1.000 034 640.000 000 3), 
Rexp(D) =} (1.000 034 2+0.000 000 6), 


and are evidently in satisfactory agreement with the 
theoretical value noted above. 
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APPENDIX A: WAVE FUNCTIONS 


The following hydrogen atom wave functions are 
required. 

1. The 1S and 2S nonrelativistic Schrédinger wave 
functions of the electron in a Coulomb field. We denote 


them by ¥n=(x|C), 
¥i= (8°/m)! exp(—8r), 
= (6°/82)! exp(—6r/2)( 
B=mZa. 


They are the S-state eigenfunctions of the nonrela- 
tivistic Coulomb Hamiltonian H°= p?/2m—Za/r, with 
eigenvalues E°= m(Za)?/2 and m(Za)*/8, respectively. 
It is important for this calculation that these wave 
functions satisfy y,’(0)=—y,(0), so that |y,’(0)|? 
and ¥,,(0)y,’(0) are state independent. 

2. The 1S and 2S nonrelativistic Schrédinger mag- 
netic wave functions. They are the corrections, linear 
in the nuclear magnetic moment, to the y, given above, 
due to the wim Hamiltonian 


1f3e-xu-x 
H™ —? “)+— =|—--«-»| (A.3) 


8am r° r 


E=E°+E™”, 


(A.1) 


1—£r/2), (A.2) 


Writing H=H°+H™”, 
+ |M), then |M) satisfies 


(H°—E°)|M)= (E™— 


and |n)= 


H™)|C) 
and 
(C|M)=0. 


As argued in Sec. 2, we require only the S-state part, 
denoted by (Z,™/ry)un, of the magnetic wave functions 
¥n™=(x|M): 


-1 
m= Woe +2 n2br+ (2y—5)-+28r)), (A.4) 
Tr 


+2 Infr+ (27—%)—8r In6r 


i (1-—)s ar—X(60| (A.5) 


J. W. Heberle, H. A. Reich, and P. Kusch, Phys. Rev. 101, 
612 (1956). 

21H. A. Reich, J. W. Heberle, and P. Kusch, Phys. Rev. 104, 
1585 (1956). 


—1 
U2= 22 (oem 
Br 
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where y=0.577215: - 
for this calculation. 
3. The 1S and 2S Dirac Coulomb wave functions. 
Except in the case mentioned below, they are every- 
where used in the nonrelativistic limit where the large 
components are y, and the small components are 
(o-p/2m)y,. To evaluate the contribution to AJ from 
Eq. (4.8), the large components y, are required at the 
origin correct to order (Za). 
ponent wave functions are 


-. The value of y is not needed 


The exact large-com- 


(A.6) 


2Bor 
), (A.7) 
+2 


Yri=Cye""(Bir)*, 
via= cum (aery( 1 +r— 
3+2s 


where 8:= mZa, B2=m(—s/2)!, s=[1—(Za)* }}—1, 


1—[2(s+2)]# 
ere 
B! 22#(2++s) 
C freien ctenintastin 
x I'(2s+3) 
i 2s+3 
& T'(2s+3) 





na, fy | 


2(s+2) 


4. The 1S and 2S Dirac magnetic wave functions in 
the nonrelativistic limit. The large components are 
given by ¥»™ (only the S-state part given above is 
needed) and the small components by (e-p/2m) 
+(o-eA”/2m)yn. 

5. In Sec. 4, atomic units are used and wave functions 
are normalized to /o* ¥,’rdr=1. To obtain the ap- 
propriate wave functions, simply set 8=1 and multiply 
by (4)! in the above expressions. The quantity Q,(p) 
is easily obtained in terms of these wave functions from 
its definition in Eq. (4.28), 


dun 
oa(p—=0 fo e~?"e ena(2— re +s). (A.8) 


The result is given in Eq. (4.32). 


APPENDIX B: ARRANGEMENT OF THE NUMERICAL 
WORK AND A TABULATION OF 
TWELVE INTEGRALS 


The problem at hand is to evaluate the double 
integral N given by Eq. (4.34). The method will be to 
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transform the integral by successive changes of variable 
so that the Riemann sum may be conveniently per- 
formed numerically. For this purpose we require finite 
limits of integration and an integrand which is finite 
throughout the region of integration. 


We introduce the new variables y= 1/nd and 


1 \—1/n A+(p—1/n) 
een eee) 
2 r+1/ /n A— (p—1/n) 
oh 1 
=tanir(* =) —tanh-( 
A 


4 2 dy 
N=—A— —(i—y?’) 
3r ni J, 4 


[een — i— 2nyu(1 —y’) | sech‘u 


so that 


du 





(1+ tanhu)* 
XOn(Pn); 


and 


(B.1) 
where (),(p) is given by Eqs. (4.32) 


1 ny(1+yt anhw) 
— a — (B.2) 
% t anhu-+2y +y ‘tanhu 


Writing Qa(pn)=Rn(pn)pn? and u= (1—»)/v, we obtain 


4 ‘dy 
N=—A- ~ f —(i-—y) 


3x 1 y 0 v 


1 de 


© aie 2nyu(1—y ?) )] sech‘u 


(1+y tanhw)?(tanhu+2y+y* tanhu)? 
XRn(Pn); 





(B.3) 
where 

G§ 2 In(p1/ 
Ri(pi)= (14-4 


Pr pr pi? 
5 12lnfo—4 12lnf24+23 15 
Ped ee —). 


p2 pb? p:' 2s! 


Setting y=s(1+1)/(s+v), we obtain finally 


2)+20 _) 


R2(p2) = (14— 


12 
=> I, 


r=] 


where 


[een — 1 — 2n,yu(1—y*) ] sech*w[s(1+2)+s+0]S,(1—s)? 





1 1 
=f asf dv 
0 0 


s*(s+v)?(1+-0) (1+ tanhw)*(tanhu+2y+y* tanhe)? 
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Taste I. Values of the integrals J,, defined in Eq. (B.5), obtained on an IBM 650 computer using a trapezoidal rule 


with successive meshes M, (10X10), Mz (20X20), and M, (4040). 








~ 
. 


M, M, M; 





M:2—M, M;—M, (M,—M:2)/3 





—0.29507 —0.25004 —0.23577 
—0.22373 —0.26506 —0.28173 
—0.14677 —0.16035 —0.16398 
+0.10713 +0.11272 +0.11406 
—0.15987 —0.18377 —0.19123 
+0.60672 +0.51345 +0.48331 
+0.80816 +0.93612 +0.98841 
— 1.35946 — 1.46159 — 1.48915 
— 1.17292 — 1.21873 — 1.22975 
+0.45511 +0.46687 +0.47018 
+1.38185 +1.55795 +1.61338 
—0.94981 — 1.00758 — 1.02095 


—0.94865 — 0.96001 —0.94322 


oConOuFt whe 





+0.04502 
—0.04133 
—0.01358 
+0.00559 
—0.02390 
—0.09327 
+0.12796 
—0.10213 
—0.04581 
+0.01176 
+0.17610 
—0.05777 


—0.01136 


-+0.00476 
—0,.00556 
—0,00121 
+0.00045 
—0.00249 
—0.01005 
+0.01743 
—0.00919 
—0.00367 
+0.00110 
+0.01848 
—0.00446 


+0.00556 


+0.01427 
—0.01667 
—0.00363 
+-0,00134 
—0.00746 
—0.03014 
+0.05229 
—0.02756 
—0,01102 
+0.00331 
+0.05543 
—0.01337 


+0.01679 








n-=1 for r=1—5, nm,-=2 for r=6—12, 
y=s(1+v)/(s+v), u= (1—v)/2, 
4 —12 40—241n2 48 —24lnp 
Sy —(-2—, ol a PO Bea pete Fh 
p r p* r 


10 16+48In2 184—961n2 120 


’ p P ? p ? p* ’ 
48 Inp —96 “*) 


or 


P p* 
1 y(1+y tanhw) 


p ‘ tanhu+2y+y tanhu. 


The J, were evaluated on the Nevis IBM 650 com- 
puter using a trapezoidal rule for each variable s and »v. 
Three successive runs were made with meshes M, 
(1010), Mz (20X20), and M; (40X40). The results 
are given in Table I. 

The error inherent in the trapezoidal rule has the 
form a(As)?+5(Av)*, for increments As and Ap. Since 
the increments in the three runs decrease by a factor 








of 2, the error is expected to decrease by a factor of 4, 
so that for monotonic convergence the successive 
differences should decrease by a factor of 3. This is in 
fact what is observed for each J, Making a rough 
extrapolation, we take the best estimate for J, to be 
M;+(M;—M,)/3, with an estimated error of (1/3) 
X (M2—M)). The accurately known Bethe logarithm” 
for the 1S and 2S states was expressed in terms of /3, 
and J, and Jy, and the estimate of error for these 
integrals was verified. The first difference M,.—M, for 
N=) 1, is fortuitously small. We take V = —0.94+0.02 
which generously estimates the error. 

The values of J, may be useful in other calculations 
involving soft-photon intermediate states. The con- 
tribution of these integrals to the 1S and 2S hyperfine 
splitting is 


5 12 
E\“a(Za)?(—>> I,) and E,“a(Za)?(> I,), 


r=l r=6 


respectively. 


2 J. Harriman, Phys. Rev. 101, 594 (1956). 
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Low-Energy Protons Produced in the Deuteron Bombardment of Nuclei* 
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When nuclei are bombarded by fast deuterons a continuous spectrum of protons is observed at energies 
corresponding to Q<—2.2 Mev. The shape and angular distribution of this continuum were studied for 
several targets, from Li to Au, with 14.8-Mev deuterons. The angular distributions are strongly peaked 
at or close to 0° for light elements; for heavy elements the peak broadens and moves to ~50°. The energy 
spectra shows a peak which, with increasing angle moves to lower energies for light elements, and moves 
to higher energies for heavy elements. All features of the results are explained using a semiclassical theory 
in which the deuteron is broken up in the external field of the nucleus. The breakup occurs at or near 
the nuclear surface for light elements, but quite far out from it in heavy elements. Observed cross sections 
are far larger than theoretical predictions for either Coulomb or nuclear breakup. 





I. INTRODUCTION 


HE spectra of protons produced in the bombard- 
ment of light nuclei with 15-Mev deuterons show 
discrete groups corresponding to energy levels of the 
final nucleus, and a superimposed continuum at low 
energies.'~* Since the high-energy limit of the con- 
tinuum always corresponds to Q=—2.2 Mev, it has 
been suggested that it is due to the breakup of the 
deuteron.’ This interpretation was confirmed when a 
survey of (d,p) reactions in heavier nuclei* showed that 
a broad group appears at approximately the same 
energy for all target nuclei studied from Cu to Au. The 
purpose of the present work was to study the continuum 
in more detail for both heavy and light target nuclei. 
The breakup of deuterons on very light nuclei 
(A <4) has been studied previously at bombarding 
energies up to ~6 Mev.’ Aschenbrenner"™ examined 
the low-energy proton spectra from several heavy nuclei 
bombarded by 15-Mev deuterons, and Cohen and Falk” 
studied the neutron spectra from several light nuclei 
bombarded by a similar beam. Theoretical work on the 
electric breakup of the deuteron has been published by 
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Mullin and Guth," and several authors have con- 
sidered diffraction splitting.'® 


II. EXPERIMENTAL PROCEDURE 


The deuteron beam from the University of Pittsburgh 
cyclotron was magnetically focused and analyzed'® 
before striking the target. The deuteron energy was 
14.80+0.15 Mev with an energy spread of ~50 kev. 
The targets were metallic foils of natural isotopic 
abundance (except the lithium target, enriched to 
99.3% in Li®) and with thicknesses of a few milligrams 
per square centimeter. The reaction products were 
selected by a magnetic analyzer which could rotate 
about the target, and were detected by a CsI(TI) 
scintillation crystal in the focal plane of the analyzer. 
The amplified output of the scintillator was fed to a 
pulse-height analyzer. A thin aluminum foil in front 
of the crystal greatly degraded the energy of alpha and 
He’ particles, so that the pulses due to protons were 
over twice as high as those due to other particles. There 
was, therefore, no difficulty in distinguishing protons 
from other particles. At energies below ~5 Mev, 
however, the gamma-ray background made proton 
counting difficult. The over-all resolution for protons 
was determined by the width of the crystal (~ 10 mm) 
and was ~ 150 kev full width at half maximum. 

The proton spectrum was swept across the crystal by 
diminishing the magnetic field in constant steps. The 
field was determined by the dial reading of the poten- 
tiometer controlling the magnet coil current. From time 
to time the dial reading was checked against the more 
precise measurement of a proton resonance fluxmeter. 
The proton energy was then found from the calibration 


13 C, J. Mullin and E. Guth, Phys. Rev. 82, 141 (1951). 

14 A semiclassical model for deuteron reactions at these energies 
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Fic. 1. Raw data from a typical run. 


curve® of energy vs proton magnetic resonance fre- 
quency. The energy scales are estimated to be internally 
consistent within +100 kev, and the error between two 
spectra or in the absolute energy should not exceed 
200 kev. 

The raw data from a typical run are shown in Fig. 1. 
The data processing consisted of substituting the dial 
reading abscissa scale with an energy scale and dividing 
the observed number of counts by the energy to obtain 
a number proportional to the differential cross section 
per unit energy interval. The absolute cross-section 
scales were computed from the target thicknesses and 
detector solid angle.® 

At small angles, there was a background of low-energy 
protons due to slit edge scattering ; it was minimized by 
appropriate adjustment of antiscattering slits. * Pre- 
vious experience had shown that the slit edge scattered 
counts were very sensitive to the beam position. The 
effect was therefore monitored by comparing the 
counting rates when the beam was focused on the 
right and on the left side of the target. It is estimated 
that at most 15% of the cross sections presented in this 
paper, at the forward scattering angles, is due to this 
background. At larger scattering angles the background 
is much less. 

Another possible source of error is target con- 
tamination. However, the systematic variation of the 
measured cross section with atomic number shows that 
the impurities in the targets were small. For example, 
if appreciable quantities of carbon or oxygen existed 
in the heavy targets the observed spectra at large 
angles would show more low-energy particles. The only 
contaminant group which did appear in several targets 
is the recoil proton group due to hydrogen. 

Relative cross sections are estimated to be good 
within +15% for the same target within +20% for 
different targets. Absolute cross sections are probably 
accurate within +30%. 
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All data, except that for lithium in Fig. 3, are pre- 
sented in the laboratory system of reference. The 
laboratory system coincides with the center-of-mass 
system for heavy elements. For aluminum, on the 
other hand, the energy in the entrance channel (in the 
c.m. system) is 13.8 Mev and a proton group corre- 
sponding to a c.m. energy of 8 Mev has laboratory 
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Fic. 2. Spectra of low-energy protons from bombardment of 16 


elements with 14.8-Mev deuterons at @j,4,=30°. Data from 
reference 8. 
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energies of 9.1 Mev at @i4,=12° (0¢.m.213°), 9.0 Mev 
at Oisp=29° (0..m.2231°) and 8.2 Mev at 01,=85° 
(6¢.m. 239°). 


II. RESULTS 


Figure 2 shows the spectra, obtained previously,® of 
low-energy protons produced at 6;,,=30° by deuteron 
bombardment of 16 elements. Figures 3 to 8 show the 
spectra from 6 elements at several angles. 

The general features of the spectra of Fig. 2 are the 
following: All spectra show a broad maximum for E, 
between 5 and 9 Mev. The maximum has a flat top for 
the lighter elements, extending from 5 to 9 Mev for 
ee, but becomes more sharply peaked as Z increases: 
thus for oF e the cross section is constant to within 20% 
from 5 to 9 Mev while for «Zr this region extends only 
from 8 to 10.5 Mev and for 79Au it goes from 8.2 to 10.0 
Mev. The peak also shifts toward higher energies with 
increasing Z. However, from Zr to Au no appreciable 
shift seems to occur; we return to this later. 

The sharpening of the peak occurs principally on the 
low-energy side, which is very flat for the light elements 
and drops to very low values for the heavy elements. It 
may be worthwhile to point out that this sharpening 
would not be so obvious on a linear plot. 

The aluminum and lithium cross sections of Figs. 3 
and 4 are large at forward angles and decrease rapidly 
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Fic. 3. Proton spectra from the bombardment of Li® with 
14.8-Mev deuterons. The deuteron c.m. energy is 11.1 Mev. The 
abscissa is the total kinetic energy in the c.m. system and the 
cross section is also given in the c.m. system. The angles labeling 
the curves are laboratory angles; corresponding c.m. angles are, 
approximately: 13°, 19°, 32°, 47°, 63°, and 80°. At 50° and 65° 
a point was measured at 8.2 Mev but no data were taken between 
7 and 8 Mev, where the curves are dashed. These data were taken 
in the course of another experiment (reference 6) using nuclear 
emulsions to detect the analyzed particles. The resolution was 
~60 kev; no narrow groups were found at energies below that 
of the Li’ 7.5 new level, but broad levels may exist. 
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‘1G. 4. Spectra of protons from bombardment of aluminum 
with 14.8-Mev deuterons, at several angles. 


at larger angles. At the same time the peak for alu- 
minum shifts in energy from ~8.5 Mev at 12° to ~5 
Mev at 61°. For copper (Fig. 5) the same comments hold 
except that the variation of both the peak intensity 
and the peak energy with angle is slower. For zirconium 
(Fig. 6) the cross section is almost constant at forward 
angles, having a peak at ~30°, and decreases toward 
larger angles. The peak energy shift is again less than 
in copper. Cadmium (Fig. 7) has a minimum in the 
forward direction and a maximum at 30°. The position 
of the peak energy does not shift with angle. Finally 
platinum (Fig. 8) has a maximum at 60° and the peak 
shifts toward higher energies with increasing angle. 
The general features of the spectra of Figs. 4 to 8 
are summarized in Figs. 9, 10, and 11. The lithium data 
are not included because the large correction due to the 
center-of-mass motion makes the comparison with the 
other data difficult. Figure 9 shows the peak differential 
cross section (in millibarns per steradian-Mev) as a 
function of scattering angles for the five elements 
studied. The shift of the peak in the angular distribution 
from 0° for small Z to ~50° for Pt and Au is clearly 
visible. Figure 10 shows the proton energy at the peak 
as a function of angle. Here one sees the downward 
shift of the energy for the light elements, the constancy 
for cadmium and the upward shift for platinum. In 
Fig. 10 we see that the absence of any energy shift of 
the peak when Z varies from 40 to 80, observed in Fig. 2, 
is a peculiarity of the angle 30°. At other angles a shift 
does occur. As an indication of this shift, the energy of 
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TABLE I. Absolute cross sections. 





A} Cu” Zr® Cd*® 


Angle 12° 12° 20° «29° 
da/dQ (mb/sr) 260 205 150 92 5 
o (mb) 630 400 370 





Element 











the peak (and of the half maxima) at the angle where 
the cross section is largest is plotted vs atomic number 
in Fig. 11. It is seen that the energy increases slowly 
with A. 

The absolute cross sections, integrated over energy 
at the peak of the angular distribution, are given in 
Table I (third line). An approximate value for the total 
cross section was also estimated from the data of the 
third line and from the angular distributions shown in 
Fig. 9. The values are given in the fourth line of Table I; 
they are probably accurate within 30%. 


IV. DISCUSSION 


The regularity of the results, the very slow variation 
with atomic number (much slower than would be 
expected if a Coulomb barrier penetration were in- 
volved), and the apparent change in character at 
Q~—2.2 Mev indicate that the process involved is a 
breakup of the deuteron in the external field of the 
nucleus. We therefore adopt this model and attempt to 
use it to achieve a quantitative understanding of the 
experimental results. It should be remarked before we 
proceed that we are initially evading the question of 
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Fic. 5. Spectra of protons from bombardment of copper 
with 14.8-Mev deuterons, at several angles. 
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Fic. 6. Spectra of protons from bombardment of zirconium 
with 14.8-Mev deuterons, at several angles. 


whether the breakup is due to nuclear or electrical 
forces; most results of our model are independent of 
this detail. 

In any deuteron breakup model, the expression for 
the proton energy spectrum depends on (a) phase 
space factors, (b) the internal motion in the deuteron 
before breakup, and (c) Coulomb effects. Since a cal- 
culation including all three effects becomes complex and 
obscures qualitative understanding, we consider first the 
case where (a) and (b) are dominant and (c) may be 
neglected (light elements), and second the case where 
(c) is dominant and (a) and (b) may be considered as 
perturbations (heavy elements). 

In the first case, the phase space factors are propor- 
tional to (Z,)! (for the proton) and (E,—2.2 Mev—E,)! 
(for the neutron), where £, and E, are the deuteron and 
proton energies, respectively. The deuteron internal 
motion factor is (K?+-y*)~*, where K=4K,—K, (#K, 
and #K, are the deuteron and proton momenta) and 
the deuteron wave function is taken as r~ exp(—vyr) 
with y=0.23X 10" cm—. The results obtained for this 
case are shown in Fig. 12. The cross section is larger 
at 0° where the peak is at E,=7 Mev. At larger angles, 
the peak shifts to lower energies, going to 2 Mev at 90°. 

These properties agree qualitatively with those 
observed for light elements (see Figs. 3 and 4). However, 
neither the anisotropy nor the peak energy shift 
observed are as large as in Fig. 12. It will be seen that 
these discrepancies can be explained by Coulomb effects. 

In the second case, where Coulomb effects are con- 
sidered dominant, we consider a “point” deuteron. As 
it approaches the nucleus, its kinetic energy is con- 
verted to Coulomb energy (£.) to the extent, 


E.(r)=Zé/r. (1) 


After breakup (at r= R), the proton energy is increased 
by the Coulomb energy, so that the average final proton 
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Fic. 7. Spectra of protons from bombardment of cadmium 
with 14.8-Mev deuterons, at several angles. 





energy is 
E,=}(Ea— E.—2.2 Mev) + E.=6.3 Mev+3 E.. (2) 


From (2) it is apparent that the peak in the proton 
energy spectrum must be well above 6.3 Mev; since it 
is energetically restricted to be below 12.6 Mev and 
neutron phase space considerations lower this limit by 
at least ~1 Mev, the peak in the energy spectrum can 
move only from ~8 Mev to 11 Mev as the atomic 
number increases from 30 to 90. This explains a striking 
feature of the experimental data, the fact that the peak 
shifts with atomic number more slowly than would be 
expected if a Coulomb barrier penetration were involved. 

If we accept the quantitative validity of this model 
at the angles where the intensities are largest, we can 
calculate the distances from the nucleus at which 
breakup occurs; these are listed in Table II (line 4). 
They are somewhat larger than the compound nucleus 
interaction radius (line 5), but this difference is sub- 
stantially decreased if the “point” deuteron is replaced 
by an actual deuteron and the polarization of its orien- 
tation in the Coulomb field is taken into account. The 
values in Table II then refer to the position of the 
proton which is further from the nucleus than the 
center of mass of the deuteron by as much as 1 fermi. 
Thus, the breakup occurs near the nuclear surface for 
o9Cu, but still quite far out from it for 7sPt. 

Our simple model can also explain, at least semi- 
quantitatively, the angle of maximum intensity. It 
results, essentially, from Rutherford scattering. We 
assume that the breakup occurs at the classical distance 
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TABLE II. Classical calculations were done to obtain E, (the 
Coulomb energy of the deuteron at break.p), R(Z.) (the distance 
of the deuteron from the center of the nucleus at breakup) and 
@(calc) (the calculated angle of maximum intensity). These were 
calculated using Ey, the observed peak energy of the protons. A 
comparison with 1.5 A? and the observed angle of maximum 
intensity is shown. 





1. Target 

2. E,at peak (Fig. 10) (Mev) 9.0 9.6 
3. Ee (Mev) from (2) 5.4 6.6 
4. R(E.) (f£) from (2) 7.7 8.7 
5 
6 
7 


2Cu 





| 1.5 At (f) 60 67 73 
». 6 (calculated) 26° K pg 32° 
. 8 (observed) 10° 30° 35° 





of closest approach, g, which is related to the angle of 
deflection 02=6,+6.4 by 
Ze Ze 
g=—(1+csc}0,) =——(1-+-csc}@u). (3) 
2E> 2Ea 
The results are quite insensitive to the accurate validity 
of this assumption. If we now set g equal to R extracted 
from (2) (or line 4 of Table IT), we find the values of 0 
given in line 6 of Table II. Comparing them with the 
observed angles of maximum intensity (line 7), it is 
seen that the agreement is quite good except for o9Cu. 
This may perhaps be explained by the fact that the 
interaction in the lighter elements occurs at the nuclear 
surface rather than far out from it as in the heavy 
elements. 
The internal motion in the deuteron has been 
neglected so far in the discussion for the heavy elements. 
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Fic. 8. Spectra of protons from bombardment of platinum 
with 14.8-Mev deuterons, at several angles. 
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Fic. 9. Peak cross sections as a function of angle. The curves 
are freely drawn through the experimental points. 


It will tend to produce spectral shapes qualitatively 
similar to those of Fig. 12 except that the forward 
direction must be replaced by the direction of maximum 
intensity (line 7 of Table II), because of the deflection 
in the Coulomb field. 

The data of Aschenbrenner" can be interpreted using 
our model. Besides obtaining spectra for several heavy 
elements, he studied the variation of the spectrum with 
deuteron energy for a tantalum target. The energy of 
the peak decreases linearly with Ey, as predicted by 
Eq. (2), except that the coefficient of Ey is ~0.7 rather 
than 0.5. Furthermore, he finds that the low-energy 
cutoff of the spectra is approximately independent of 
the incident energy. This can be explained by our model 
if we assume that the deuteron must penetrate at least 
to a radius R’ in order to breakup. Then the proton 
will have at least the Coulomb energy corresponding to 
R’ and the cutoff energy will be independent of the 
incident energy but will vary with Z. The value of R’ 
found from the experimental cutoff energies is R’~1.1 
A}, 

The variation of R’ with A}, suggests that these radii 
are determined by the requirement that the electric 
field have a certain value. In effect, the order of mag- 
nitude of the electric field Ze?/r*? necessary to breakup 
the deuteron is given by 


(Ze*/r*)Ram2.2 Mev. (4) 


where Ry~~3.1 f is the average neutron-proton distance 
in the deuteron. This yields r~1.0 A? f, in fair agree- 
ment with the experimental value. 
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Finally we consider the neutron spectra from deuteron 
breakup: For each breakup proton of energy E, a 
neutron of energy 


E,= Ea— E,—2.2 Mev, (5) 


is also emitted. Our data therefore permit predictions 
to be made concerning the neutron spectra in the 
energy range 0< E,<7 Mev, corresponding to 5.5<E, 
<12.5 Mev. The experimentally observed spectra will 
contain also neutrons from compound nucleus decay 
and from (d,m) stripping reactions in which nor proton 
is emitted. In the energy region 0 < —2.2 Mev stripping 
does not seem to contribute strongly to the proton 
spectra from heavier targets, so that it can perhaps be 
neglected also in the neutron case. 

For light target nuclei the spectra and angular dis- 
tributions of the neutrons due to breakup should be 
similar to those of the protons, but shifted toward 
smaller energies and angles because of the Coulomb 
field. For heavy nuclei the maximum in the angular 
distribution should be at approximately half the angle 
of the proton maximum; the shape of the spectrum at 
the forward angle @ should be related to the proton 
spectrum at 6/2 by the transformation Eq. (5). 

The neutron spectra corresponding to the measured 
proton spectra from Al and Cu at 12° (Figs. 4 and 5) 
were calculated using Eq. (4); the result can be roughly 
(within 50% maximum deviation) represented by the 
expression. 


N(E,) « E, exp(—E,/e), (6) 
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Fic. 10. Proton energy at the spectrum peak as a function of 
angle. For the lighter elements the peaks are broad so that their 
energies are not well determined. 
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with e~2.0 Mev. This is in reasonable agreement with 
the neutron spectrum measurements of Cohen and 
Falk” which give e~2.5 Mev. A detailed comparison 
between the two experiments is not possible, however, 
since the work of Cohen and Falk was done with thick 
targets. 

It is interesting to compare the total breakup cross 
sections with the expected cross sections for formation 
of a compound nucleus.'’ These are about 600 mb, 
700 mb, and 450 mb for Z= 10, 30, and 80, respectively, 
as compared to measured breakup cross sections (Table 
I) of about 600 mb, 550 mb, and 380 mb. The deuteron 
breakup is thus quite comparable in probability with 
compound nucleus formation. As a consequence one 
expects that the neutron cross sections in the region 
Q<—2.2 Mev be about twice the proton cross sections, 
because the compound nucleus decays preferentially by 
slow neutron emission. 


Vv. CONCLUSION 


The coarse features of the low-energy proton spectra 
from (d,p) reactions have been studied for several 
target nuelci as a function of angle. The protons in the 
energy region << — 2.2 Mev are mostly due to breakup 
of the deuteron: stripping reactions to unbound levels 
of the final nucleus and protons from compound nucleus 
decay seem to be less important. 
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Fic. 11. The expression (E,)*(Ea—2.2—E,)4/(K?+7’)? as a 
function of E», at several angles, Ez=15 Mev. 


Ty, M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, New York, 1952). 
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Fic. 12. (a) Proton energy at peak of spectrum at peak of 
angular distribution, vs atomic number Z. (b) and (c) Proton 
energies at half peak height at same angle as (a). For a given Z 
the distance between the (b) and (c) points is the full width at 
half maximum, I’, of the peak. T decreases as Z increases. The 
straight lines have been drawn to show the general trend of the 
points. 
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A semiclassical model for the breakup has been pro- 
posed; it accounts qualitatively and even semiquan- 
titatively for the observed features. In light nuclei, the 
breakup occurs at or near the nuclear surface, but in 
heavy nuclei, it occurs quite far out from the nucleus. 

With regard to the question of whether the breakup 
is due to Coulomb or nuclear forces, it is difficult to 
give a conclusive answer. Consideration of the distance 
from the nucleus where breakup occurs indicates that 
it may be due to nuclear forces in light elements, and 
due to Coulomb forces in heavy elements. However, 
comparisons between our measured cross sections and 
theoretical predictions give cause for concern. 

Theoretical estimates of electric breakup cross 
sections by Mullin and Guth give ¢$100 mb for 
wMg, ¢S220 mb for »Cu, and «170 mb for 7Au; 
these are far smaller than the measured cross sections 
(Table I). On the other hand, theoretical cross sections 
for diffraction breakup, which is due to nuclear forces, 
are also much smaller than the observed cross sections. 
Glauber'® estimates o~0.39rRRqg which is a maximum 
of <200 mb for heavy elements. More complete cal- 
culations by Akhiezer and Sitenko!® are complicated 
but the results are also quite small. Thus, theoretical 
calculations for both Coulomb and nuclear breakup 
yield cross sections much smaller than the observed 
ones. There seems to be a need for improved calcu- 
lations. 

A, detailed experimental study of the neutron spectra 
produced in (d,m) reactions in the energy region 
Q<—2.2 Mev would be helpful. Besides yielding more 
information on the deuteron breakup mechanism, it 
would allow an evaluation of the importance of com- 
pound nucleus formation in deuteron-induced reactions 
at medium energies. 
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The neutron total cross sections of carbon, calcium, and lead have been determined in the energy region 
200-960 kev using a time-of-flight technique. The observed cross section for carbon has been analyzed in 
terms of the effective-range theory as well as the bound-level contribution, with results which agree very 
well with those obtained by the (d,) stripping experiments. Also it is concluded that the upper limit for the 
total width of the “proposed” resonance in C® at 610 kev is 100 ev. For calcium and lead the data are analyzed 
for resonance parameters. It is found that the s-wave strength function for Ca“ increases rapidly with in- 
creasing energy. It is concluded also that the course of the Pb cross sections can be explained only by the 
presence of a broad s-wave resonance in Pb™, at E,=515-415 kev with a neutron width [,=100+15 kev. 





INTRODUCTION 


HE total cross sections of carbon, calcium, and 
lead are of special importance. All these nuclei 
are even-even and calcium and lead are doubly magic. 
Further, the extensive use of these elements in shielding 
and in other aspects of nuclear technology makes a 
careful investigation important. Previous measure- 
ments! have been made with an average resolution of 
about 10-30 kev in the energy region 200 kev to 1 Mev. 
The present experiments were performed with an aver- 
age resolution of ~5 kev in order to study more of the 
details of the resonance structure in C, Ca, natural 
Pb, and radio-lead, and a more detailed analysis of the 
data has been made. 

Cranberg, Beauchamp, and Levin? have discussed 
the advantages of using an organic scintillator and a 
time-of-flight system in the measurement of neutron 
total cross sections. The neutrons in the forward direc- 
tion from the Li’(~,n)Be’ reaction cease to be mono- 
energetic when the main group reaches an energy of 
~650 kev. The time-of-flight system discriminates 
against both the unwanted group and the background 
and provides a higher counting rate than a “long 
counter” placed far from the target. A time resolution 
of 10 musec and a flight path two feet long enable one 
to resolve the two neutron groups up to an energy of 
1.0 Mev for the main group. 

The experiments reported here were done using the 
Duke University time-of-flight apparatus. We present 
a brief description of the apparatus and the results of 
the analysis of the data obtained. 


APPARATUS 


Protons from the Duke 4-Mev Van de Graaff ac- 
celerator passed through an electrostatic analyzer* 


*This work was supported by the U. S. 
Commission. 

T Now at Florida State University, Tallahassee, Florida. 

1D. J. Hughes, B. A. Magurno, and M. K. Brussel, Neutron 
Cross Sections, Brookhaven National Laboratory Report, BNL- 
325 (Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1960), 2nd ed., Suppl. No. 1. 

*L. Cranberg, R. K. Beauchamp, and J. S. Levin, Rev. Sci. 
Instr. 28, 89 (1957). 

§A.L. Toller, Ph.D. thesis, Duke University, 1954 (unpublished). 
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whose slits were adjusted for a proton beam resolution 
of 1 part in 1500. The beam was then swept across a 
slit in front of the Li target by applying a 4-Mc voltage 
between two parallel plates located near the exit slits 
of the electrostatic analyzer. The burst width so ob- 
tained was about 5 musec. 

The Li target was evaporated on a nickel end cap 
soldered to a stainless steel Faraday cup, and attached 
to the beam tube by means of a glass pipe. The effec- 
tive resolution was determined by the setting of the 
electrostatic analyzer and the Li target thickness. It 
was varied for different elements to provide the re- 
quired resolution. 

In order to maximize the beam emerging from the 
exit slits of the electrostatic analyzer, the ‘“homogen- 
izer,”* which reduces time-dependent components of 
the energy spread, was employed. The average beam 
at the target was about 0.2 ya. 

The detector arrangement was very similar to that 
used by Cranberg ef al.2 The 2-in.X2-in. “Sintilon” 
plastic scintillator (manufactured by National Radiac 
Corporation, Newark, New Jersey) was located 24 in. 
from the target and was viewed by two RCA-6342 
photomultipliers in coincidence. It was surrounded by 
a 7-in. lead shield. The neutron collimator was com- 
posed of a mixture of Li,CO; and paraffin. 

The samples, in the form of disks 1 to 2 inches 
diameter, were mounted on a sample changer and 
placed midway between the target and the detector. 
Usually two different sample thicknesses were used. 

The time-to-pulse-height convertor was essentially 
the same as that developed by Weber, Johnstone, and 
Cranberg.® A ten-channel pulse-height analyzer of the 


Los Alamos design was used. The over-all resolution of 
the time-of-flight neutron peak, as displayed in the 
10-channel analyzer, was ~10mysec. The neutron 
beam was monitored by a BF; “long counter” placed 
at 60° at a distance of 2 ft from the target. 


‘P. B. Parks, H. W. Newson, and R. M. Williamson, Rev. Sci. 
Instr. 29, 834 (1958). 

5W. Weber, C. W. Johnstone, and L. Cranberg, Rev. Sci. 
Instr. 27, 166 (1956). 
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Fic. 1. o, for carbon (natural). The dashed line is the best fit assuming o; is solely due to shape-elastic scattering, R’=poA!, po=2.67 
fermis. The solid line is the best fit assuming an s-wave bound level at Ho= —1.86 Mev, and with +?=1.75 Mev and R’=3.3 fermis or 


po=1.45 fermis. The fit due to the effective-range analysis discussed in the text corresponds to 


»?= 1.72 Mev and is indistinguishable 


from the solid line shown. Note the absence of resonance structure in the neighborhood of £, =600 kev. 


The absolute energy of the proton beam was de- 
termined by the setting of the electrostatic analyzer, 
which was calibrated by determining the forward 
threshold for neutron production. The neutron energy 
spread varied from 3 kev at 200 kev to 7,kev at 900 
kev. At a given proton energy, the neutron peak was 
centered in the ten-channel analyzer with and without 
the sample intercepting the neutron beam. The ratio 
of the areas under these peaks gave the transmission. 
The smooth background due to gamma rays and stray 
neutrons was not included in these areas. 


RESULTS 
Carbon 


Figure 1 shows the observed cross section of carbon 
in the neutron energy range 180 kev to 700 kev. A 
sample of thickness »=0.253 atom/barn was used in 
the region 180 kev to 590 kev and another of n=0.339 
atom/barn in the region 595-700 kev. No indication 
of the shallow dip indicated by the data of Bretscher 
et al.® in the energy region 200 kev to 400 kev was 
found; neither was any resonance structure revealed 
in the neighborhood of 610 kev corresponding to the 
position of a level in C™ found in the study of 
B"(He®,p)C™ reaction by Moak ef al.? The maximum 

6 E. Bretscher and E. B. Martin, Helv. Phys. Acta 23, 15 (1950). 


7C. D. Moak, A. Galonsky, R. L. Traughber, and C. M. 
Jones, Phys. Rev. 110, 1369 (1958). 


deviation of our measured cross section is 0.2 barn, 
which yields an upper limit ,,< 100 ev for the width 
of the resonance in question. The standard deviation 
of our data is ~0.1 barn, consistent with the counting 
statistics, and in itself would mask levels with T,<70 
ev. We therefore conclude that [,,<100 ev for the 
suspected fy level in the neighborhood of 600 kev. 

The absolute values of our cross sections are in ex- 
cellent agreement with those reported by Huddleston, 
Lane, Lee, and Mooring.® It is of interest to attempt an 
interpretation of this structureless cross section in 
terms of our knowledge of the compound nucleus C™. 
The first such attempt was made by Thomas® who had 
available relatively inaccurate cross sections. The fact 
that the neutron energy region 0-1 Mev is far removed 
from both bound and virtual levels makes it particularly 
suitable for an effective-range type analysis. An alter- 
native approach is to try to subtract the contribution 
of all the known bound and virtual levels and attempt 
to fit the remaining cross section in terms of the hard- 
sphere scattering of the form 4X? sin?(R’/X). 

At this stage let us review the information about the 
levels in the compound nucleus C"*. Figure 2, which is 


8C. M. Huddleston, R. O. Lane, L. L. Lee, Jr., and F. P. 
Mooring, Argonne National Laboratory Report ANL-6111, Feb- 
ruary, 1960 (unpublished). 

*R. G. Thomas, Phys. Rev. 88, 1109 (1952). 
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based on Ajzenberg-Selove and Lauritsen,"® shows the 
level structure of C'’. The bound p- and d-wave levels 
can hardly affect the course of neutron cross sections 
of C®. As a matter of fact if we assume the widths as 
determined by (d,p) experiments," the total contribu- 
tion due to bound levels at —4.95 (g.s.), —1.27 and 
— 1.10 Mev is <0.1 barn. Similarly the contribution of 
all known virtual levels is found to be <0.1 barn and 
is of opposite sign. Thus the level which could possibly 
be held responsible for the course of the total cross 
sections of C must be the one at —1.86 Mev. From 
(d,p) experiments it is known that its angular mo- 
mentum /=0, and an estimate of its width is also 
available.!! We shall, however, not assume this infor- 
mation and show that the same results are obtained 
from our analysis of the C neutron total cross sections. 

An effective-range analysis of our cross section was 
made. We know that 


k coté9= —[ (4/0) —F}} 
=—at4ro—Phirg+---, (1) 


where 1/a is the scattering length, ro is the effective range 
and P is the shape factor for the nuclear potential. A 
least-squares fit of (& cotéy) to the avove polynomial 
resulted into two different fits which must be con- 
sidered equally good since their rms errors differ by an 
amount much less than the error in our measured cross 
sections. The parameters for both these fits are listed 
in Table I. It is difficult to decide in favor of either of 
these fits simply by “goodness of fit” criterion. Accurate 
determination of cross sections at lower energy would 


7.64 3/2* 


747 _-L53 2.95 





























fel oF -4,946 
Cc" 


Fic. 2. Level structure for the compound nucleus C", 
© F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 
4M. T. McEllistrem, Phys. Rev. 111, 596 (1958). 
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TABLE I. Results of effective range analysis of «; for 
C in the energy range 180 kev to 700 kev. 





Zero-energy 
ot as pre- 
dicted by the 
fit (barns) 


4.836 
5.082 


1/a To 
Scattering Effective P 
length range Shape 
(fermis) factor 


Rms 


Fit error* (fermis) 


3.638 +.0.297 
2.620 0 


6.203 
6.360 


(a) 0.051 
(b) 0.055 








*Rms error for a polynomial fit is defined as {CZ (ya —ye)?] Lyat}4, 
where ya is the given value of y in the data and ye is the value calculated 
from the polynomial. 


perhaps lead to the choice between the two. The zero- 
energy cross section reported in the literature” is 
4.7+0.2 barns, which would decide in favor of the fit 
(a). However, Walton et al."® have recently reported 
measurements which indicate o,(£=0)=5.2+0.2. Seth 
et al. also find that o,=5.1+0.2 at E,=5 kev. Both 
these experiments would tend to favor fit (6). The 
value 0.297 for the shape factor in fit (a) is too large 
and corresponds to an extremely long-tailed exponen- 
tial-like potential which is very unlikely, while fit (0) 
corresponds to a potential shape very close to a square 
well. Fit (6) also agrees with the following simple rule 
which is strictly true only for a square well potential 
of depth Vo and radius R: For usual values of Vop0° 
(~50 Mev fermi’), 
Rm SR. 


As shown later in this section, we find that R~ R’=3.3 
fermis so that 2.2<1r)9<3.3 fermis. On the basis of this 
rule, fit () is preferred since ro>=2.62 fermis for fit 
(b) while it is equal to 3.64 fermis for fit (a). The 
predicted cross section curve for this fit is not shown 
in Fig. 1 because it is indistinguishable from the solid 
curve, which is based on independent considerations 
described below. The fit to the experimental data is 
gratifying. 

From the above effective-range analysis it is possible 
to derive an estimate of y,2/A, of the bound level!® 
which is primarily responsible for the observed cross 
section. According to Lane and Thomas,'® the ® func- 
tion at “zero” energy is 


R(E=0)=R =1—[1/ (aR) ] 


|. (2) 
If*now the contribution to the ® function is primarily 


due to one level, then 
R(E=0)=Dy (1?/ EX) (1?/ Ed) single tevet- (3) 

122 W. W. Havens, Jr., and L. J. Rainwater, Phys. Rev. 75, 1296 
(1949). 

1% R. B. Walton, N. F. Wikner, J. L. Wood, and J. R. Beyster, 
Bull. Am. Phys. Soc. 4, 288 (1960). 

“4K. K. Seth, E. G. Bilpuch, and H. W. Newson (unpublished). 

15 We shall be using 7?, I',“"’, and I interchangeably in this 
paper. It is worthwhile to define their relationship here: 

Pr, = ,0771{ 1 (ev) /E(ev)}# 
=0.439442RX 10-3, 
(Ta) ». p. 27 X10/R, 

where R is in fermis, and r,“”, y*, and I’, are in ev. 


16 A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 2 
(1958). 
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1G. 3. o; for calcium (natural). The solid line shows the best fit obtained by a Bethe-type multilevel formula with parameters as 
listed in Table II. R’=4.0 fermis was assumed. The dashed line is the difference o;(obs)—o;(calculated) and indicates unresolved 
levels, perhaps due to higher angular momenta and/or minor isotopes. 


Equating (2) and (3), we get 


"= yf 1 = (1, ‘aR) | 
=—0.89F, for fit (a) 
=—0.93F, for fit (6). (4) 


If the level at 3.09 Mev (-,=—1.86 Mev) is the level 
in question, this leads to 


.’= 1.66 Mev for fit (a), or 
= 1.72 Mev for fit (0). (5) 


As mentioned earlier, an alternative method of analy- 
sis is to fit the observed o,=¢pot+ores. Figure 1 shows 
such attempts. The dashed line is the best fit if it is 
assumed that the observed cross section is wholly due 
to potential scattering. The fit is poor and gets worse at 
higher energy. Further, R’=poA'=6.12 fermis is re- 
quired, corresponding to po= 2.67 fermis, which is too 
large. We must therefore consider resonance contribu- 
tions due to all levels. As mentioned above, the net 
contribution due to levels other than the one at — 1.86 
Mev is «0.1 barn. An attempt was made therefore to 
fit the observed o, with potential scattering cross sec- 
tion plus the total cross section due to a level at — 1.86 
Mev. 


o.=4nh? sin’'a+[oo ‘(1+22) ][cos2a+x sin2a], (6) 


where oo=4nh’g(I',,/T); x=2(E—Ey)/T; a=potential 
phase shift, =R’/A for 1=0; g=the statistical weight 
factor. All attempts to fit the observed o; assuming that 
this level could be /> 1 were unsuccessful. It was there- 


fore assumed that /=0 and fits were attempted treating 
R’ and r=Y, as free parameters. The visual best fit 
obtained after a number of trials is shown in Fig. 1. 
The parameters for this fit are 


R’= 3.3 fermis, I’,.°= 2.54 kev, i.e., ~.?=1.75 Mev. 


(6) 


It may be noticed that this result is in excellent agree- 
ment with the independent result of the effective-range 
analysis [Eq. (5) ] and favors fit (6) of Table I. 


Calcium 


The total cross section of calcium was measured from 
200 kev to 1000 kev and is shown in Fig. 3. The entire 
energy range was covered with two sample thick- 
nesses having m=0.111 and n=0.222 atom/barn. The 
two samples yielded almost identical results, with the 
thicker sample showing less point scatter in the low 
cross-section regions and the thinner sample giving 
slightly higher peak cross sections. 

Seven prominent resonances were observed in the 
energy region 230 to 630 kev. Area analysis!’ of these 
resonances for the two sample thicknesses yielded 
widths as shown in Column 2 of Table II. These reso- 
nances were all assigned to /=0 neutrons on the basis 
of consistency between thin- and thick-sample results 
and shape considerations.” For example, the resonance 
at 595 kev has an observed width of about 50 kev. 
Area analysis yields I,(/=0, g=1)=70+15 kev, 
r,(d=1, g=1)=172+4 kev, [,(/=1, g=2)=922 kev. 


17 Kamal K. Seth, Ann. Phys. 8, 223 (1959). 
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Ey P,. ’ F. b Tr,” ° 
(kev) (kev) (kev) (ev) 


88e 0.148¢ 0.5 
132° 2.54° i 
144° 0.190 i 
167° 2.49° ‘ 
222¢ 5.65° 12. 
254+1 22.742 45.0+5.0 
299+2 2.19+0.5 4.0+1.0 
337.5+1 13.6541.2 23.5+2.0 
360+2 1.5+0.6 2.5+1.0 
447.5+2 13.38+1.5 20.0+2.0 
504+2 10.654+2.0 15.0+3.0 
59542 57.8644.0 75.0+5.0 


10°X n*/(7")s.».4 


0.099 
1,289 
0.094 
1.120 
2.204 
8.264 
0.900 
4.316 
0.459 
3.673 
2.754 
13.774 





2142 
342 
15.5+2 
342 
15+3 
1343 
70+15 





* The values of I's listed in this column are those obtained by area 
analysis of the resonances. 

> The values of I's listed in this column are as obtained for the best 
multilevel fit to the data. Note that in all cases these values lie within the 
quoted uncertainty of the results of area analysis in the previous column. 

© The values of [,° correspond to the best fit values of I's in the last 
column. 

4 (y%)s.p. denotes single-particle limit or Wigner limit of the reduced 
width. The entries therefore correspond to ratio of observed reduced width 
to the Wigner limit. 

* The parameters for these resonances are from reference 19. 


Obviously unless the resolution were of the order of 
50 kev, the resonance cannot be ascribed to p-wave 
neutrons. Since the known experimental resolution was 
about 7 kev at 600 kev, the resonance must be due to 
1=0 neutrons. As a further check the parameters so 
obtained were fed into a Bethe-type multilevel formula: 


o.= 4X | 2. [A reo ( Pn) ]+A pot(R’) |?. 


While this formula is known to be relatively inaccurate 
at peaks, it was found that it represents a considerable 
improvement over the single-level Breit-Wigner formu- 
la. The computation was done on an IBM-650 computer 
and parameters were varied while the best fit was ob- 
tained. The final values of I,” are listed in Column 4 
of Table II. It was also found that the value of R’ 
required by a single-level-type analysis was not the 
same as that which gave the best fit with the multilevel 
expression. The best value of R’ was found to be 4.0 
fermis. 

In Fig. 3 the solid curve is the best multilevel fit to 
the data for the parameters given in Column 4 of Table 
II. No attempt was made to analyze levels above 
E,=630 kev. It may be noticed that in spite of the 
inadequacies of the multilevel formula and the experi- 
mental resolution, an excellent fit is obtained for all 
the resonances analyzed. In the region between reso- 
nances the fit is relatively poor. While this may be due 
to the inability of the Bethe-type multilevel expression 
to account for level-level interference correctly, it may 
be due in part to the presence of narrow resonances 
with />0 in these regions. A number of these “reso- 
nances,” labeled as “residual structure” and drawn by 
dashed lines in Fig. 3 are indicated in the recent high 
resolution work of Bowman.'* From the present work, 


1#%C. D. Bowman, 
(unpublished). 


Ph.D. thesis, Duke University, 1961 
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NATURAL LEAD, n-=.I26 atoms/born 
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COMPENSATED LEAD, 
NO S-WAVE RESONANCE 

FIT (eo) R+67 FERMIS - CONSTANT 

FIT (&) A +67 FERMIS (E+ 300 KEV), ~ DECREASING 


n= .093 atoms/born 











NEUTRON ENERGY IN KEV 


Fic. 4. o; for natural and compensated (for Pb®*) lead. The 
calculated fits marked (a) correspond to the assumption that R’ 
is constant over the energy interval and only p-wave resonances 
1, 3, and 4 of Table III exist, with parameters as shown in that 
table. Curves (b) correspond to the same resonances as for curves 
(a), but with an R’ which decreases rapidly with energy so as to 
yield the shape of the observed cross sections in the energy region 
380 to 520 kev. Note that fits (a) are poor in the region 380 to 
520 kev and fits (b) are poor in the region 560 to 700 kev. 


however, the existence of these resonances must be 
regarded as tentative, with the possible exception of 
those at 440 kev and 485 kev. 


Lead 


A sample of natural lead (Pb”® 52%, Pb”? 21%, 
Pb 26%) with thickness »=0.126 atom/barn, as well 
as a sample of radio-lead (Pb”* 3%, Pb”? 9%, Pb°6 
88%) with thickness »=0.0339 atom/barn, were 
studied over the energy range 300 to 740 kev. The 
radio-lead sample was too thin to give accurate cross 
sections of Pb”* by itself, but it served as an accurate 
compensator for the Pb”* sample. Thus if Jy, Jz, and 
Io denote the number of counts with the natural lead 
sample in, with the radio lead sample in, and with the 
open beam, then while T7,=/ y/o gives the transmission 
due to natural lead, T,.=Jy/Ir gives the transmission 
due to compensated lead (effective percentage-Pb** 
70%, Pb*? 28%, Pb?* 0%, Pb 2%). 

These cross sections are shown in Figs. 4 and 5. It is 
obvious that besides the three prominent resonances at 
E,=352 kev, 526 kev, and 718 kev, there are a number 
of other small resonances, e.g., those at 305, 320, 375, 
405, 475 kev, etc. From simple peak height considera- 





NEUTRON TOTAL 
tions it follows that if we limit ourselves to s-, p-, and 
d-wave resonances the three large resonances must be 
in Pb**, Also we find that the ratio 9= (¢maz—@min)e.1./ 
(Omax—@min)n.1., Where c.l. and n.l. refer to compen- 
sated lead and natural lead, respectively, is approxi- 
mately 1.3 which is the same as the ratio between the 
fractional content of Pb®®* in the compensated lead and 
the fractional content of Pb** in the natural sample. 

Both natural lead and compensated lead samples still 
contain Pb*?(~25%). Since low-energy work'® on 
Pb*”’ suggests that the level spacing in this isotope”? is 
rather small (~10 kev), it is not expected that we 
would resolve very well the Pb’ resonances in either 
sample. It is, however, possible to determine the 
average contribution to the total cross section due to 
Pb” resonances. The contribution due to neutrons of 
angular momentum / is given* approximately by 
Go.n.= 2 KEN(2+1)0,(P,“/D)f cosdai, where f is 
the isotopic abundance (~ 25%) and a, is the potential 
phase shift. In the neighborhood of lead the s-wave 
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$00 
NEUTRON ENERGY IN KEV 
Fic. 5. o: for natural and compensated (for Pb®*) lead. The 
solid line shows in each case the fit obtained by including the 
s-wave resonance at 515 kev with the parameters listed in Table 
IIE. The contribution of the three p-wave resonances in this fit 
as well as in the fits shown in Fig. 4 was calculated by the use of a 
Bethe-type multilevel expression. 


1” FE. G. Bilpuch, K. K. Seth, C. D. Bowman, R. H. Tabony, 
R. C. Smith, and H. E. Newson, Ann. Phys. (to be published). 

*” It has become conventional in neutron physics to refer to the 
resonances in the cross sections of a target nucleus with atomic 
weight A as resonances in that nuclide while they actually corre- 
spond to excited states in the compound nucleus with atomic 
weight (A+1). We will follow this convention in this paper. 

21 Kamal K. Seth, Can. J. Phys. 37, 1199 (1959). 
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TABLE III. Resonance parameters for Pb™. 


.. Pr. Yr, 

(kev) (kev) (ev) 10°Xy?/(y)e.p. 
6.96 21.1 6.720 

100 141 44.90 
6.15 13.0 4. 





6.45+1.3 


141.5 
7+1.0 


140 
4.86 8.0 2.548 


- 
/ 
5 


strength function is known” to be less than 1.0 10~*. 
Thus éc.~.(Pb*”) <0.08 barn everywhere in this energy 
range. Similarly if Pb” has about the same p-wave 
strength function as we obtain in this paper for Pb®®* 
(i.e., ~0.5X 10), the p-wave contribution due to reso- 
nances in Pb” is <0.07 barn everywhere. Thus the 
total resonance contribution due to Pb”? in either 
sample is <0.15 barn. Similarly, in the natural lead 
sample the average contribution due to resonances in 
Pb** is <0.15 barn. Since the spacings and width in 
Pb** are expected to be larger, these resonances should 
not be averaged out completely and should still be 
observable. This is easily seen in Figs. 4 and 5. Since 
the error in our absolute cross sections is roughly 0.5 
barn, it is not worthwhile to try to take account of this 
averaged contribution (<0.3 barn for natural lead, 
and <0.15 barn for compensated lead). In our analysis 
here we shall therefore be interested only in the “ob- 
vious” resonances at £,-~352, 526, and 718 kev, and, 
as we shall see later, in the “hidden” resonance at 
E,=515 kev. 

The resonances at /,=352, and 718 kev all 
have Omax greater than the theoretical maximum for 
statistical weight factor g=1 and therefore cannot be 
due to s-wave neutrons. The s-wave assignment is 
also ruled out by the fact that s-wave resonances in 
this energy region and for this large a potential scat- 
tering cross section should have inverted shapes, i.e., 
large dips followed by small peaks. Similarly g=3, 
and hence a d-wave nature, is ruled out because the 
resonances are wide enough so that with our resolution 
of ~2 kev to 4 kev we should see almost the full theo- 
retical peak height. We have therefore attempted to 
analyze these resonances as /=1 (g=2) resonances. 

In Table III Column 2 we list the parameters of 
these resonances as obtained by area analysis. We now 
attempt to fit the observed o,; by varying the parameters 
within the limits assigned by area analysis. 

Seth ef al.™ find R’=9.5+0.2 fermis at zero energy 
which corresponds to ¢,(/=0)=7.15 barns, at E,=300 
kev. This is much larger than required by our data, for 
which we find that R’=8.7+0.2 fermis gives the best 
fit. (This is not too disturbing since the value at zero 
energy is likely to be higher if a bound s-wave level 
exists close to zero energy.) Further we have assumed 


526, 


2D. J. Hughes, R. L. Zimmerman, and R. E. Chrien, Phys. 
Rev. Letters 1, 1518 (1958). 

%K. K. Seth, D. J. Hughes, R. L. Zimmerman, and R. C. 
Garth, Phys. Rev. 110, 692 (1958). 
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that R=8.7 fermis=1.45 A! fermis, i.e., R’/R=1.0 
and 6= (sin’a,;’)/(sin’a)=0.4,% since these values lead 
to the best fit shown in Fig. 6, and differ little from the 
theoretical result (R’/R=1, 8=0.5 at E,=500 kev) 
obtained by a simple square-well optical-model calcu- 
lation®® with Voe=—42 Mev, =0.03, ro=1.45 fermis. 
Curves labeled (a) in Fig. 4 show attempts to fit the 
data by assuming R’=8.7 fermis (independent of 
energy) and only the three p-wave levels with param- 
eters as listed in Table III. It is seen that the general 
level of the calculated curve is higher than that indi- 
cated by the data in the energy region 380 to 520 kev. 
It appears that R’ itself is decreasing with energy. An 
attempt was therefore made to introduce a variation 
of R’ with energy in such a way as to fit the data in this 
region. This called for variation of R’ from 8.7 fermis 
at 300 kev to 4.7 fermis at 520 kev. This trend of R’ 
was extrapolated up to 740 kev and the shape elastic 
scattering computed. The contribution from the p-wave 
levels, as calculated above was then added to it. The 
resulting fit is shown in Fig. 4, curves (6). Now, while 
the region up to 510 kev shows good fit, a large dis- 
crepancy appears in the higher energy region. The 
curves (a) and (5) considered together suggest that the 
s-wave contribution does indeed fall more rapidly than 
just shape-elastic scattering would predict in the region 
300 kev to 520 kev, but apparently it returns to its 
normal shape-elastic scattering plateau again around 
700 kev. This is precisely what the presence of an 
s-wave resonance in the neighborhood of 520 kev would 


% @,’ is the phase shift for p-wave shape elastic or “potential” 
scattering as defined by Feshbach ef al. [H. Feshbach, C. E. 
Porter, and V. F. Weisskopf, Phys. Rev. 96, 448 (1954) ]. It 
differs from the pure hard-sphere scattering phase shift a for 
p-wave neutrons in the averaged contribution of “far away” levels. 

25H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev. 
96, 448 (1954). 


do. Because of the large potential phase shift corre- 
sponding to R’=8.7 fermis, an s-wave resonance in this 
region will appear as a dip in the total cross section. 
A s-wave level was therefore postulated near 520 kev 
and its parameters were varied until a good fit was 
obtained to the natural Pb data. These parameters are 
listed in Table III and the fit is shown in Fig. 5. As a 
test of this hypothesis, without varying the parameters 
further, the cross sections were computed for compen- 
sated lead. The resulting fit is also shown in Fig. 5. It 
is found to be quite satisfactory. From the accumulated 
evidence we therefore conclude that the broad s-wave 
level does indeed exist and has the parameters Eo 
=515+15 kev, [',~r=100+15 kev. 

In Fig. 6 we present the phase shifts corresponding to 
the fit shown in Fig. 5. Since from total cross-section 
data alone it is not possible to determine the absolute 
signs of the phase shifts, we have simply shown as a 
function of energy the total s-wave phase shift, the 
p-wave p; phase shift for shape elastic scattering, and 
the total p, phase shift. 


DISCUSSION OF RESULTS 
Carbon 


The two independent methods used in the analysis 
of the carbon cross sections yield results which are in 
almost perfect agreement and hence lend strength to 
the validity of each method. The effective-range method 
yields a value of y,?//, without any assumption about 
the character of the bound levels—except that only 
one level is important. Specifying the energy of this 
level immediately gives ,? but does not give the / value 
for this level. The other and more empirical method of 
fitting the observed cross section with a Breit-Wigner 
formula requires a definite assumption about the / value 
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and therefore lead to its assignment for the bound level. 
It is gratifying that the 7° so obtained agrees well 
with that obtained from the effective-range theory. By 
specifying that the level responsible is at — 1860 kev, 
we have obtained, with these two methods, the result 
that this level must have /=0, and ~?=1.75 Mev. 
Indeed we know that (d,p) stripping experiments’! 
show that the level has /=0. However, we find that the 
reduced width of this level, according to McEllistrem’s 
analysis of the (d,p) data," is 0.83 Mev. This apparent 
discrepancy vanishes as soon as we realize that (d,p) re- 
duced widths are very sensitive to the choice of the 
radius. McEllistrem uses R=4.7 fermis compared to 
our R=3.3 fermis. In terms of the Wigner limit our 
result is 0?=72/(y?)s.p.=0.307 while the value ob- 
tained from the (d,p) experiments is 6?=0.295. 


Calcium 


Our results for calcium reveal a rather rapid variation 
of (f,°/D) with energy. Figure 7 shows that while the 
spacing remains essentially constant over the energy 
region 0 to 600, [,° increases rather rapidly so that for 
the first five resonances up to 230 kev (T,°/D) 
= (1.10.7) X10~, for the 9 resonances up to 400 kev 
(1 ,°/D) = (2.6+1.3) 10-4, and for the 12 resonances 
up to 630 kev (I’,°/D) = (3.4+1.3)X10~. The increase 
of T° with energy is usually indicative of gradually 
worsening resolution resulting in a lumping together of 
groups of resonances. While this can hardly affect our 
conclusion about the variation of (I',°/D) with energy, 
it is of importance as far as average spacing is con- 
cerned. The rather constant slope of the solid line 
histogram in Fig. 7 is usually interpreted as indicating 
that the level resolution capability of the instrument 
is constant over this energy range. It does not, however, 
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Fic. 7. The solid line histogram (scale at the left) corresponds 
to the total number of levels in Ca“ below a given energy, and the 
dashed line histogram (scale at the right) corresponds to 2T,° for 
levels below a given energy. The solid and dashed curves are 
drawn only to indicate the general trend of the histogram plots. 
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Fic. 8. Distribution of level widths in Ca. The histogram 
shows the total number of levels with (I’,°/I',°)> abscissa. The 
curves pertain to calculated frequency for an exponential dis- 
tribution function, exp(—I°,°/T,,°) and to the Porter-Thomas 
distribution function (22T’,°/T’,°)~! exp(—T,°/2l,.°). The Porter- 
Thomas distribution gives the better agreement. 


rule out the possibility that a constant fraction of 
small levels are missed over the entire range because 
of the resolution being equally poor at all energies. A 
plot of the distribution of (I',°/T,°) is, however, capable 
of furnishing information about missing levels. Figure 
8 shows such a plot. Not only does it show that no 
appreciable number of small levels are being missed, 
but it indicates also that the resolution is sufficiently 
good so that the data differentiate between distribution 
functions. The Porter-Thomas distribution®* is pre- 
ferred over the exponential. The latest calculation of 
Feshbach”’ for the strength function at zero energy 
with a rounded edge optical potential predicts a value 
1.2<10~. K® as well as Ca® are found to have a value 
1.1X10~ in the 0-200 kev region. It would” be of 
interest to determine whether the K® strength function 
also shows an increase with energy like Ca”. It is found 
that the required energy dependence of the Ca® 
strength function can be obtained from a square well 
optical model calculation. However, in these calcula- 
tions it is found that (T,°/D) increases as R’ decreases. 
It does not appear possible to obtain R’ relatively inde- 
pendent of energy and [f,°/D varying rather rapidly 
with energy. It is well known though, that rounding 
the potential well does decouple the variations of these 
two parameters. Conceivably such calculations might 
explain our empirical observation. It has also been 
pointed out recently that near magic neutron and pro- 
ton numbers the optical well parameters undergo sud- 
den changes.” It would perhaps be worthwhile to seek 


26 C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

27H. Feshbach, in Nuclear Spectroscopy (Academic Press, New 
York, 1960), Part B, p. 1058. 

28 Atsushi Sugie, Phys. Rev. Letters 4, 286 (1960). 
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an answer to our question in the shell model effects on 
the optical model parameters. 


Lead 


It appears that the proposed explanation of the be- 
havior of the Pb”* cross sections in the neighborhood 
of 515 kev does indeed provide an excellent fit to the 
cross sections observed. While it may be debatable 
whether two levels of the same spin and parity can 
exist within their half-width and still be amenable to 
the usual resonance theory, there is no theoretical ob- 
jection to the situation we observe in Pb**. The $- 
level can certainly exist within the half-width of the 
3* level. It is true that the }* level required is unusually 
wide compared to the other resonances in Pb**. How- 
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ever, in terms of the Wigner limit it is only about 5% 
of the single-particle width. For a double magic nucleus 


with very large spacing this is entirely possible. 
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Decay of 16-Minute Ta'*’"; 


A. W. SunyAR 
Brookhaven National Laboratory, U pton, New York 
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Physics Department, University of Illinois, Urbana, Illinois 
(Received July 5, 1960) 


A revised decay scheme of the 16-minute isomer Ta!" involves three states of Ta'™ at excitation energies 
of 147 kev, 319 kev, and 503 kev. Transition multipolarities were classified by measuring both gamma-ray 
coincidences and internal conversion electrons. The 503-kev isomeric state decays mainly (98%) by a 
184-kev £3 transition to the 319-kev state. This 319-kev state decays mainly (94%) to the 147-kev state 
by means of a 172-kev transition that is predominantly M1. The 147-kev transition to the ground state is 
also predominantly M1. Two of the three possible crossover transitions were observed; a 356-kev M4 
transition originates at the isomeric level and a 319-kev E2 transition connects the second excited state 
with the ground state. 

The 147-kev and the 319-kev states are probably the first and second excited rotational states of the 
ground-state configuration. The relevant rotational parameters are of particular interest because very 
little is known about moments of inertia for odd-odd nuclei. 

The relative probabilities were determined for pile neutron activation of the 16-minute isomer, Ta!®™™", 
and the 112-day ground state, Ta. If the ground-state formation cross section is taken as 21 barns, the 
corresponding value for the isomer is only 9 mb. 


INTRODUCTION isomeric transition was based on the lifetime, the ratio 
of internal conversion coefficients,? and the K-shell 


HE 16-minute Ta'*™ activity was first reported ; 9 
conversion coefficient.‘ 


by Seren, Friedlander, and Turkel,! who meas- 


ured the slow-neutron activation cross section as 34+7 
mb. The first preliminary energy measurement was 
made by Hole,’ who assigned 180-+7 kev to the isomeric 
transition after studying the conversion electrons in a 
magnetic spectrometer. The £3 classification’ of the 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Summer Visitor at Brookhaven National Laboratory, Upton, 
New York, when this work was begun. : 

1L. Seren, H. N. Friedlander, and S. H. Turkel, Phys. Rev. 
72, 888 (1947). 

2,N. Hole, Ark. Mat. Astron. Fysik 36A, No. 9 (1948). 

§'M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 


We first re-examined the decay of 16-minute Ta'®™ 
to search for a direct beta-decay branch to W'®, the 
daughter of the beta-decaying 112-day ground state, 
Ta'*, (No 16 minute beta branch was ever found. The 
experiments would have been quite sensitive to high- 
energy beta rays from Ta'®™ to levels near the ground 
state of W'*, but it is difficult to estimate the sensitivity 
to low-energy beta rays.) 

During these measurements, our coincidence scintil- 
lation studies uncovered two cascade gamma rays with 


*A. W. Sunyar, Phys. Rev. 83, 864 (1951). 
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TABLE I. Internal conversion electrons. 








Observed 
conversion 
lines 


K,L,M 


Averaged 
energy 
sum (kev) 


147.4+0.5 
172.0+1.5 
184.3+1.5 


319 ve 319 +3 


Comment* 


High K/L 

High K/L 

Dominant L conversion. 
K/L ratio low 

Scintillation counter 
measurement. No 
conversion lines seen 

Very weak lines 

Long-lived Ta! 





172 


K,L 
K, L,M 


356 K,L 
100 L,M 


354 +3 
99.8+0.5 








* Source thickness effects preclude any multipolarity statements based 
on L-subshell conversion ratios. 


energies about 150 kev and 170 kev together with a 
320-kev cross-over gamma ray.’ The preliminary 
internal conversion spectrum was not good enough to 
identify the isomer. 

This paper reports improved coincidence scintillation 
studies and an improved internal conversion electron 
spectrum which together uniquely identify three excited 
states and five gamma-ray transitions. A discussion of 
the possible interpretations of the rotational nature of 
the first two excited states will follow the presentation 
of the experimental results. 


EXPERIMENTAL PROCEDURE 


The gamma-ray detectors were 3-in. X3-in. NaI(T]) 
scintillators mounted on Dumont-6363 photomulti- 
pliers. A standard fast-slow coincidence system 
(rtast= 10-7 sec) was used to provide a gating signal for 
a 100-channel pulse-height analyzer which recorded the 
coincidence gamma-ray spectrum from one scintillation 
crystal. This fast-slow coincidence system required that 
the pulse from the other scintillation detector fall within 
an adjustable energy range. In the triple coincidence 
measurements, energy requirements were placed on 
both scintillation detectors whose pulses were not dis- 
played. Spurious coincidences due to scattering were 
minimized by using graded absorbers (Pb, Cd, and Cu) 
between the detectors. 

The internal conversion electron spectrum was ob- 
tained with a film-recording 180° permanent magnet 
spectrograph whose field was 269 gauss. Due to the 
small activation cross section it was necessary to use a 
relatively thick sample (12 mg/cm?) and to activate it 
repeatedly. The sample was irradiated for 15 minutes, 
inserted into the spectrograph about 1 minute after the 
irradiation, and allowed to remain there for 30 minutes. 
In order to obtain sufficient density on a single film, 
this cycle was repeated 12 times using two samples; the 
sample change after 6 cycles was desirable because the 
112-day Ta'* was becoming too intense. The source 


5P. Axel and A. W. Sunyar, Proceedings of the Glasgow Con- 
ference on Nuclear and Meson Physics (Pergamon Press, New 
York, 1954), p. 195. 
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was inserted into the spectrograph through a vacuum 
lock. 


EXPERIMENTAL RESULTS 
A. Intensity Measurements and Coincidences 


The internal conversion electron spectrum is shown 
in Fig. 1, and the data are given in Table I. The large 
source thickness limited the precision of both the energy 
and the relative electron intensity determinations. 
From Fig. 1, one can identify the 184-kev transition as 
an isomeric transition because it has both a relatively 
large total internal conversion and a relatively small 
K/L conversion ratio. (This low value of K/L cannot 
be attributed to source thickness inasmuch as both the 
147-kev and the 172-kev transitions have high K/L 
ratios.) The low K/L ratio further implies that the 
184-kev isomeric transition is an electric multipole 
rather than a magnetic multipole. 

The pulse-height distribution from the 16-min Ta!®™ 
gamma rays, as detected by a 3-in.X3-in. NalI(T]) 
scintillator, is shown by the open circles in Fig. 2. Be- 
cause the source was 8 in. from the detector, there is 
very little distortion due to summing in the detector. 
The relative intensities of the gamma rays emitted by 
the 16-minute isomer are given in Table II; slight 
corrections have been made for summing. 

The 319+3 kev gamma ray has the correct energy to 
be the cross-over transition in parallel with the 172-kev 
+147-kev cascade. Similarly, the 354+3 kev gamma 
ray (whose energy was determined from weak internal 
conversion electrons as indicated in Table I) could be 
the possible 356-kev cross-over gamma ray in parallel 
with the 184-kev+172-kev cascade. 

The relative internal conversion coefficients implied 
by the data of Tables I and II indicate that the multi- 
polarity of the 356-kev transition is higher than that of 
the 319-kev transition. The 356-kev transition has 
fewer photons by a factor of 15, whereas the 319-kev 
transition had too few conversion electrons to be re- 
corded on the spectrogram of Fig. 1. Additional evidence 
for the high multipolarity of the 356-kev transition is 
its low K/L conversion ratio, which can be estimated 
visually as about 2 or 3. 

Figure 3 shows four different coincidence spectra 
obtained by setting different energy requirements on 
the radiations of the scintillator whose spectrum was 
not displayed. In all cases, the source was close enough 
to each of the two 3-in.X3-in. detectors to give sum 
peaks at 319 kev (147+172), 331 kev (147+184), and 
356 kev (172+184). These sum peaks dominate over 
the actual 319-kev and 356-kev photon transitions. The 
112-day background has not been subtracted in Fig. 3, 
but this does not affect the main features of the data. 
These four coincidence spectra show clearly that photon 
coincidences exist involving x rays and three different 
photon groups with energies between 147 kev and 184 
kev. Curve A shows that K x ray coincidences with the 
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Fic. 1. Internal conversion electron spectrum of Ta!™™. 


147-kev photons are less likely than K x ray coinci- 
dences with the unresolved 172-kev+184-kev com- 
posite; this implies either a high K-conversion coeffi- 
cient of the 147-kev transition or a low K-conversion 
coefficient for one of the other two transitions, Curves 
B, C, and D show that there are indeed photons of three 
different energies between 147 kev and 184 kev. Curve 
B is mainly a composite of the 172-kev and 184-kev 
photon groups, because the energy selection on the 
nondisplayed detector was set to accept mainly 147-kev 
photons. Similarly, the energy selection for curve C 
favored the 172-kev photons most, but also included 
some 184-kev photons. For curve D, the 184-kev photon 
was selected in the nondisplayed counter, and the 
coincidence curve shown is mainly a composite of the 
147-kev and 172-kev photons. 

The final decay scheme shown in Fig. 4 is completely 
consistent with the intensity data (Tables I and II) 
and the coincidence measurements (Fig. 3). The branch- 
ing ratios given in Fig. 4 were based on the additional 
internal conversion coefficient measurements described 
below. 


B. Internal Conversion Coefficients 


The conversion electron spectrum of Fig. 1 was used 
to obtain approximate K/Z conversion ratios for the 
147-kev, 172-kev, 184-kev, and 356-kev transitions as 
indicated in Table III. Inasmuch as no attempt was 
made to correct accurately for source thickness effects, 
these ratios are only semiquantitative. However, 
together with the conversion coefficients, these values 
are adequate to provide multipolarity assignments. 

The absolute K-shell internal conversion coefficient 
was measured rather directly for both the 147-kev and 
the 184-kev transitions; the conversion coefficients for 
both the 172-kev and 356-kev transitions were obtained 
somewhat indirectly by making use of the measured 
values for 147-kev and 184-kev transitions. The experi- 
mental determinations of the conversion coefficients 
listed in Table III are described briefly in the following 
paragraphs. The theoretical values of the internal con- 
version coefficients® are also shown in Table III. 

The K-shell internal conversion coefficient of the 


®M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958); L. A. Sliv and I. M 
Band, Leningrad Physico-Technical Institute Reports, Part I, 
1956 and Part II, 1958 [translation: University of Illinois Reports 
57-ICC-K1 and 58-ICC-L1, respectively ]. 


TABLE II. Relative photon intensities. 








Relative 


y Tay intensity 


K 0.83 
(147+172+4-184) 1.00 
147 0.383 
(172+184) 0.617 
172 0.40 
184 0.217 
319 0.053 
356 











147-kev transition was determined by comparing the 
intensities of the 147-kev photons and of those Ta K 
x rays which originated due to the K-shell conversion 
of the 147-kev transitions. These events, associated with 
the 147-kev transition, were isolated by requiring a 
triple coincidence in which each of the two auxiliary 
detectors selected events on the high-energy side of the 
172-kev and 184-kev composite peak. The coincidence 
spectrum is shown in Fig. 5. These data, after correc- 
tions are made for detection efficiency and x-ray 
fluorescence yield ({x=0.94) give a 147-kev K-shell 
conversion coefficient equal to 1.0+0.15. The 147-kev 
internal conversion measurements favor an M1 assign- 
ment but an £i+M2 mixture cannot be ruled out 
without the aid of lifetime measurements discussed 
below. 

Photon and x-ray intensities were also compared in 
order to measure the 184-kev K-shell conversion 
coefficient. In this case, a double coincidence arrange- 
ment was used; the energy selected on the undisplayed 
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Fic. 2. Gamma-ray spectrum of Ta!" 
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detector was 319 kev. In the coincidence geometry, this 
energy selection emphasized 319-kev gamma rays and 
sum events of 147 kev+172 kev. However, included in 
the selected energy range are other sum events com- 
posed of either 172-kev and 184-kev photons, or 147-kev 
and 184-kev photons. The coincidence spectrum is 
shown in Fig. 6. The 147-kev peak in Fig. 6 is due to 
the sum event caused by the simultaneous detection of 
172-kev and 184-kev photons by the auxiliary detector. 
The dashed curve in Fig. 6 is an estimate of the 147-kev 
transition contribution based on the observed 147-kev 
photon peak in Fig. 6 and the corresponding K x rays 
implied by Fig. 5. It is not possible to correct for 172- 
kev transitions which contribute to the curve in Fig. 6 
due to the summing of 147-kev and 184-kev photons in 
the auxiliary detector. However, this does not introduce 
a significant error because independent measurements, 
described below, indicate that the 172-kev K-shell con- 
version coefficient is about the same as that of the 184-kev 
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Fic. 3. Coincidence spectra arising from decay of Ta'®™. Curve 
A: Coincidence gate on K x rays. Curve B: Coincidence gate on 
147-kev photopeak. Curve C: Coincidence gate on peak of 
(172+184)-kev photopeak. Curve D: Coincidence gate on high 
side of (172+184)-kev photopeak. 
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Fic. 4. Disintegration scheme of Ta!®™™, 


transition. The value of the 184-kev K-shell conversion 
coefficient is 0.74+0.15. As shown by Table ITI, this 
implies that the 184-kev transition is Z3. This was 
further checked with a coincidence experiment in- 
volving better geometry, with 5.5 inches between the 
source and the scintillator whose spectrum was dis- 
played. The photons in coincidence with K x rays are 
shown in Fig. 7; this spectrum is similar to that shown 
in Fig. 3(A) except that the improved geometry greatly 
attenuates the summing which otherwise dominates the 
319-kev to 356-kev energy region. In the coincidence 
spectrum of Fig. 7, the 319-kev to 356-kev photon ratio 
is 4.7-+1; the corresponding ratio in the singles spec- 
trum (Fig. 2) is 16+4. This relative enhancement of 


TABLE III. Internal conversion coefficients. 








Energy 
(kev) 


147.4 
147.4 


Experimental 


value Theoretical values 


1.0+0.15 M1i—1.23 E2—0.39 
>I1 Mi—6.1 E2—10 


0.348 E2—0.16 
0.75+0.3* E2—0.25 
>!1 E2—1.3 


Quantity 


(Ner/N>) 
K/L 


Nex/(Ny+ANex+Net) 
Ne/N, 
K/L 


184.3 Ne/N, 
184.3 K/L 





172 
172 
172 


M1—0.37 
M1—0.78 
M1—6.5 


0.7440.15 E3—0.61 
<1 E3—0.3 


E2—0.049 


M4—3.0 
M4—2.1 


319 Ne/N, 


Ne/Ny ~4 
K/L ~2.5 


<0.1 


356 
356 








* Based on decay scheme as indicated in text. 
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Fic. 5. Spectrum of gamma rays recorded by a 3-in.X3-in. 
Nal (TI) scintillation counter in triple coincidence with two de- 
tectors whose energy selecting channels were both placed on the 
high side of the (172+184)-kev photopeak. 


356-kev photons by a factor of 3.41.1 is a measure of 
the ratio of K x rays associated with the 147-kev and 
184-kev transitions, respectively. This enhancement 
ratio of 3.4 is consistent with the measured K-shell con- 
version of the 147-kev transition and an E3 assignment of 
the 184-kev transition. The main difference between the 
147-kev and 184-kev transitions is that the 184-kev 
transition is dominated by L-shell conversion; the K- 
shell conversion coefficients of these transitions are 
rather similar although there is a large difference in the 
total conversion. 

It is possible to obtain reliable estimates of the K- 
conversion coefficient of the 172-kev transition despite 
the fact that the poor energy resolution precludes the 
possibility of using coincidence techniques directly. 
One such estimate is obtained by combining relative 


electron intensity data with the measured conversion — 


coefficients and the decay scheme. From the spectro- 
gram shown in Fig. 1, the K-electron intensity of the 
172-kev transition can be estimated as twice that of the 
184-kev transition. If the 184-kev transition is accepted 
as £3, this electron ratio implies that there are 34 K- 
holes produced by the 172-kev transition per 100 decays 
of the isomeric state. As shown in Table III, this 
strongly favors an M1 assignment of the 172-kev transi- 
tion; the M1 prediction would be about 37 K-holes per 
100 isomeric decays. Another check on the multipolarity 
of the 172-kev transition can be obtained by using the 
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other measured data to deduce the number of K x rays 
and photons contributed by the 172-kev transition to 
the singles spectrum of Fig. 2. This indirect method 
depends on the measured 147-kev K-shell conversion 
and the theoretical prediction for the 184-kev E3 con- 
version coefficients; the actual calculation also takes 
into account the 319-kev and 356-kev transitions, but 
these weak branches have little importance. This me- 
thod gives the value of 0.75+-0.3 for the 172-kev K- 
shell conversion coefficient ; it also gives a value of about 
1 for the total conversion coefficient. The M1 multi- 
polarity of the 172-kev transition is further confirmed 
by the spin and parity changes implied by other transi- 
tions between the isomeric level (503 kev) and the levels 
at 319 kev and 147 kev. The identification of the 184-kev 
transition as E3 implies that the levels at 319 kev and 
503 kev differ in spin by 3 units and have different 
parity; the assignment (to be made below) of M4 
multipolarity to the 356-kev transition implies that the 
levels at 147 kev and 503 kev differ in spin by 4 units 
and have different parity. These identifications show 
that the 172-kev transition from the 319-kev level to 
the 148-kev level should have an M1 multipolarity. 

The possible multipolarity assignment of the 319-kev 
transition can be restricted to either E2 or E1 because 
its conversion electron lines were too weak to be seen. 
K-shell conversion electrons of the 319-kev transition 
would surely have been detectable if they had been 1/2 
as numerous as the observed K-shell electrons of the 
356-kev transition. Since there are 16 times as many 
319-kev gamma rays as 356-kev gamma rays, the 319-kev 
K-shell conversion must be less than 1/32 of the 356-kev 
K-shell conversion coefficient. This implies a 319-kev 
K-shell conversion coefficient of less than 0.1 if the 
theoretical 356-kev K-shell conversion is used. The £1 
assignment can be ruled out if, as is strongly indicated 
below, the 147-kev transition involves no parity change 
(i.e., if the 147-kev multipolarity is either M1 or a 
mixture of M1 and £2). 

The multipolarity of the 356-kev transition can be 
identified as M4 with the aid of the conversion measure- 
ments even though these measurements were quite 
crude. The K-shell conversion coefficient was measured 
by estimating the intensity of the 356-kev K-shell elec- 
trons relative to the 184-kev L-shell conversion. This 
ratio, which could be estimated to within a factor of 2, 
implied that there were about 1.5 356-kev K electrons 
per 100 isomeric transitions. The gamma-ray intensity 
measurements implied about 0.35 unconverted 356-kev 
photons per 100 isomeric transitions. The resultant 
K-shell conversion coefficient of about 4 definitely 
excludes electric multipoles and favors an M4 assign- 
ment. Similarly, the measured K/Z ratio of about 2.5 
favors the M4 assignment. The M4 assignment becomes 
even more definite if one estimates the expected lifetime 
for M3, M4, and MS transitions. 
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C. Lifetime Measurements and Comparisons 


The 16.3-minute half-life of the isomeric state 
together with the measured branching ratios imply a 
partial half-life for 356-kev gamma-ray emission of 
2.8X 10° seconds. This value is most consistent with the 
single-particle proton estimate for M4, which is 4.7 x 10° 
seconds; M3 would give 1.1 10~* second, whereas M5 
would give 3.310 seconds.’ The 356-kev transition 
is slow by a factor of about 60 compared with the single 
particle estimates. Although slow isomeric transitions 
are usual, the factor of 60 is about a factor of 10 larger 
than usual for an M4 transition.’ This extra factor of 10 
may be due to K forbiddenness®; the most likely spin 
values imply that AK=5 which is forbidden for a AJ=4 
transition. 

The partial half-life of the 184-kev gamma-ray transi- 
tion is about 4X 10° seconds. This is slower, by a factor 
of 5X10‘, than the E3 single-particle proton estimate 
of 8.5X10- second.’ Some other very slow E3 transi- 
tions are known, but, once again a K-selection rule may 
be inhibiting the decay.® 

A careful search was made for any possible delay in 
the emission of the 147-kev gamma ray using an overlap 
type coincidence analyzer."° An upper limit of ~10~° 
second can be set on the mean life of the 147-kev state. 
This measurement can be used as a strong argument 
against the possibility that the 147-kev transition is a 
mixture of £1 and M2. This E1+M2 possibility cannot 
be discarded solely on the basis of conversion coeffi- 
cients because as little as a 10% mixture of M2 with 
90% Ei could give the measured 147-kev K-shell 
conversion. If there was a 10% M2 branch, the upper 
limit of its partial half-life for gamma-ray decay would 
be about 1.310-* second. The single-particle proton 
estimate for this transition would be about 3.7 10~° 
second. Therefore, if the 147-kev gamma ray were an 
Fi and M2 mixture, the M2 would have to be faster 
than the single particle estimate by a factor of about 
300. Inasmuch as no M2 transitions are known to be 
even as fast as the single-particle estimate, the £1 and 
M2 mixture seems quite unlikely. This implies that the 
147-kev transition must be M1 or an M1+ £2 mixture, 
and that the ground state and the 147-kev state have 
the same parity. This assignment implies further that 
the 319-kev gamma ray is an £2 transition. 


7S. A. Moszkowski, Phys. Rev. 83, 1071 (1951); V. F. Weiss- 
kopf, Phys. Rev. 83, 1073 (1951). We use the single particle 
proton estimates, and a nuclear radius equal to R=1.210— A}, 
following reference 8. The S factor is set equal to 1. 

8M. Goldhaber and J. Weneser, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, California, 1956), 
Vol. 5, p. 1. 

® G. Alaga, K. Alder, A. Bohr, and B. Mottelson, Kgl. Danske, 
Videnskab. Selskab, Mat.-fys. Medd 29, No. 9 (1955). 

” A. W. Sunyar, Proceedings of the Second United Nations Inter- 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1958), Vol. 14, p. 347. 
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Fic. 6. Spectrum of gamma rays recorded by a 3-in.X3-in. 
Nal(T]) scintillation counter in coincidence with a detector whose 
energy selecting channel was placed on the 319-kev photopeak. 


D. Slow Neutron Activation Cross Section 


The activation cross section of the 16-minute isomer 
by (Brookhaven) pile neutrons was compared with that 
of the 112-day ground state. In one measurement, the 
unconverted 100-kev photons associated with the 
ground-state decay were compared with the 16-minute 
K x rays. Corrections were applied for the activation 
period in the reactor and the counting interval during 
which the measurements were made. The fraction of 
the ground-state decays leading to the unconverted 
100-kev photons was taken as 0.142"; the number of 
K x rays per isomeric decay was taken as 0.88 based on 
our measurements and decay scheme. These data indi- 
cated that the ground-state activation is favored over the 
isomeric state activation by a factor of about 2300+580. 
Strictly speaking, this ratio is for the neutron energy 
distribution in the Brookhaven reactor. If 21 barns is 
accepted as the activation cross section of the 112-day 
Ta'® ground state, the activation cross section for 16- 
minute Ta'®™ js (9.1+2.3)10- barn. This measure- 
ment was checked semiquantititively by comparing 
the 147-kev K-shell conversion electrons with the L- 
shell conversion electrons of the 100-kev transition. It 


11 Numerous references to gamma-ray intensity measurements 
on Ta!® are tabulated by D. Strominger, J. M. Hollander, and 
G. T. Seaborg, Revs. Modern Phys. 30, 585 (1958). 
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is not surprising that our cross-section value differs from 
the value of 3410-* barn which was derived from an 
electron detection system interpreted with an inade- 
quate decay scheme.' 

The strong favoring of the ground state of Ta'® in 
slow neutron activation implies that its spin is relatively 
close to the 7/2 spin” of Ta'*', while the spin of 16- 
minute Ta'*" must be quite different." Although many 
cases are known in which isomers of unfavored spin 
have only from 0.01 to 0.1 of the total activation cross 
section,” ratios as small as 1/2300 are extremely rare 
and probably imply an exceptionally large spin change. 


INTERPRETATION USING COLLECTIVE MODEL 


Ta'® is probably a nonspherical nucleus, and might 
therefore have low-lying states which are rotational 
excitations of the ground state.“ The 147-kev and 
319-kev levels populated in the Ta'*™ decay can be 
interpreted as these expected rotational states. If this 
interpretation is accepted, collective model parameters, 
such as the moment of inertia and the magnetic mo- 
ment, can be defined for the odd-odd Ta! nucleus. 
Inasmuch as these parameters depend on the spin of 
the ground state of Ta'®, evidence from other sources 
about its spin is given below before the collective 
parameters are discussed. 

a 
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Fic. 7. Spectrum of gamma rays recorded by a 3-in.X3-in. 
NaI (TI) scintillation counter in coincidence with a detector whose 
energy selecting channel was placed on the Ta K x ray photopeak. 
Source located at 54 in. from counter face to reduce summing. 


2 J. H. Mack, Revs. Modern Phys. 22, 64 (1950). 

3 E. Segré and A. C. Helmholz, Revs. Modern Phys. 21, 271 
1949); E. derMateosian and M. Goldhaber, Phys. Rev. 108, 766 
(1957); E. derMateosian and M. Goldhaber, Bull. Am. Phys. 
Soc. 2, 16 (1957). 

™4 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 
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Evidence About the Spin of 112-Day Ta'® 


One might hope to infer the spin and parity of the 
112-day ground state of Ta'® from its radioactive decay. 
Additional information about Ta'® and its excited states 
can be obtained from the gamma rays following neutron 
capture in Ta'*!, Unfortunately, neither type of evidence 
leads to a unique spin assignment; in fact, the evidence 
from these two sources appears contradictory. The 
radioactive decay seems to favor a spin of 3 (or 4), 
whereas the capture gamma-ray data seem to imply a 
higher spin. 

The radioactive decays of both 112-day Ta!” and 
60-hour Re'® have led to the identification of many 
energy levels in W'*. However, the beta-ray decay 
branching of Ta!* to these established levels in W'* is not 
certain enough to define the spin of Ta'*. Early measure- 
ments'® had not been precise enough to lead to the com- 
plex level diagram of W'®. After the DuMond crystal 
focussing gamma-ray spectrometer supplied the neces- 
sary precision,'® each of several different auxiliary 
measurements suggested the main features of the decay 
scheme. Fowler ef al.'7 measured the energies of the 
gamma rays somewhat above 1 Mev; their proposed 
decay scheme was aided by the systematics of even-even 
nuclei presented by Scharff-Goldhaber.'* Mihelich used 
coincidence measurements’? and the reported 10~° 
second half-life® in W'* to choose among the alternative 
decay schemes.'® Boehm, Marmier, and DuMond”! 
used their conversion electron measurements together 
with the reported coincidence measurements" to estab- 
lish the essential features of the currently accepted 
decay scheme. At this stage, the energy levels in W!™ 
were interpreted? in terms of the Bohr-Mottelson 
collective model. 

Despite the considerable additional information 
which has become available more recently, the beta-ray 
branching of Ta'** remains in doubt. In the most com- 
plete report of the 112-day Ta'™ decay, Murray et al.” 
give only a qualitative indication of the beta branching. 
Many of their energy and spin assignments for W'* 


16 R, V. Zumstein, J. D. Kurbatov, and M. L. Pool, Phys. Rev. 
63, 59 (1943); W. Rall and R. G. Wilkinson, Phys. Rev. 71, 321 
(1947); J. M. Cork, Phys. Rev. 72, 581 (1947); C. E. Mandeville 
and M. V. Scherb, Phys. Rev. 73, 340 (1948); J. M. Cork, H. B. 
Keller, J. Sazynski, W. C. Rutledge, and A. E. Stoddard, Phys. 
Rev. 75, 1778 (1949); C. H. Goddard and C. S. Cook, Phys. Rev. 
76, 1419 (1949); L. A. Beach, C. L. Peacock, and R. G. Wilkinson, 
Phys. Rev. 76, 1585 (1949); J. M. Cork, H. R. Keller, W. C. 
Rutledge, and A. E. Stoddard, Phys. Rev. 78, 95 (1950); J. M. 
Cork, W. J. Childs, C. E. Branyan, W. C. Rutledge, and A. E. 
Stoddard, Phys. Rev. 81, 642 (1951). 

16D), E. Muller, H. C. Hoyt, D. J. Klein, and J. W. M. DuMond, 
Phys. Rev. 88, 775 (1952). 

17 C, M. Fowler, H. W. Kruse, V. Keshishian, R. J. Klotz, and 
G. P. Mellor, Phys. Rev. 94, 1082 (1954). 

18 G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

19 J. W. Mihelich, Phys. Rev. 95, 626 (1954). 

” A. W. Sunyar, Phys. Rev. 93, 1122 (1954). 

%1F, Boehm, P. Marmier, and J. W. M. DuMond, Phys. Rev. 
95, 864 (1954). 

#2 J. J. Murray, F. Boehm, P. Marmier, and J. W. M. DuMond, 
Phys. Rev. 97, 1007 (1955). 
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TABLE IV. Energies and absolute intensities of low-energy 
capture gamma rays (Ta!®!--n). 





Nearby 
weaker 
gamma 
rays 
kev 
120, 109, 106, 
103, 101 
141, 138, 126, 133 
123 


192, 164 170 
293 272 
408, 416 mes 


Dominant 
gamma 


Intensity 
Nominal per 
energy 


kev 
“107 


Intensity 
Nominal per 
captured energy captured 
neutron kev neutron 


045 = 107 





0.30 133 


0.22 175 
0.70 280 


402 405 








* Reference 30. 
» Reference 33. 
* Reference 34. 


levels have been confirmed by precision high-energy 
gamma-ray measurements,” detailed coincidence 
studies,* and angular correlation experiments.”® Signifi- 
cant additional confirmation of the levels in W'* came 
from the complete investigation made by Gallagher and 
Rasmussen*”® of the 60-hour Re'® decay. (This most 
recent report on W'® levels changed one energy and one 
spin assignment but did not affect the Ta'® beta 
branching interpretation directly.) There is some 
disagreement about gamma-ray intensities”:**27 which 
casts doubt on any beta-ray branching ratios inferred 
from gamma-ray intensities. The direct measurement 
of beta-ray branches is impeded by the numerous con- 
version electron lines.'7* The only published values of 
beta branching ratios** disagree both with those im- 
plied by the complete decay scheme” and with coinci- 
dence measurements”™ (if the highest energy Ta'™ 
beta ray leads to the 2+ state, D,”?6 at 1222 kev in 
W'*). A final serious complication in interpreting this 
beta decay is the unknown role of model-dependent 
selection rules; K forbiddenness® and intrinsic state 
changes” may govern the beta branching. 

Although the uncertainties listed above preclude a 
definite Ta'® spin-parity assignment from currently 
available beta-decay evidence, some tentative assign- 
ments are possible. There seems to be appreciable 
branching both to a presumed 2— level (state F”.**) 
and to a presumed 4— level (state K*?*). (The log ft 
for these transitions depends on the uncertain branching 
ratios but is about 8.3.) Should the branching to 2— 
and 4— levels be confirmed, a spin assignment of 3 for 


%3 G. Backstrém, Arkiv Fysik 10, 387 (1956). 

* P.O. Fréman and H. Ryde, Arkiv Fysik 12, 399 (1957). 

28 R. C. Williams and K. I. Roulston, Can. J. Phys. 34, 1087 
(1956). 

26°C, J. Gallagher, Jr., and J. O. Rasmussen, Phys. Rev. 112, 
1730 (1958). 

270, I. Sumbaev, J. Exptl. Theoret. Phys. (U. S. S. R.) 32, 
247 (1957) [translation: Soviet Phys.—JETP 5, 170 (1958) ]. 

28 J. Demuynck, J. Verhaeghe, and B. Van der Velde, Comp. 
rend. 244, 3050 (1957). 

2% G. Alaga, Phys. Rev. 100, 432 (1955); G. Alaga, Nuclear 
Phys. 4, 625 (1957). 
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Ta'® might be favored, although neither 2 nor 4 could 
be excluded without knowing which selection rules were 
governing. (These selection rules would also be needed 
to determine the parity.) If beta branching to spin 2 
states were found to be small, a spin assignment of 4 
might be preferable; if there were no beta branching to 
spin 2 states, the Ta’ spin might be 5. 

The information from neutron capture gamma-ray 
spectra is also difficult to interpret but both the high- 
and low-energy data would be easier to understand if 
the Ta'® ground-state spin were 4 or 5. A gamma ray 
of 6.060+0.008 Mev has been reported,®* which 
probably goes to the ground state of Ta!® in about 0.5% 
of the neutron capture events.*! [No gamma rays with 
energies above 6.06 Mev have been seen even though 
a gamma ray 5% as intense could have been detected™; 
furthermore, the neutron binding energy deduced from 
the Ta'*!(d,p) reaction is 6.03-0.15 Mev®]. The other 
high-energy gamma rays which have been identified®:#! 
must terminate in excited energy levels in Ta’. The 
available data with the best resolution™ imply six states 
of Ta'® within the first 600 kev; the energies are within 
about +8 kev of: 99 kev, 278 kev, 368 kev, 485 kev, 
517 kev, and 572 kev. The intensities of the seven 
relevant high-energy gamma rays are of the same order 
of magnitude; the most intense is the 5.961-Mev gamma 
ray® which leads to the “99-kev” state in about 1% of 
the neutron capture events.*' There is no evidence for 
high-energy gamma rays leading to either the 147 kev 
or the 319-kev states reported in this paper. (Particular 
care was undoubtedly taken in searching for a high- 
energy gamma ray terminating at about 180 kev because 
it was thought to be the isomeric level in Ta'®.) From 
the published gamma-ray spectra, one can estimate 
crudely that the 5.913-Mev or 5.741-Mev gamma rays 
to these states would have been noticed if either had 1/6 
the intensity of the 5.961-Mev gamma ray. 

Many low-energy capture gamma rays have also 
been observed. In their list of the more intense gamma 
rays with energies between 91 kev and 509 kev, 
Bartholomew ef al.® list 31 gamma rays. Twenty-one 
of these have been fitted into a very tentative decay 
scheme which involves eleven excited states up to 821 
kev in energy, including eight levels that are consistent 
with the highest energy gamma rays.” Within 5 kev of 
the gamma-ray energies we observe in the 16-minute 
decay, there are capture gamma rays at 145 kev, 152 
kev, 171 kev, and 357 kev (the 145 kev and 152 kev are 


* G. A. Bartholomew, J. W. Knowles, G. Manning, and P. J. 
Campion, Atomic Energy of Canada Limited Report AECL-517, 
1957 (unpublished), p. 30; G. A. Bartholomew, P. J. Campion, 
J. W. Knowles, and G. Manning, Proceedings of International 
Conference on Neutron Interactions with the Nucleus, Columbia 
University, New York, 1957 [Atomic Energy Commission Report 
TID-7547, 1957 (unpublished), p. 252]; See also G. A. Bartholo- 
mew and B. B. Kinsey, Can. J. Phys. 31, 1025 (1953). 

3L. V. Groshev, A. M. Demidov, V. N. Lutsenko, and V. I. 
Pelekhov, Atommaya Energiya 4, 5 (1958) [translation: J. Nu- 
clear Energy 9, 50 (1959) ]. 
#2 J. A. Harvey, Phys. Rev. 81, 353 (1951). 
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TaBLe V. Rotational parameters for Ta™. 








Value calculated for different ground state spins 


Parameter I=3 


I=4 


T=5 


Comment 








1.25 


(E2—E;)/(E1— Eo) 534 


E; (kev) 


3h?/9 (kev) 110 
Sa—-8R +1.5 

ga +1.8 or —1.2 
. 3.8 or —2.9 
(M, photons/ £2 photons), 47 22 


(M, photons/£: photons);72 19 30 


1.20 
527 


88 
+0.97 
+1.3 or —0.7 
4.4 or —2.5 

35 


Experimental: 1.17+0.01 
Calculated assuming pure 
rotational excitation 

74 Less than 100 kev expected 
+0.69 Assuming Q0=7X10™ cm? 
+1.0 or —0.4 
4.4 or —1.4 
$1 


1.17 
523 


44 








known to +2 kev whereas 171.0+0.2 kev and 356.8% 
0.3 kev are quoted”). However, the 171-kev and 357-kev 
capture gamma rays are not those participating in the 
16-minute Ta'® decay because other related 16-minute 
gamma rays do not appear in sufficient intensity in the 
capture gamma-ray spectrum. In particular, the 145-kev 
gamma ray observed in the capture spectrum is too 
weak.” Of course, the 319-kev and 147-kev states might 
be excited slightly but the main gamma-ray cascades to 
the ground state do not involve these excited states. 
The very small neutron activation cross section for the 
503-kev 16-minute isomeric level in Ta'® makes it clear 
that gamma rays from this isomeric level would not 
appear in significant intensity during a capture gamma- 
ray experiment. 

The absolute intensity of the strongest low-energy 
gamma rays have been measured using poor energy 
resolution. The reported intensities per captured 
neutron are shown in Table IV together with the energy 
assignment implied by higher resolution measure- 
ments.” The high absolute probability of finding these 
gamma rays is sometimes taken as evidence that they 
originate at low-lying levels of Ta'® from which com- 
peting higher energy dipole gamma rays cannot be 
emitted. 

Although the interpretations of the high-energy and 
low-energy portions of the capture gamma-ray spectrum 
may be different, both favor a Ta'® ground-state spin 
assignment of greater than 3. The multipolarities of the 
gamma rays we observe fixes the spins of 147-kev and 
319-kev levels as J+1 and J+2 if the ground state spin 
is J. (I—1 and [—2 would be acceptable only if J were 
5 or greater.) The parities of these three levels is the 
same. The compound system formed by the capture of 
an s neutron by Ta! has a spin of 7/2+1/2. One would 
expect to see the unobserved 5.913-Mev gamma ray to 
the 147-kev level if the ground-state spin of Ta'® were 
3. Even if the 6.060-Mev ground-state gamma ray is 
a direct transition,® the 5.913-Mev gamma ray would be 
expected to compete effectively, particularly if the 


%'V. V. Sklyarevskii, E. P. Stephanov, and B. A. Obinyakov, 
Atommaya Energiya 4, 22 (1958) [translation: J. Nuclear Energy 
9, 69 (1959)]. 

4 J. E. Draper, Phys. Rev. 114, 268 (1959). 

36 A. M. Lane and J. E. Lynn, Nuclear Phys. 11, 646 (1959). 


147-kev state has the same intrinsic configuration of 
the ground state. If the 6.060-Mev gamma ray originates 
in compound nuclear states of spin 3 or 4 (or both 3 and 
4) rather than in a direct transition, these compound 
states are probably highly mixed configurations, and 
only the spins and parities of the ground state and 147- 
kev level should influence the high-energy gamma-ray 
transitions. 

Similar, but even stronger arguments favoring a Ta'** 
ground-state spin of at least 4 or 5 can be based on the 
low-energy gamma-ray spectrum. After the emission 
of the first few gamma rays in the capture gamma-ray 
cascade, the population of different spins must be distri- 
buted over a variety of spin values (more or less 
centered at 3 or 4). Furthermore, the states populated 
just before the final gamma ray is emitted would be 
expected to have a wide variety of nuclear configura- 
tions. If the observed intense low-energy capture gamma 
rays do not originate at very low-lying levels, a high 
ground-state spin (and a higher 147-kev spin) would be 
required to explain why so few transitions reach the 
147-kev excited state. Even if the strong low-energy 
transitions do originate at low-lying excited states, a 
high spin for the 147-kev level would be needed to 
explain why it did not compete successfully with these 
low-lying states for the gamma-ray cascades. 


Collective Parameters for Ta’® 


If the 147-kev and 319-kev levels are assumed to be 
the first and second rotational excitations of the ground 
state, it is possible to predict (1) the energy of the third 
rotational level, (2) the moment of inertia, (3) the 
magnetic g factor, (4) the magnetic moment, and (5) 
the £2 admixtures in the M1 transitions. Inasmuch as 
each of these parameters depends on the uncertain 
ground-state spin of Ta'®*, Table V lists the values of 
these parameters for three different J values, from J=3 
to J=5. 

(1) Energy. According to the collective model," the 
first excited rotational state would have a spin J;=J+1 
(at an energy of £;); the second rotational excitation, 
at E2, would have a spin J,=J+2. (J and EZ) are taken 
as the spin and energy of the ground state.) For pure 
rotational excitation, the unique prediction for the 
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energy ratio is: (E,—E;)/(£,—Eo)= (1+2)/(J+1). 
The values given in Table V show that if the 147-kev 
and 319-kev levels were pure rotational levels, the Ta'™ 
ground-state spin would be J=5. However, the rota- 
tional spectrum may be disturbed due to either rotation- 
vibration coupling or to rotation-particle coupling.** 
The deviation from pure rotational coupling for the 
J =3 assignment is in the direction expected for rotation- 
vibration coupling, but the deviation is relatively 
large.*” On the other hand, the rotation-particle inter- 
action is expected to distort the rotational spectrum in 
an odd-odd nugleus, such as Ta'®, in which many states 
are expected at low excitation. (For example, the low- 
lying levels implied by the neutron capture data might 
have spins which could couple with and distort the 
rotational excited states.) The energy of the third 
excited rotational state can be predicted accurately 
either if there are pure rotational levels or if the im- 
purity were analyzed in detail. In Table V, we list 
E3= E2+ (E2—£E,) (I+3)/([+2). 

(2) Moment of Inertia. One of the most interesting 
parameters of the collective model is the moment of 
inertia, 9, which can be inferred from the rotational 
energy spacing. Table V follows the usual procedure of 
listing the values of 3?/9, which is the excitation energy 
of the first rotational level (2+) in an even-even 
nucleus with a moment of inertia, 9. It has been found 
empirically™-*? that odd-A nuclei have higher moments 
of inertia (i.e., lower values of 32/9) than do neighbor- 
ing even-even nuclei. (Ta! is slightly anomalous in this 
respect, having 3h?/ =91 kev while Hf'® and W'® have 
values 93 kev and 100 kev, respectively.) Very little is 
known about odd-odd nuclei, but they might be ex- 
pected to have even larger moments of inertia than do 
odd-A nuclei.** In view of this, the moment of inertia 
implied by J=3 (in Table V) is surprisingly low. (The 
neighboring W!* has 3%?/$=95 kev after a correction 
is made for rotation-particle coupling**; without this 
correction 3f?/g = 78 kev.) The moment of inertia given 
for [=5, 3h?/g=74 kev, would be reasonable for an 
odd-odd nucleus. Of course, if there is a deviation from 
a pure rotational spectrum, a correction may be needed 
in order to obtain the actual value of 9. 

(3) Magnetic g Factor. The magnetic quantity 
(ga—gr)* can be calculated®-“:*” from the observed ratio 
of 172-kev photons to 319-kev photons if the intrinsic 
quadrupole moment, Q, is known. [The photon inten- 
sity ratio is proportional to (ga—gr)?/Qc.] The well 
established systematics of nuclear quadrupole moments 
makes it clear that Qo=7X10-* cm? would be a good 
estimate for Ta’, and this value was used to calculate 
the values of + (ga—gzr) listed in Table V. If the reason- 


36 A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 15 (1956). 

87 See for example the review articles: K. Alder, A. Bohr, T. 
Huus, B. Mottelson, and A. Winther, Revs. Modern Phys. 28, 
432 (1956); A. K. Kerman, in Nuclear Reactions (North-Holland 
Publishing Company, Amsterdam, 1959), Vol. 1, Chap. 10. 

38 B. Mottelson (private communication). 
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able estimate of ge=0.3 is used, two alternative values 
of ga can be listed corresponding to the two possible 
signs of ga—gr. (Note that go is relatively insensitive 
to gr except for high spin and negative values of ga—gr). 

(4) Magnetic Moment. The magnetic moment, yu, can 
be calculated from the formula w= (Qgoe+gr)I/(I+1). 
For the ground-state rotational band, Q2=K=J. The 
values of yu are listed in Table V. If go—gzr is positive, 
uw is quite large and relatively insensitive to J or to 
reasonable values of gr. However if go is negative, u 
does depend both on J and on gr. 

(5) E, Admixtures in Predominantly M1 Transitions. 
The predicted ratio for M1 to E2 photons depends on 
the same parameter which determines the competition 
between 319-kev and 172-kev photons (provided, of 
course, that the 147-kev and 319-kev levels are rota- 
tional). Table V lists these photon ratios for each of 
the different ground state spin possibilities. The EF, 
mixing in the total transition probability would be 
somewhat smaller because the M1 conversion coeffi- 
cients are larger; for the 147-kev transition, the factor 
by which the photon ratio would be multiplied is 1.36 
while for the 172-kev transition it would be 1.32. Our 
measurements of conversion coefficients were not 
accurate enough to specify the exact E, mixing. (The 
theoretical 147-kev conversion coefficient varies only 
from 1.19 to 1.22 depending on the ground-state spin; 
the predicted 172-kev conversion coefficient varies only 
from 0.75 to 0.77.) However, it is conceivable that 
experiments more sensitive to the small £2 mixtures 
would help determine the ground state spin. 


Comparison with the Nilsson-Mottelson Model 


The parameters shown in Table V could be used to 
test some detailed model such as that given by Nilsson 
and Mottelson.*: However, the model needs further 
development before it can be used unambiguously for 
odd-odd nuclei. Ambiguities exist even for a single odd 
particle; the 73rd proton might be in states 25(404], 
7/2+), 32(5147, 9/2—), or 31(4021, 5/2+), and the 
109th neutron might be in 71(510T, 1/2—), 62(512], 
3/2—), or 48(503t, 7/2—). Furthermore, the interac- 
tion between the odd proton and the odd neutron might 
favor combinations of states which are higher in energy 
for an odd-A nucleus. Many combinations could then 
result. In attempting to find possible combinations 
which would give high-spin states for the isomer, we 
considered only the three proton states listed above but 
added three other neutron states: 45(615f, 11/2+), 
40(505|, 9/2—) and 49(6247, 9/2+). An additional 
complication arises from possible mixtures of configura- 
tions for a state in an odd-odd nucleus. 

The two possibie couplings which exist for any 
particular combination of proton and neutron states 

*S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 


#B. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 
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TaBLE VI. Combinations of single-particle states. (P refers to parallel intrinsic spins, A to antiparallel intrinsic spins.) 





Neutron 


State 
No. 2 


Proton 


State 


No. 2 Coupling 


Combinations for 
isomer 
N Coupling 


ga" » Parity P 





Spin=3 (gg9=1.8 or —1.2; u=3.8 or —2.9) 


25 7/2 71 


31 5/2 71 
32 9/2 62 
31 5/2 


1/2 P 


1/2 9 
3/2 P 
11/2 A 


(25 49 
32 48 
31 45 


{25 40 


Spin=4 (gg=1.3 or —0.7; h=4.4 or —2.5) 


25 7/2 
31 5/2 
32 9/2 


1/2 A 
3/2 A 
1/2 A 


Spin=5 (go=1.0 or 


1/2 P 
3/2 P 


32 9/2 
25 7/2 


—0.2 —0.3 - (25 
1.7 5.6 \32 
2.2 7.2 32 


—0.4; u=4.4 or —1.4) 


1.0 4.3 32 45 
0.6 None 








* Asymptotic value; see reference 41. 


introduce still another ambiguity. Some evidence has 
been presented“ in favor of parallel coupling of intrinsic 
spin (2, shown by the arrows in the notation we use), 
as specified by the asymptotic quantum numbers 
(N, mz, A, =). On the other hand, there are some 
states for which neither A nor = are good quantum 
numbers and for which any coupling rule will depend 
on Q2=A+2. (For example, at the distortions found 
near T'®, state 71 is characterized® by AZ90% 
Ot+10% 11.) 

Despite these uncertainties (and partly to emphasize 
them), it is instructive to tabulate the combinations 
which produce spin values acceptable for Ta'®. We 
considered the three proton states and the six neutron 
states mentioned above. Of the 36 possible combina- 
tions, the nine listed in the rows of Table VI give spin 
values between 3 and 5. 

The many possibilities listed in Table VI make it 


41 C. J. Gallagher, Jr., and S. A. Moszkowski, Phys. Rev. 111, 
1282 (1958). 


clear that the model, to be useful for odd-odd nuclei, 
must have more definite state and coupling predictions. 
If the positions of the single particle states individually 
dominated, combination 1 (with 25+49 for the isomer) 
would be most attractive. The asymptotic ge and u 
values would be more helpful if some systematics 
existed to indicate how close these asymptotic values 
should come to the experimental data. 

There are clearly enough unknowns in odd-odd 
nuclei to make auxiliary experimental data very useful. 
A direct determination of the spin and magnetic 
moment of the Ta’ ground state would be particularly 
helpful. 
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’ 


A new. application of the delayed coincidence technique for measuring short nuclear lifetimes has been 
developed which is basically similar to the well-known prompt comparison method. Systematic errors can be 
reduced and greater accuracy obtained for nuclei which exhibit both a prompt and a delayed event. A 
transistorized time-to-amplitude converter was used. The mean life of the second excited state of Ca® 
[ (4.80.3) X10~- sec] and the first excited state of Sct? (<5X10-™ sec) were measured. Also the mean 
life of the first excited state of Hg™® [ (3.50.5) X10" sec] was determined by the usual self-comparison 


method. 





I, INTRODUCTION 


or many years delayed coincidence techniques have 

been used to measure short nuclear lifetimes.' 
Originally coincidence counting rates were observed 
as a function of delays inserted with mechanical delay 
lines or cables. Now electronic §time-to-amplitude 
converters are generally employed with multichannel 
analyzers to increase greatly the efficiency of data 
collection. In either case, the data analysis is quite 
similar. Some lifetimes can be determined from the 
exponential slope of the cable or amplitude distribution 
curves. Shorter lifetimes can be measured by analysis 
of the centroid shift of these distributions.’ 

The direct observation of an exponential slope is 
certainly the simplest and least ambiguous approach, 
but this method is limited by present experimental 
techniques to lifetimes of the order of 10~- sec or 
longer. Centroid analysis can reduce this lower limit 
by another order of magnitude but additional complica- 
tions are introduced. In order to measure lifetimes by 
centroid shift, it is necessary to determine “time-zero”’ 
—i.e., the centroid of the time distribution for a prompt 
coincidence event. Usually a comparison is made with a 
second source which exhibits a prompt event between 
particles similar to the delayed event being studied. 
Great care must be taken in generating the prompt 
distribution to insure that it is a valid comparison for 
the delayed event under consideration. One method of 
circumventing the necessity for a second source is the 
self-comparison technique for beta-conversion electron 
coincidences.! This method is powerful for a limited 
number of cases and has been used during the course of 
the present work with an accurady of 5X 10~-” sec. The 
technique, however, requires a double coincidence 
magnetic spectrometer—an instrument not generally 
available in every laboratory. 


t This work partially supported by the U. S. Atomic Energy 
Commission. 

* Present address: Department of Physics, Rutgers University, 
New Brunswick, New Jersey. 

1R. E. Bell, R. L. Graham, and H. E. Petch, Can. J. Phys. 
30, 35 (1952). 

2 R. E. Green and R. E. Bell, Nuclear Instr. 3, 127 (1958). 

3Z. Bay, Phys. Rev. 77, 419 (1950). 


When it is necessary to use a second source for 
prompt comparison studies, it is inevitable that 
systematic errors are going to be introduced. The two 
sources must be interchanged frequently to minimize 
drifts in the equipment. They must be positioned very 
accurately because small changes in flight paths 
represent relatively large time delays, and of course the 
particles emitted by both sources must be similar. In 
order to minimize the systematic errors normally 
present in the prompt comparison technique, the present 
work has concentrated on nuclei where a single source 
exhibits an interesting delayed event as well as a 
prompt comparison event. 


II. PRINCIPLE OF THE METHOD 


There are two important conditions which must be 
met 'in order to apply this new technique. First, a 
source is needed which exhibits the delayed coincidence 
event to be measured and a prompt coincidence event to 
be used for comparison.‘ These two events must not be 
distinguishable in a _ time-to-amplitude converter. 
Second, the two events must be distinguishable by an 
auxiliary coincidence system. 

The prompt and delayed coincidence events are 
observed simultaneously by two fast-plastic scintillation 
detectors connected to a time-to-amplitude converter. 
The output pulses from the time converter are fed into 
a 256-channel analyzer for storage. There are many 
isotopes which are suitable because they exhibit both 
a prompt and a delayed event. However, it is not 
necessary that both events be present in one isotope. 
Two isotopes can be mixed to form a single source. 
The important consideration is that the time converter 
must respond identically to both events. This of course 
requires that the initial particles in both events and the 


* The term “‘coincidence event” used here refers to the emission 
of one particle when an excited state is formed and a second 
particle when the state decays. The second particle is delayed on 
the average by the mean life of the excited state. When the mean 
life is very short (<10-" sec), the event is considered “prompt,” 
i.e., the electronic system cannot detect any time delay between 
the two particles. When the mean life is longer (>5X 10~® sec), 
it is possible in many cases to measure the delay electronically. 
These events are then referred to as ‘‘delayed”’ coincidences. 
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Fic. 1. Electronics block dia- 
gram. CF =cathode follower, DA 
= distributed amplifier, LA = linear 
amplifier, L= limiter, PHS =pulse- 
height selector, DL=50-ohm delay 
line, TPC=time to pulse height 
converter, DC=double  coinci- 
dence, 7C=triple coincidences. 
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final particles in both events lose the same amount of 
energy in the plastic scintillators. 

In order for an event to be distinguishable, a third 
particle must be emitted in coincidence with the two 
particles which are observed by the fast scintillation 
detectors. A third detector operated in coincidence 
with one of the two fast detectors is used to recognize 
the event. A complete distinction can be made when 
both the prompt and delayed events exhibit a triple 
coincidence. However, in many cases it is not necessary 
to completely distinguish both types of events. For 
example, suppose that the prompt events occur much 
more frequently than the delayed events. Then most 
of the pulses sent to the analyzer by the time converter 
would be characteristic of the prompt event; and 
even if the delayed events were ignored, the observed 
time distribution can be used to define time-zero to a 
good approximation. The third detector now comes into 
play. With it, a fraction of the delayed events can be 
distinguished and stored concurrently with the prompt 
events but in a separate part of the analyzer memory. 
The average delay of the delayed event can then be 
determined by comparing the centroids of the prompt 
and delayed time distributions. The method is quite 
useful even if the prompt distribution is slightly 
distorted by the presence of some delayed events. 
The distortion is only a fraction of the delay time being 
measured. That is, for very short delays where greater 
accuracy is needed, the distortion is small. 

This short discussion has only considered the basic 
principles of the technique. The method will work for 
any case where a prompt and a delayed event are 
present which are not distinguishable in the fast 
channels but are distinguishable by additional detectors. 
Systematic errors are greately reduced because the 
prompt and delayed time distributions are recorded 
concurrently by the multichannel analyzer. Two specific 


examples will be discussed subsequently, and more of 
the experimental problems will then be considered. 


Ill. EXPERIMENTAL ARRANGEMENT 


A block diagram of the electronics system is shown in 
Fig. 1. Detectors one and two (D1 and D2), followed by 
appropriate shaping circuits, provide the pulses for 
the time-to-amplitude converter. Fast plastic scintil- 
lators are used for these detectors in order to reduce 
the time jitter of the detection process. The pulses 
from the time converter are fed into a 256-channel 
analyzer which is gated by a triple coincidence. This 
part of the system is quite conventional, and the 
prompt and delayed events could not be distinguished 
without the assistance of a third channel. 

The third channel uses a 3X3 Nal detector (D3) 
operated in coincidence with D2 by the usual fast-slow 
arrangement. The output of this circuit is used to 
control a selective storage system in the 256-channel 
analyzer. If there is no D2—D3 coincidence, the pulse 
representing timing information is stored in the lower 
half of the analyzer (i.e., channels 1-128). But when 
there is a D2—D3 coincidence, declaring that a delayed 
event has occurred, the associated time pulse is stored 
in the upper half of the analyzer (channels 129-256). 

An air-core coaxial delay line built in the form of a 
trombone slide was used for time calibration (General 
Radio Type 874-LT 50 ohms). The slide was mounted 
with a gear mechanism so that delays as short as 10-" 
sec could be easily inserted. The most important circuit 
in the electronic system is a newly designed transistor- 
ized time-to-amplitude converter.® It is a very simple, 
reliable circuit using only three transistors. The 

5 P. C. Simms (to be published). The circuit used in this work 
as well as an improved model will be described in detail. Applica- 
tion of the same transistor configuration to other fast coincidence 
requirements will also be discussed. 
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performance of the instrument was not optimized in the 
present work because only the 50-ohm delay line was 
available. If a higher impedance delay line had been 
available, the time resolution could have been improved 
by removing the distributed amplifier in channel 1. 
The circuit performed satisfactorily even with single 
counting rates as high as 200000 counts per second. 
Double delay line clipped linear amplifiers were used 
to handle these high counting rates. 


IV. PERFORMANCE 


A prompt resolution curve for the time-to-amplitude 
converter is shown in Fig. 2. The full width of the curve 
at half maximum is 5X10-" sec, and the slope for a 
reduction of counting rate by a factor of two is 10~” sec. 
The delay line was calibrated by comparing delay time 
to gamma-ray time-of-flight and by observing standing 
waves in the line with a radio-frequency impedance 
bridge. The velocity of an electrical pulse down the 
line was found to be equal to the velocity of light with 
an accuracy of better than 3%. 

The performance and accuracy of the time converter 
was checked by measuring the well-known mean life 
of the first excited state of Hg'®*. The self-comparison 
technique was employed with beta-conversion electron 
coincidences in a Gerholm double coincidence magnetic 
spectrometer. The result obtained, r= (3.50.5) X 10-"! 
sec, is in good agreement with previous results which 
have been determined by severa! different techniques.® 

The selective storage part of the system was checked 
by using annihilation quanta from a Na” source. The 
two plastic detectors were positioned at an angle of 
180°. Each detector (size 1} in.x1} in.) was one inch 
from the source. Considering the solid angles sub- 
tended and the difference in efficiency for detecting 
the 1.28-Mev y ray and the 0.511-Mev y ray, it was 
estimated that the probability for detecting a 1.28-0.511 
coincidence was less than 0.5% of the probability for 
detecting a coincidence between the two annihilation 
quanta. Thus, practically all of the time pulses rep- 
resent prompt coincidences. There is a delay of the 
order of 2X10~-" sec between the 1.28- and the 0.511- 
Mev y rays. However, since the probability for detect- 
ing the 1.28-Mev y rays is essentially the same for both 
detectors, the small number of 1.28-0.511 coincidences 
present could at most only slightly broaden the time 
distribution. These events could not create a net 
shift in the centroid of the distribution. The selective 
storage system was operated by the 1.28-Mev y ray in 
detector 3. Most of the time pulses were stored in the 


® (3.15+0.3) X10-" sec, resonance fluorescence: F. R. Metzger 
and W. B. Todd, Phys. Rev. 95, 853 (1954). (3.22:0.7) X10 sec, 
resonance fluorescence: W. G. Davey and P. B. Moon, Proc. 
Phys. Soc. (London) A66, 956 (1953). 3X10" sec, Coulomb 
excitation: R. Barloutaud, T. Grjebine, and M. Riou, Physica 22, 
1129 (1956). (3+1)X10-" sec, delayed coincidence: A. W. 
Sunyar, Proceedings of the Second United Nations International 
Conference on the Peaceful Uses of Atomic Energy, 1958 (United 
Nations, Geneva, 1958). 
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Fic. 2. Prompt resolution curve with Co™, 


lower half of the analyzer because the probability for 
detecting the 1.28-Mev y ray in D3 was relatively 
small. When the triple coincidence was observed, the 
associated time pulse was stored in the upper half of 
the analyzer. As expected, the mean value of the two 
distributions was found to be the same with a statistical 
accuracy of 10-” sec. 


V. INVESTIGATION OF Ca* AND Sc‘? 


The second excited state of Ca® was selected for 
this work because of the theroetical interest in O+ 
excited states. It has been pointed out by Church and 
Weneser’ that accurate determination of transition 
probabilities for electric monopole conversion electrons 
would yield information about nuclear structure. In 
addition to the lifetime of the 0+ state, one needs to 
know the branching ratios for the various modes of 
decay of the state. These branching ratios have been 
measured recently and the results for the nuclear 
“strength parameter” p will be discussed in a subsequent 
paper.® 

The decay scheme of K® is shown in Fig. 3. The 
lifetime of the first excited state is very short (~10-" 
sec) because of the large transition energy (1.53 Mev). 


7E. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 
* N. Benczer-Koller, M. Nessin, and T. H. Kruse, Bull. Am. 
Phys. Soc. 5, 248 (1960). 
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Fic. 3. Decay scheme of K®. 


Thus a 62—7e2 coincidence will be a “prompt” event 
which can be used to mark time-zero. A 6i—v2 coin- 
cidence will be a delayed event, i.e., delayed on the 
average by the mean life of the second excited state. 
The delayed event can be distinguished by detecting a 
coincidence between y; and ye. 

The source-detector arrangement used in investigat- 
ing Ca® is shown in Fig. 4. In a triple coincidence 
experiment it is important that the detectors subtend 
as large a solid angle as possible. Still the gamma 
detectors cannot be placed arbitrarily close to the 
source since they must be shielded from beta particles. 
In order to stop the high-energy beta particles without 
creating bremsstrahlung, a thick low Z material must 
be used. The beta crystal was thick enough (~1 cm) 
to stop the beta particles of interest and yet thin 
enough to minimize the probability for gamma detec- 
tion. The plastic gamma detector size was selected as a 
compromise between detection efficiency and time-jitter 
for light collection from the crystal. 

The plastic beta detector (D1) was set to detect 
beta particles with energies around 1 Mev. Thus it could 
detect either 8; or 82. The other plastic detector (D2), 
which was shielded from betas, was used to detect y2; 
and the 3X3 detector was used to detect the low 
intensity yi. When a 8—y coincidence was observed by 
Di and D2, a pulse was sent by the time converter to 
the 256-channel analyzer. If there was no yi—vy2 
coincidence, the pulse representing timing information 
was stored in the lower half of the analyzer (i.e., 
channels 1-128). But when there was a yi—v72 coin- 
cidence, declaring that the event observed in D1 and D2 
was a delayed event, the associated time pulse was 
stored in the upper half of the analyzer (channels 
129-256). Since the efficiency for detecting 7: was only 
~10% most of the delayed events were missed and 
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stored incorrectly with the prompt events in the lower 
half of the analyzer. Nevertheless, there was no 
appreciable distortion of the prompt distribution 
because the relative number of delayed events was so 
small. Then by comparing the centroid of the delayed 
distribution to the centroid of the prompt distribution, 
the lifetime of the second excited state was determined. 
Before this work, there was no information to 
indicate whether the first excited state of Sc‘ (see Fig. 
5) had an energy of 0.82 or 0.49 Mev. Thus the object 
was to see if either the 8,—0.49 y event or the 8,—0.82 y 
event was delayed. If so, the lifetime of the first excited 
state could be measured and the order of the gamma 
rays determined. The same experimental arrangement 
was used as for Ca®. Channel 1 was set to detect 
electrons with energies of ~0.2 Mev. The pulse-height 
selector in channel 2 was set on the Compton distribu- 
tion of y3 and the selector in channel 3 on the y2 
photopeak. In this way detector 2 can detect either 
1 Or Ys (or even 7: if yz has higher energy than ys3). A 
Bi-—v71 OF Y2 coincidence is a “prompt” event while a 
Bi-—vys event is “delayed.” The delayed events are 
distinguished by a y2—vys coincidence which operates 
the selective storage circuit. In this case it is obvious 
that an appreciable number of delayed events can be 
mixed into the prompt time-distribution, but the 
energies of the three gamma rays are distinct enough 
that the delayed time-distribution should be pure. 
The relative probability of detecting y; or ys in D2 
controls the amount of mixing in the prompt distribu- 
tion. The mixing can be determined and corrected for, 
or the amount of mixing can be varied by the pulse- 
height selector in channel 2 and the correct result 
obtained by extrapolation. 
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Fic. 4. Detector-source arrangement. 
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Fic. 5. Decay scheme of Ca*?. 


VI. ANALYSIS OF RESULTS 


In order to understand the accuracy of the results 
that can be obtained with this method, the role of the 
third detector must be carefully considered. Its addition 
to the standard two-channel time converter would not 
be justified merely to distinguish the delayed events 
from a background of prompt events. The rate of 
accumulation of the triple coincidences is so small 
that the stability of this sensitive instrument would be 
inadequate for maximum accuracy if it were necessary 
to alternate periodically between prompt and delayed 
coincidences. In the arrangement described here, 
where the prompt and delayed events are recorded 
concurrently, there are plenty of prompt events (since 
only a double coincidence is required) which can be 
used to monitor instrumental instabilities and define 
time-zero. 

One must then question what possible differences 
exist between the prompt and delayed events. No major 
problem is presented in insuring that the same amount 
of energy is lost in the two fast detectors for the two 
types of events. In some cases small single-channel 
analyzer window widths must be used to minimize 
differences in the spectral distribution of the various 
particles. Instrumental drifts and instabilities—such 
as those due to counting rate changes—are certainly 
minimized since the events are recorded concurrently. 
There is no problem with the location of two sources. 
The operation of the selective storage system in the 
multichannel analyzer is direct and simple. All pulses 
are processed in the same manner by the analog-to- 
digital converter. The two events are separated at the 
address scaler. Normally the address scaler is reset to 
zero before a channel is assigned to a particular pulse. 
The selective storage system merely resets the address 
scaler to 128 rather than to zero when the delayed 
event is identified. Incidentally, multichannel analyzers 
which do not include this feature may be easily modified 
to provide the selective storage function. 
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It would seem then that the processing of the time- 
sensitive information is quite reliable and the only 
major problem that exists is distinguishing between the 
delayed and prompt events with the third channel. 
This was found to be somewhat difficult in the Ca® 
experiment due to the presence of Compton scattering 
from detector 2 to detector 3. (See Fig. 4) When the 
1.53-Mev y ray is recorded in detector 2, the energy 
lost in the plastic scintillator is from a Compton 
scattered electron. If the incident y ray loses a large 
portion of its energy in the crystal, the scattered + 
ray will have low energy and be directed backward 
from the incident y ray. The effect of the scattered + 
ray can then be quite serious since 7; has low energy 
and low intensity. 

If the 1.53-Mev y ray is recorded in detector 2 and 
then scattered and recorded in detector 3, a prompt 
event (82—y2) will be falsely identified as a delayed 
event. Thus the delayed distribution could be badly 
distorted. Lowering the acceptance window in channel 
2 helped to reduce the effect, but it was still absolutely 
necessary to include the lead Compton shield shown in 
Fig. 4 in order to be able to distinguish the 0.31-Mev 
y ray clearly. (See Fig. 6.) The shield was selected 
(;*5 in. thick) to permit most high-energy y rays to 
pass through to detector 2 while reducing the Compton 
scattering back into detector 3. An even better detector 
arrangement as far as Compton scattering is concerned 
would have been to place the two y detectors at a 90° 
angle. Nevertheless, the 180° position was chosen 
because of the pronounced y—y directional correlation 
in a O—2—0 cascade.’ Even when using the shield, the 
delayed distribution was carefully corrected for the 
presence of a small number of prompt events. 
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Fic. 6. Gamma spectrum of 3X3 detector in 
coincidence with detector 2. 


*C. S. Wu, Pegram Nuclear Physics Laboratories Progress 
Report CU (PNPL)-202 (unpublished). 
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Fic. 7. Delayed time-distribution for Ca*. 








The centroids for the timing distributions were 
calculated from the following formula: 


t= ot ViX;/ >< Vis 


where «x; is the channel number, y, is the number of 
counts per channel, and the sum is over all channels. 
The standard error in the mean value of the distribution 
is given by” 
n 
(o,°=— im (x,—2), 
n(m—1) 1 


where # is the total number of counts in the distribution. 
This can be rewritten more directly in terms of the 
observed data as 


(03) 


Ds y,(x,—Z)*, 


(di y,)? 
See, for example, R. D. Evans, The Atomic Nucleus (McGraw- 
Hill Book Company, New York, 1955), Chap. 26. 
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which is equivalent to 


1 
CLs yen?) -2(Li yumi) J. 
+i 


ox 


VII. RESULTS AND CONCLUSIONS 


The result obtained for the mean life of the second 
excited state of Ca® was 


r= (4.8+0.3) x 10-" sec. 


The limit of error quoted contains both statistical 
and systematic errors but is primarily due to the 
uncertainty in correcting for Compton scattering. An 
additional check was made on the order of magnitude 
of the result by analyzing the exponential slope of the 
delayed distribution (Fig. 7). The two results are in 
good agreement, but the result from the centroid 
analysis is considered more accurate because a much 
larger fraction of the data was used in the determination. 

In the Sc’ experiment it was found that neither the 
Bi—0.49 y or 6:—0.82 y events were delayed by a 
measurable amount. That is, for both cases when either 
the 0.49 or 0.82 gamma rays were considered to be 3, 
there was no measurable difference in the centroids of 
the “delayed” and prompt distributions. There was a 
20% mixing of “delayed” pulses in the prompt distribu- 
tion; but since both distributions were in reality 
prompt, no correction for this mixing was necessary. 
Thus only an upper limit can be set on the mean life 
of the first excited state of Sc*’: 


7<5X10-® sec. 


Since ¥3 is believed to be produced by an £2 transition," 
this short lifetime strongly indicates that the energy of 
the level must be 0.82 Mev and not 0.49 Mev. In order 
to support this assignment, an additional effort was 
made to observe the 82 spectrum. The spectrum was not 
observed, but an improved upper limit on its existence 
of less than 1% was established. 
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We have measured the §-y directional correlations involving the 1.6-Mev 8 group of Sb™ and the 
second excited 2* state (at 1325 kev) of Te™. Both of the y rays (0.72 and 1.32 Mev) de-exciting this state 
were used. For the 0.72-Mev 7 ray, the results for the coefficient « in W (@) =1+-€P2(cos@) are: e=0.20-+0.02, 
0.18+0.02, 0.19+0.03, and 0.22+0.06 for 8 energies of 1.02, 1.16, 1.30, and 1.44+0.07 Mev, respectively. 
For the 1.32-Mev y ray, we find e= —0.28+0.08 for a 8-energy range of 1.0-1.6 Mev. From these results, 
the mixing ratio for the 0.72-Mev y ray is = +0.8_9.:*°-’. It is shown that the 1.6-Mev 8 transition must 
be due, at least partly, to the B,; matrix element. By assuming «=x=0 (in Kotani’s notation), our data 
can be fitted by either Y/s=0.04 (i.e., an essentially unique transition), or Y/z=1.2. Evidence for the ex- 


istence of a 1.25-Mev level in Te is also given. 


1, INTRODUCTION 


HE measurement of 8-y directional! and circular 
polarization? correlations has recently made 
possible the determination of all matrix elements for 
the highest energy 8 group of Sb™, which is a first- 
forbidden nonunique transition. Since this is a transi- 
tion between 3~ and 2+ states, one would normally 
expect vector-type matrix elements to predominate 
which correspond to one unit of angular momentum 
carried away by the lepton field (A=1). It was found, 
however, that the largest contribution comes from the 
tensor-type matrix element B,;; which corresponds to 
\=2 and which, if present alone, would lead to a 
“unique” transition. The same conclusion has been 
drawn, after re-evaluation,’ from the shape of the 
spectrum.®+ 
These results are in accord with the relative slowness 
of the 8 transition (log ft=10.2), and they indicate 
that the transition is not slowed down by an accidental 
cancellation of matrix elements but rather by a selec- 
tion rule. Two such selection rules have been discussed.* 
One of these, the K-selection rule,* applies to collective 
states; it requires \2 AK, where K is the projection 
of the total angular momentum upon the nuclear 
symmetry axis. The other is the j-selection rule’~® 
which can be applied to transitions between shell-model 
configurations whenever proton and neutron number 
t Supported in part by the U. S. Atomic Energy Commission. 
* Present address: Osterreichische Studiengesellschaft fiir Atom- 
energie, Lenaugasse 10, Vienna, Austria. 
1R. M. Steffen, Phys. Rev. Letters 4, 290 (1960). 
? G. Hartwig and H. Schopper, Phys. Rev. Letters 4, 293 (1960). 
3L. M. Langer, N. Lazar, and R. J. D. Moffat, Phys. Rev. 91, 
338 (1953); L. M. Langer and D. R. Smith, Phys. Rev. 119, 1308 
(1960). The agreement between the results from shape analysis 
and from correlation measurements is not too good. 
4A. V. Zolotavin, E. P. Grigor’ev, and M. A. Abroian, Izvest. 
Akad. Nauk S.S.S.R., Ser. Fiz. 20, 289 (1956) [translation: Bull. 
Acad. Sciences U.S.S.R. 20, 271 (1956) ]. 
5 T. Kotani, Phys. Rev. 114, 795 (1959). 
6G. Alaga, K. Alder, A. Bohr, and B. R. Mottelson, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 
7M. Morita and M. Yamada, Progr. Theoret. Phys. (Kyoto) 10, 
641 (1953); 8, 449 (1952). 
8 R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 
*C. E. Johnson and R. W. King, Bull. Am. Phys. Soc. 4, 58 
(1959). 


belong to the same major shell. It permits only transi- 
tions with \2 Aj where / is the total angular momentum 
of the transforming nucleon; if the transition changes 
parity and if there is no admixture from other major 
shells, the selection rule yields an absolute lower limit 
for i. 

Since Sb™ is not a strongly deformed nucleus, it is 
unlikely that it should be describable by the quantum 
number K. Hence, the slowness of the 2.32-Mev 8 
transition is probably due to the j-selection rule. 

As a further example, we have measured the 6-y 
directional correlations involving the second excited 
2+ state of Te and we find a selection rule effect also 
in this 8 transition.’ 


2. DECAY SCHEME OF Sb" 


The decay scheme of Sb™ is not yet completely 
known, but the levels in Te’ below 1.9 Mev, which are 
of interest here, are fairly certain (see Fig. 1). The 
levels at 603 and 1325 kev are well established. In 
addition, a level at 1248 kev has become necessary to 
accomodate several y transitions.'!~ Our evidence for 
this level will be discussed in the Appendix. A third 
level at ~ 1.35 Mev has been tentatively suggested by 
Girgis and Van Lieshout." No higher level below 1.9 
Mev has been found so far." 

The 603-kev level has been assigned spin 2* since 
this follows from systematics and since an £2 character 
for the ground-state transition follows from Coulomb 
excitation.!® Measurements of K-conversion coefficients 

0 Tf the Sb™ nucleus could be described by a quantum number 
K as assumed by Kotani, and if the upper 2* state were found to 
have K =2, then our result would prove that the j-selection rule 
rather than the K-selection rule operates in the case of Sb™. 
This argument is due to R. W. King (private communication). 

11C, L. McGinnis, G. Anderson, G. H. Fuller, J. B. Marion, 
K. Way, and M. Yamada, Nuclear Data Sheets, National 
Academy of Sciences (National Research Council, Washington, 
D. C.), 58-6-21 to 26. 

122 FE. P. Tomlinson, Bull. Am. Phys. Soc. 1, 329 (1956). 

13 B. S. Dzhelepov and N. N. Zhukovsky, Nuclear Phys. 6, 655 
(1958). 

4 R, K. Girgis and R. Van Lieshout, Physica 25, 133 (1959). 

16 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 
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Fic. 1. Decay scheme of 60-day Sb™, taken from the work cited 
in footnote 11. Energies are given in Mev. 


are not in disagreement with the £2 assignment, but 
they tend to give too small values.*"' At about twice 
the energy of the first excited state, the collective model 
predicts a vibrational triplet with spins 0+, 2+, 4+; of 
these, the level at 1326 kev should be the 2+ level since 
it is de-excited by a ground-state transition, and the 
1248-kev level should have spin 4* since it does not 
give rise to a ground-state transition. The ground state 
of Sb'* must be a 3~ state because of the first-forbidden, 
nonunique shape of the 8 spectrum and since no 8 
transition to the ground state has been found. In 
particular, the possibility 4* is ruled out by the absence 
of a P4(cos@) term in the 8-y correlation.' 


3. EXPERIMENTAL METHOD 


The measurements were performed on an automatic 
directional correlation apparatus designed by Steffen.'® 
The @ particles were detected by a plastic scintillator of 
0.95-cm thickness and 3.9-cm effective diameter, 
mounted on a 6292 photomultiplier by means of a short 
light-pipe. The gamma quanta were measured with a 
Nal(Tl) crystal, 3-in. diam X2 in. high, on a 6363 
photomultiplier (see Fig. 1 of work cited in footnote 
16). The electronic equipment was largely identical to 
that used by Steffen, except that instead of several 
single-channel analyzers, one 200-channel analyzer'? 
was used for the y spectrum. 

A block diagram of the electronic arrangement is 
shown in Fig. 2. Here, the triple coincidences of an 
ordinary fast-slow system open the coincidence gate 
of the multichannel analyzer and select the correspond- 
ing y pulse. If the entire coincident y spectrum is 
wanted, SCA is set to accept all pulses. To check the 
performance of SCA;, LA; and the multichannel 
analyzer can be switched to the § side. The delays 
inherent in the single-channel analyzers and in the slow 

®R. M. Steffen, Phys. Rev. Letters 3, 277 (1959). I am very 
grateful to Professor Steffen for giving me the opportunity to use 
his equipment. 


17 Model 3302, manufactured by Radiation Instrument Devel- 
opment Laboratory, North Lake, Illinois. 


coincidence circuit are balanced by a delay cable which 
forms part of LA3;. 

Measuring the 0.72-Mev y ray in the presence of 
the much stronger 0.60-Mev transition (see Fig. 3) 
required good instrumental stability. Since the y pulse 
heights were found to vary by a few percent from day to 
day, presumably resulting from the photomultiplier, an 
automatic gain stabilizer'* was incorporated in the 
system. This instrument uses the output rate of a single- 
channel analyzer (SCA; in Fig. 2) as a gain-sensitive 
signal which is fed back to change the gain of a pentode 
amplifier by varying its screen-grid potential. In this 
manner, gain variations are reduced by a factor between 
30 and 50. To make calibration of the whole system by 
means of a pulser possible, the screen-grid potential 
of the stabilizer can also be fixed to any desired value, 
independent of the incoming pulse rate. 

The remaining instability then was the result of a 
slow zero shift of the analog-to-digital converter in the 
multichannel analyzer. This shift was so small" as to 
be entirely tolerable. 

The automatic cycle of the directional correlation 
equipment (change of angle, recording of registers, etc.) 
is initiated by the timer of the multichannel analyzer 
which also controls the automatic print-out of the 
coincidence spectra. Because of the stability of the 
equipment, fairly long times of measurement (100-200 
min) could be used at every angle. 

The 8 detector was calibrated using the conversion 
line of Ba'*? and the Compton edge of the 1.69-Mev + 
transition of the Sb source. For routine checks of 
stability, a ‘‘linear extrapolation”’ of the highest energy 
8 spectrum of Sb" was employed. The resolution of the 
8 detector was 17% at 0.62 Mev. The y detector had a 
resolution of 9% at 0.66 Mev; we used a peak-to- 
valley ratio (0.72-Mev peak to valley on its low-energy 
side) of the single Sb’ spectrum as a very sensitive 
function of the resolution by which small variations 
could be detected. 

The Sb™ was obtained from Oak Ridge in hydro- 
chloric acid solution. The source holders consisted of 
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“1G. 2. Block diagram of the equipment used for measuring a y 
spectrum in coincidence with a selected 8 energy band. 


18H. Paul (to be published). 
19 With the analyzer in good operating condition, the zero 
position shifted gradually by a total of 1.1 v over 50 days. 
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Fic. 3. Portion of the y spectrum of Sb™ in coincidence with 
1.02+0.07 Mev 8 particles, at 180°. Circles indicate the original 
spectrum; crosses, the spectrum after subtraction of yy and chance 
coincidences; and triangles, the spectrum after subtraction of the 
0.6-Mev peak. The insert shows a control measurement (see 
Appendix), after subtraction of chance coincidences and of the 
0.6-Mev coincidence peak; here, the spectrum to be subtracted 
(y quanta in coincidence with 8 particles of Eg>1.7 Mev) was 
measured simultaneously ; a few representative errors are shown. 


thin Al rings of 5-cm diam, covered by 1.8 mg/cm? 
Mylar. Sources were prepared by slowly evaporating to 
dryness a small drop of the solution placed in the center 
of the source holder and covering the ring by another 
piece of Mylar to prevent contamination of the equip- 
ment by flaking. 


4. MEASUREMENTS AND RESULTS 


We have measured the directional correlation of the 
0.72-Mev y quanta in coincidence with 6 particles of 
1.02-, 1.16-, 1.30-, and 1.44-Mev median energy. The 
8 pulse-height range selected corresponded to 0.14 Mev 
in every case. The entire y spectrum in coincidence 
with the selected 8 particles was recorded by the multi- 
channel analyzer at 90°, 180°, and 270°. This simplified 
the correction for first-order chance coincidences (see 
below) and for contributions resulting from other y 
rays. The total single-y counting rate was used for 
normalization, to correct for geometrical variations.” 
The rate of selected 6 particles remained practically 
constant, except for source decay. 

The measured spectrum was first corrected for yy 
coincidences and second-order chance coincidences.”! 
The former were measured by inserting a 8 absorber, 
the latter by delaying the pulse from SCA, by an 
amount large compared to the resolving time of the 
slow coincidence circuit. Then the single-y spectrum 
was normalized to the coincidence spectrum at the 
1.69-Mev peak and subtracted; since the 1.69-Mev y 


*” These usually amounted to +1.5%. 
21 For a discussion of higher-order chance coincidences, see 
H. Paul, Nuclear Instr. (to be published). 
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peak can result from chance coincidences only, and 
since the first-order chance coincidence spectrum has 
the same shape as the single-y spectrum, this is the 
proper correction for first-order chance events. To 
correct the height of the 0.72-Mev peak for a small con- 
tribution due to the tail of the 0.6-Mev peak, the shape 
of the latter was obtained by measuring the y spectrum 
in coincidence with 8 particles of a kinetic energy 
>1.7 Mev. A correction for the contribution of the 
1.32-Mev y ray was applied by extrapolating the 
Compton distribution of that transition from higher 
energies down. 

Figure 3 shows a portion of the y spectrum in 
coincidence with 8 particles of 1.02-Mev energy, taken 
at 180°. The spectrum is also shown after subtraction 
of yy and chance coincidences, and again after subtrac- 
tion of the 0.6-Mev peak. The coincidence spectrum 
shows peaks at 0.60, 0.72+0.01, and (not shown in the 
figure) 1.32+0.02 Mev, in agreement with the decay 
scheme (Fig. 1). Here, the 0.60- and the 1.69-Mev 
peaks have been used for calibration. Evidence for the 
0.65-Mev transition is discussed in the Appendix. 

Since the 1.6-Mev 8 transition can be expected to be 
first-forbidden, the 8-y correlation is of the form 

W (@)=1+€P2(cos6), (1) 
at any given 8 energy. After all corrections including 
normalization had been applied to the coincidence 
spectra, the sum of four adjacent analyzer channels 
(see Fig. 3) was taken as a measure of the intensity of 
the 0.72-Mev peak. The contribution of the 0.65-Mev y 
ray to the counts in this region should be small. The 
A’=[W’'(180°)—W’(90°) ]/W’(90°) thus 

corrected for detector solid 
angles*.** using the correction factors Qg=0.89 and 
O,y=0.95, where QQ, is the ratio between the uncor- 
rected and the corrected correlation coefficient e. 


anisotropy 


obtained’ was finite 


The results are shown in column 3 of Table I. In 


TABLE I. Measured §-y directional correlations in the decay 
Sb!* — Te!™., The values for E,=0.60 Mev were not corrected for 
the presence of the triple cascade. The errors are standard errors 
based on counting statistics only. 


Coefficient « in W =1+-€P2(cos6) 
E,=0.60 Mev E,=0.72 Mev E,=1.32 Mev 


B energy 
(Mev) 
—0.221+0.012 
—0,252+0.011 
—0.272+0.011 
—0.320+0.009 


0.20+0.02 
0.18+0.02 
0.19+0.03 
0.22+0.06 


1.02 


1.0-1.6 —0.28+0.08 


* The primed symbols indicate quantities before correction for 
finite solid angle. 

% M. E. Rose, Phys. Rev. 91, 610 (1953). 

*% H. I. West, Jr., University of California Radiation Laboratory 
Report UCRL-5451 (unpublished). I would like to thank Dr. 
West for calculating the correction factor for our particular 
geometry, 
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column 2 of this table, the coefficient ¢ for the correla- 
tion between the highest energy 8 and the 0.60-Mev 
¥ transition is also given which was obtained from the 
same measurements.*® The latter results are fairly 
close to Steffen’s' and give us confidence in our results 
concerning the 0.72-Mev y transition; no complete 
agreement is expected since we did not correct the data 
in column 2 for the presence of the triple cascade 
8(Emax= 1.6 Mev)—y(E=0.72 Mev)—y(E=0.6 Mev). 

In a separate measurement, we also obtained the 
anisotropy for the 1.32-Mev y transition in coincidence 
with the 1.6-Mev 6 group. There, single-channel 
analyzers were used to select 1.0- to 1.6-Mev 8 rays and 
1.32+0.06 Mev vy pulses; the multichannel analyzer 
was not used. A second pulse-height analyzer set to 
accept all 8 particles with Zg>1.7 Mev was simul- 
taneously employed, and its coincidences with the 
same selected y pulses were also recorded. This served 
as a chance coincidence monitor. 

Of the coincidences recorded at 180°, only 29% were 
true 6-y coincidences, the rest was first- (47%) and 
second- (12%) order chance coincidences and yy coin- 
cidences (12%). Evidently, the relative scarceness of 
true coincidences not only produces a high rate of chance 
coincidences, but also increases the relative contribution 
of the second-order effects. For our evaluation, we used 
the following approximate formula”: 


sC ‘= 3C- D— C¢", (2) 


where ;C‘ are the true triple coincidences, ;C is the 
measured triple coincidence rate, D is the rate measured 
by delaying one of the pulses that enter the double 
coincidence circuit (resolving time 7) by an amount 
>r, and jC; are the second-order triple chance coin- 
cidences due to true double coincidences. The chance 
coincidence monitor mentioned in the foregoing was 
used as an independent check upon the rates D and ;C,”’. 

The result of this measurement is given in column 4 
of Table I. 


5. EVALUATION AND DISCUSSION 


For the evaluation of our results in terms of nuclear 
matrix elements, we use Kotani’s® expression for e: 


<= (p2/W)k(RiteW)[C(W)}, (3) 


where p and W are electron momentum and total energy, 
respectively, in relativistic units; k(R3+eW) contains 
the spins, 8 matrix elements, and y mixing ratio; and 
C(W) is the shape correction factor. Formulas for these 
terms are given in the work cited in footnote 5. 

Since the two correlations which we have measured 
(columns 3 and 4 of Table I) involve the same 8 transi- 
tion, there is a simple relation between the values « for 


2° The correlation of the 1.32-Mev y ray cannot be obtained 
from these measurements, since the coincidence efficiency was 
set too low for higher energy y rays. 
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the 3— 2-0 and for the 3 — 2 — 2 cascade: 

«(3-4 2-0) F (2202) (1+8) 

«(3—+2— 2) F,(1122)—2F,(1222)5 + F,(2222)8? 
— 0.598 (1+6*) 


=— ——_—_—_., (4) 
—0.418+1.2245-+0.1288 





where the F; are F coefficients” and 6 is the mixing ratio 
(quadrupole/dipole) of the 0.72-Mev y transition. 

Within our limits of error, «(3+ 2— 2) is inde- 
pendent of energy; we therefore use an average value 
e(3 — 2— 2)=0.19+0.01. By substituting this value 
together with «(3 — 2 — 0)= —0.28-0.08 into Eq. (4), 
we obtain 

5= +0.8_0.2*°7. 


This is in agreement with the value 6=1.0+0.2 ob- 
tained by Lindqvist and Marklund?’ using yy-direc- 
tional correlation measurements. 

The essential question to be answered by our meas- 
urements is whether or not the B,; matrix element 
contributes essentially to the 1.6-Mev 6 transition. In 
Kotani’s notation, the four nuclear parameters (com- 
binations of matrix elements) that can contribute to a 
3- — 2+ decay are u, x, Y, and z, where the first three 
contain the vector-type matrix elements and the last is 
proportional to /B,;.'To prove our point, assume z=0 
in €(3-> 2-0), as given by Eq. (3), and substitute 
W,=4.11 and (as an approximate average energy) 
W =3.2. One then gets 


eW 0.0278(2y—8)(—1.47+1.188+2.94y) 
=—= —_—_—_—___—— (5) 


fp  1.09(8—0.6)?-+3.94(-y—0.32)?+0.20 ” 


where 8=u/Y and y=<x/Y. The experimental value is 
B=—0.10+0.03. It can be shown, however, that Eq. 
(5) reaches a value B=—0.03 for Y=0, «=0.05u and 
never becomes smaller. The possibility s=0 can there- 
fore be excluded. This shows that the B;; element is 
necessary to explain the large negative correlation 
coefficient, and further, that a selection rule effect 
slows down the 1.6-Mev @ transition just as it slows 
down the 2.3-Mev transition. 

Finally, one might try to fit the measured correlation 
coefficients by a combination of matrix elements. The 
problem offers many solutions, of course, but assuming 
u=x=0 as for the 2.3-Mev transition'? one can fit 
our data by either Y/z=1.2 or Y/z=0.04. In both 
these cases, the dependence of ¢ on energy is very small, 
in agreement with our results. 
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APPENDIX. EVIDENCE FOR THE 1.25-MEV LEVEL 


When the 0.6-Mev peak was subtracted from the 
composite coincident y spectrum, there was always a 
remainder (see Fig. 3) which might have been ascribed 
to the 0.65-Mev y transition. To check this point more 
carefully, we measured the y spectrum simultaneously 
in coincidence with 8 particles of 1.2-1.46 Mev, and 
with 8 particles of Eg>1.7 Mev. That was done by 
externally routing the coincident pulses into one of the 
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two halves of the multichannel analyzer, depending on 
the 8 pulse height. Since the y pulses for both spectra 
went through the same circuits up to and including the 
analog-to-digital converter, there can be no relative 
pulse-height shift between the two spectra. Indeed, 
they matched perfectly at 0.60 Mev. The additional 
peak was still present after subtraction (see insert of 
Fig. 3), it appeared with an intensity about 0.7 times 
that of the 0.72-Mev peak, at an energy of 65116 kev. 
In view of the large inaccuracies involved in the sub- 
traction, this is in good agreement with the energy 
and intensity expected for that transition’. and 
presents additional evidence for the existence of the 
1.25-Mev level in Te™. 
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An asymmetric mode of mass division in the mass region 66-73 has been observed in the fission of Bi®* 
with 36-Mev protons. About 0.3% of the fissions contribute to this mode. At 58 Mev no evidence for asym- 
metric fission (<0.05% of total fissions) as a separate mode could be found. The fission cross sections at 36 
and 58 Mev are 1.9 and 11.3 mb, respectively. The narrowness of the 36-Mev asymmetric peak leads to the 
suggestion that the asymmetric fission of bismuth results from the fission of a single nuclear species and 
from a closed-shell effect, similar to the fine structure observed in low-energy fission of heavy elements. This 
asymmetric fission is considered to occur from states of relatively high excitation energy. However, the 
possibility of asymmetric fission also occurring from states of low excitation energy, whether following 
neutron evaporation or as a consequence of an inelastic proton interaction, cannot be ruled out. The sym- 
metric fission observed with both 36- and 58-Mev protons is consistent with the results obtained by Fairhall 


in the fission of bismuth with 22-Mev deuterons. 


I. INTRODUCTION 


HE low-energy (<30 Mev excitation) fission of 

bismuth and radium has been shown by Fairhall 
and co-workers! to be strikingly different in mass 
distribution from that of thorium and heavier nuclei. 
Bismuth fission with 22-Mev deuterons! results in a 
narrow, symmetric mass distribution while 11-Mev 
proton fission of radium? exhibits a “three-humped”’ 
distribution. The center peak corresponds closely to 
the narrow, symmetric bismuth distribution while the 


* Supported at Clark University in part by the U. S. Atomic 
Energy Commission, and at Harvard University by the joint 
U. S. Atomic Energy Commission—Office of Naval Research 
program. 

t Present address: Nuclear Science and Engineering Corpora- 
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1A. W. Fairhall, Phys. Rev. 102, 1335 (1956). 

2 R. C. Jensen and A. W. Fairhall, Phys. Rev. 109, 942 (1958); 
118, 771 (1960). 


two outside humps resemble the asymmetric modes that 
might be obtained for thorium fission, suitably adjusted 
for the difference in mass number. More recently 
Fairhall, Jensen, and Neuzil* have shown that sym- 
metric fission is very sensitive to excitation energy but 
not to target mass number while asymmetric fission 
exhibits much greater sensitivity to mass number and 
less to energy. 

We felt it conceivable that bismuth might also 
display an asymmetric mode, no doubt of small proba- 
bility, if studies could be made at an excitation energy 
sufficiently low that it is not overwhelmed by the more 
probable symmetric mode. On the other hand, since 
the fission cross section drops rapidly with decreasing 
energy in the particle energy region of 20-40 Mev, 
there is a practical lower limit as well. 

3 A. W. Fairhall, R. C. Jensen, and E. F. Neuzil, Proceedings of 
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In this work initial measurements were made using 
58-Mev protons, in which no evidence for asymmetric 
fission could be found, and subsequently at 36 Mev 
where definite evidence of a departure from symmetric 
mass division was observed. 

Aside from the work of Fairhall e¢ a/.,!~* no low-energy 
particle-induced mass-distribution studies of bismuth 
fission had been made at the time these studies were 
begun, although Sugarman and co-workers‘ have exten- 
sively investigated bismuth fission at energies above 
75 Mev. Total cross-section measurements for bismuth 
fission at energies below 100 Mev have been reported 
by a number of workers.° 


II. EXPERIMENTAL 


All proton irradiations were carried out at the 
Harvard University synchrocyclotron whose nominal 
maximum proton energy is 160 Mev. The proton 
energies used in this work were obtained by intercepting 
the internal beam at appropriate radii. The energy was 
determined by measuring the current on the target 
probe as a function of the oscillator frequency. Since 
the phase oscillation amounts to about 1 Mev while 
the spread in energy due to radial oscillation is about 
10 Mev, this method can give a good measurement of the 
energy and the energy distribution of the beam. The 
energy values quoted here are most probable values 
which are about 5 Mev below the maximum value. 

Beam currents ranged from 0.1 to 1.0 ua and bom- 
bardment times from 15 min at 58 Mev to two hours 
at 36 Mev. During the course of this work a total of 22 
irradiations were obtained. In most irradiations an 
internal monitor (Sr) was used and all formation 
cross sections were measured relative to it. In two 
irradiations at each energy the beam was monitored 
with Cu foil which had been carefully aligned with the 
target. Absolute measurements of the Cu®™ activity 
produced and the known cross sections’ for the 
Cu(p,pn) reaction at the two energies (348 mb at 36 
Mev, 254 mb at 58 Mev) placed the Sr* cross section 
on an absolute scale. In these bombardments a 1-mil 
Al foil was inserted between the copper and bismuth 
to prevent recoil of spallation products from copper 
into the bismuth. 

Targets were prepared from Bi metal obtained from 
several different sources. Of these a sample from the 
Fielding Chemical Company’ was found by activation 
analysis to contain the smallest amount of uranium and 
zinc impurities, either of which would seriously inter- 


*L. Jodra and N. Sugarman, Phys. Rev. 99, 1470 (1955); P. 
Kruger and N. Sugarman, Phys. Rev. 99, 1459 (1955). 

5E. Kelly and C. Wiegand, Phys. Rev. 73, 1135 (1946); J. 
Jungerman, Phys. Rev. 79, 632 (1950); H. Steiner and J. Junger- 
man, Phys. Rev. 101, 807 (1956); J. T. Gilmore, University of 


California Radiation UCRL-8369, 
(unpublished). 

6 J. W. Meadows, Jr., Phys. Rev. 91, 885 (1953). 
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fere with the measurements. Details of the impurity 
analysis are given in Part III. The lumps of Bi metal 
were fabricated into foils by a method described by Bell 
and Skarsgard.* Target thicknesses were about 100 
mg/cm? and dimensions about 1 cm by 2 cm. The 
energy loss of a 36- or 58-Mev proton in the target is 
about one Mev.® The Bi foil was sandwiched between 
the assembly such that the proton beam was perpen- 
dicular to the 2-cm? area and first passed through a 
guard foil before striking the bismuth. The edges of the 
guard and target foils were aligned by cutting all three 
with a razor blade after clamping in the holder. 

The guard foils were occasionally counted for recoil 
loss of Bi fission fragments. This never amounted to 
more than 0.5%. 

After irradiation at Harvard University, the Bi 
target was chemically processed at Clark University, 
and separated fractions were counted. A brief descrip- 
tion of some of the chemical separation methods is 
presented in the Appendix. Because many of the cross 
sections measured were of the order of a microbarn, 
special pains were taken to insure good decontamination 
from spallation products formed with cross sections 
10° times larger. 

Counting measurements were made chiefly on flow 
beta Geiger counters of a type that has been described.” 
For measurement of very weak activities (less than 50 
dis/min) the counters were operated inside 7 in. of steel 
and anticoincidence shielding. Under these conditions 
the background rate was 0.25 count/min. In general 
nuclides were identified by chemical behavior, half-° 
life, and beta absorption curves. In no case were there 
any appreciable differences from literature data." In a 
few cases with adequate counting rate, radiochemical 
purity checks were made with a scintillation spec- 
trometer. Observed beta counting rates were converted 
to disintegration rates by application of correction 
factors described previously.” 


Ill. RESULTS 


The formation cross sections measured are listed in 
Table I and shown graphically in Fig. 1. The values 
shown have been corrected for chain yield (except for 
shielded or directly formed nuclides), that is, for the 
direct formation of isobaric nuclides of higher atomic 
number than the nuclide counted. Only in the cases 
of Ni®, Zn”, Zn”, and Ga™ was there appreciable 
(>10%) correction for this effect. The correction was 
calibrated with the four measured “independent” yields 
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TABLE I. Bismuth fission yields* with protons. 








Mass 
number 


55-hr Ni — 5-min Cu® 
61-hr Cu 

3-hr Zn 

49-hr Zn — 14-hr Ga* 
14-hr Ga (direct) 

5-hr Ga 

39-hr As 

36-hr Br (shielded) 
2.3-hr Br 

18.6-day Rb (shielded) 
53-day Sr 

9.7-hr Sr 

67-hr Mo 

7.5-day Ag 

3.2-hr Ag (from parent)* 
3.2-hr Ag (direct) 
5.3-hr Ag 


Total fission cross section 


36 Mev 
(ub) 


0.48+0.08 
0.72+0.14 
0.80+0.04 
0.85+0.05 
0.15+0.01 
0.44+0.03 
0.76+0.13 
0.26+0.03 
5.7 +1.0 
2.7 
3545 
56+3 
167+3 
9349 
88+9 
8.1 
85413 


1900 


58 Mev 
(ub) 


Nuclide counted? 





5.5+0.8 
9.5+3.8 


15.4+2.9 
2.5 


490+ 20 
790+50 
590+60 
520+80 
38+6 
380+40 


11 300 





* Corrected for fractional chain yield unless cross section is for directly 
formed or shielded nuclide; errors indicate only mean deviation of replicate 
determinations. All yields measured at least twice unless shown without 
error. 

b Observed half-lives are given. 

© Counted equilibrium mixture. In some runs Ga7? was milked from 
equilibrium Zn7*—Ga" mixture to measure Zn” yield. 

4 Ag"? measured in equilibrium with 21-hr Pd parent; yield is that of 
parent. 


(Ga, Br®, Rb**, Ag") and calculated from the equal- 
chain-length model as described by Pappas.” The 
smooth curve is drawn above the measured Zn” yield 
since the yield of only one of an isomeric pair was 
measured. 

The errors shown are the mean deviation from the 
mean of replicate experiments, in general less than 209% 
and frequently much smaller. Yields measured only 
once are indicated without an error. Summing the mass 
distributions of Fig. 1 at 36 and 58 Mev leads to total 
fission cross sections of 1.9 and 11.3 mb, respectively. 
On an absolute basis, the error in individual formation 
cross sections is probably of the order of 30%, not 
including the error in the monitor cross section. On a 
relative basis, however, the 36-Mev data should be 
valid to 15-20% and those at 58 Mev to 10-15%. By 
this we mean that the ratio of (Cu®’)/a(As”’) at 36 
Mev should have a root-mean-square error of not more 
than 30%. The total fission cross sections are probably 
correct to about 40%, excluding the error in the 
monitor cross section. 

The possibility that the structure in the 36-Mev mass 
distribution in the neighborhood of mass 66-77 arises 
from impurities in the Bi target was investigated in 
some detail. A false peak in this region could result 
from reactions of two kinds of impurities: fission of 
elements like uranium and thorium, and spallation of 
elements like zinc and germanium which are not 
unlikely contaminants of bismuth. 

The uranium-thorium content was measured by 
irradiating a Bi target about 3 Mev thick (~140 


3A. C. Pappas, U. S. Atomic Energy Commission Report 
AECU-2806, 1953 (unpublished). 
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ic. 1. Mass distribution in fission of Bi® with 36-Mev (open 
circles) and 58-Mev (closed circles) protons. Error flags refer to 
mean deviation of replicate experiments. All yields are corrected 
for fractional chain yield. The curve is drawn above the point for 
mass 71 since only one of a pair of isomers was measured. 


mg/cm?) with 14-Mev deuterons at the Massachusetts 
Institute of Technology cyclotron. The beam current 
was monitored by a thermocouple that had been 
calibrated with a Faraday cup. Subsequently, strontium 
and barium fractions were isolated and counted for 
Sr” and Ba", Fairhall has shown!’ that the cross 
section for Bi fission under these conditions is less than 
10-* cm?*, and in any case Ba™ is a most unlikely 
product in Bi fission.! Assuming that the fissionable 
species were all uranium nuclei, we estimated the 
uranium content from the known formation cross 
sections” for producing these nuclides. The ratio of 
saturation activities Sr*'/ Ba! was consistent with their 
production from uranium fission."? The Fielding bismuth 
in duplicate measurement showed an estimated 1.5-ppm 
(parts per million) impurity by weight (calculated as 
uranium). 

The Berkeley group" has measured formation cross 
sections for a number of nuclides produced in the 


44M. Lindner and R. N. Osborne, Phys. Rev. 94, 1323 (1954); 
H. G. Hicks and R. S. Gilbert, Phys. Rev. 100, 1286 (1955); P. C. 
Stevenson, H. G. Hicks, W. E. Nervik, and D. R. Nethaway, 
Phys. Rev. 111, 886 (1958). 
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32-Mev proton fission of uranium. Extrapolating these 
data to the mass region 66-77, we find that the expected 
yields from a 1.5-ppm uranium impurity are smaller by 
factors of 10*-105 than our observed yields. On the 
other hand, we do not consider it feasible to investigate 
with our present target material the possible comple- 
mentary yield peak in the region of mass 130-140 
because here the contribution from the uranium 
impurity would be of the same order of magnitude as the 
yields expected from bismuth, and hence must be 
accurately known. 

The nuclides Ni®*, Cu®’, Zn”, Ga”, Ga”, and As”? 
could be produced by spallation of zinc and germanium. 
Activation analyses for zinc in the Bi target were made 
by sandwiching the bismuth between ZnO layers 
deposited on aluminum and irradiating the stack with 
14-Mev deuterons. From the average Zn®™ activity 
produced in the front and back ZnO layers (they 
differed by about 10%) and the Zn®™" activity found 
in the bismuth, the zinc concentration in the target was 
found in duplicate analyses to be 1.940.3 ppm by 
weight. 

Proton spallation of zinc could produce both Ni® 
and Cu®’. A Zn target (3.1 mg/cm?), electrodeposited 
on 1-mil Al, was irradiated with 36-Mev protons in a 
sandwich that included a Cu foil, an Al guard foil, the 
Zn target, and a second Al guard foil. The yields of 
Ni® and Cu® from zinc were measured after chemical 
separation from the irradiated target. Ni® could be 
formed from the reactions Zn**(p,3p) and Zn™(p,ap). 
Since our determination measures only the sum, 
weighted by the isotopic abundances of Zn®* and Zn” 
in natural zinc, we report here only that the formation 
cross section of Ni® from natural zinc is 4 wb. Similarly, 
the formation cross section of Cu® from natural zinc 
is 0.5 mb. The beam intensity as before was monitored 
by the Cu®(p,pn)Cu® reaction in the Cu foil. Applying 
these cross sections to a 1.9-ppm zinc impurity in the 
bismuth results in negligible (<0.1%) corrections for 
Ni® and Cu’. Thus even though the cross sections 
above are probably not known to better than 50%, the 
effect on the observed Ni® and Cu yields can be 
disregarded. 

The possibility of a substantial germanium impurity 
was excluded on indirect grounds. If germanium were 
present, one would expect a variety of arsenic activities 
from (p,«n) reactions. In fact, however, the decay 
curve and beta absorption curve of the arsenic fraction 
indicated only the presence of the 0.7-Mev beta of 
39-hr As”. Less than 5% of the observed activity could 
have come from arsenic isotopes of appreciably different 
half-life or beta energy. Thus we conclude that the 
germanium content is small and we can neglect 
spallation-produced contribution to the observed yields 
of Zn”, Zn”, Ga”, Ga”, and As?’. 

We conclude then that the increased yield in the 
mass region 66-77 arises from bismuth fission and not 
from the activation of impurities. 
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IV. DISCUSSION 


The 58-Mev mass distribution has the symmetric, 
sharply peaked shape similar to that observed by 
Fairhall' in 22-Mev deuteron fission of bismuth. Even 
at mass 67 where the fission yield is 5X 10-°%, there is 
no evidence of appreciable departure from a symmetric 
type of fission. 

The 36-Mev data indicate, however, that all of the 
yields in the mass region 66 to 77 are the same within 
less than a factor of two. The less probable yields of 
light products in a mass-yield distribution usually 
decrease exponentially with mass number. If we 
extrapolate with a slope determined by the yields at 
masses 77, 83, and 89, the yields at masses 66, 67, 72, 
and 73 should be (in microbarns) 0.026, 0.034, 0.17, 
and 0.23, respectively, if only symmetric fission is 
occurring. Our observed yields are much _ higher. 
Evidently asymmetric fission is also occurring. 

The peak yield in the asymmetric mode occurs at 
about mass 70 (and presumably at mass 136 if #, the 
average of neutrons per fission, is 4). The symmetric 
peak is at mass 103. In radium fission with 11-Mev 
protons,? the asymmetric peaks occur at about masses 
87 and 135 and the symmetric peak at mass 111. In the 
fission of thorium, uranium, and heavier elements, the 
light peak moves to lower masses as the mass number 
of the target is reduced while the heavy peak remains 
essentially fixed. The same effect appears to exist here. 
The region of mass 130-140 will be investigated in the 
future with targets containing a lower uranium 
concentration. 

If we sum the asymmetric peak, the cross section is 
about 6 microbarns or about 0.3% of the symmetric 
cross section (1900 microbarns). Thus the probability 
for the occurrence of asymmetric fission in bismuth at 
an excitation energy of about 41 Mev is very small. 

Fairhall e¢ al. have shown’ that the probability of 
fission for elements in the mass region of lead is very 
critically dependent on excitation energy. In fact 
Fairhall' concludes that the relative narrowness of the 
mass distribution in bismuth fission with 22-Mev 
deuterons is a consequence of the fission only of the 
compound nucleus Po”. The fissionability of Po* at 
~10 Mev less excitation energy (i.e., following neutron 
evaporation) is very much less. 

In this context we interpret the observed symmetric 
peak as follows. Since compound-nucleus formation is 
likely’ for 36-Mev protons on bismuth, the initial 
nucleus is Po” excited to 41 Mev. From the fission- 
ability curves'® of Fairhall e¢ al. (expressed as o;/or, the 
ratio of fission to total reaction cross section), we 
estimate a;/cr to be about 210-*. Our observed 
os (~99.7% symmetric fission) is 1.9 mb; og has been 
measured to be 1.3 b.* Thus a;/or is 1.5X10-, in 
reasonable agreement with the above. After evapora- 


167. Halpern, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1959), Vol. 9, p. 245. 
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tion of one neutron, o;/cr is about 3X10; thus 
relatively little contribution from fission following 
neutron evaporation (Po™, E*~30 Mev) is expected. 

The origin of the asymmetric mode is more difficult 
to define within the Fairhall model,’ which suggests 
that the observed asymmetric fission must have 
occurred from an excitation energy of less than 20 Mev. 
The fissionability o;/ar at 20 Mev is very small 
(~4X10-° for Po®® and ~4X10-* for Po*).!> The 
observed asymmetric fission probability o./cr is 
5X 10~-*. Thus if asymmetric fission of polonium nuclei 
is a low-energy phenomenon (E*<20 Mev), it appears 
to be competitive with symmetric fission, that is, 
oa/TR~O;/or. 

Fairhall and co-workers’ have made an empirical 
correlation of o./or with B,—Ewj+é6=A where B,, is 
the neutron binding energy, Ex, is the fission threshold, 
and 6 is a term that corrects for odd-even effects in 
both B, and Ey.* The correlation is intended to apply 
for relatively low excitation energies, E*< 12 Mev. The 
ratio o./or appears to be a very sensitive function of A 
for A<0. Applied to our case, we must assume an 
average fissioning nucleus like Po’ in order to obtain 
sufficiently low E*. For Po’, B, is 7.4 Mev"’; 6 is 0.7 
Mev and is to be added for odd-A nuclei.’® Halpern"® 
estimates Ey, from Fairhall’s fission excitation func- 
tions to be ~18 Mev for Po nuclei. Thus A is about 
— 10 Mev, in which case o,/opr is much less than 10~, 
according to our extrapolation of the empirical corre- 
lation. If the correlation is correct, one conclusion that 
can be drawn from these data is that the fission threshold 
in polonium nuclei is very large. An equation such as 
Ew,=0.555(46—Z?/A) Mev, which appears to apply in 
the region of uranium," is clearly not applicable at 
polonium. From a different point of view, Halpern’® 
arrives at the same conclusion. 

Although the shape of the asymmetric peak is not 
well defined by the data of this experiment, it seems 
inescapable that the peak is very narrow. The full 
width at half-height is only about 7 mass units, com- 
pared to 17 mass units for the symmetric peak and 15 
mass units for the asymmetric peaks in 11-Mev proton 
fission? of Ra”®, 

Fong'® has pointed out that the only very narrow 
peaks that have been observed in fission mass distri- 
butions are the fine-structure peaks in spontaneous 
fission and low-energy induced fission of thorium and 
some of the heavier elements.” The fine structure, 
which occurs chiefly in the region of fragments with 82 
neutrons and in the complementary region of light-mass 


16 J. D. Jackson, Atomic Energy of Canada Report AECL-329, 
1956 (unpublished). 
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fragments, has been attributed” to preferred forma- 
tion of 82-neutron fragments in the fission act and 
enhanced post-fission neutron evaporation by products 
having somewhat more than 82 neutrons. These effects 
tend to disappear as the excitation energy is increased,” 
there being little departure from a smooth curve in 
14-Mev neutron-induced fission of U™*®. 

Noting that the complementary peak is near the 
50-proton and 82-neutron shells, we suggest that the 
narrow peak observed in 36-Mev bismuth fission is a 
consequence of shell structure, as in the fine structure 
found in heavy-element fission. As Fairhall' has argued 
in discussing the narrow symmetric peak in 22-Mev 
deuteron fission of bismuth, we further attribute the 
narrowness of the asymmetric peak to the fission of a 
single nuclear species. If this species were of relatively 
low excitation energy (e.g., 20 Mev) at the time of 
fission, an asymmetric peak summing to a few micro- 
barns should have been observed in Fairhall’s experi- 
ment. Since the fission cross section with 22-Mev 
deuterons was only about 10 wb and appeared to be 
exclusively symmetric fission, we conclude that the 
excitation energy of the single species leading to the 
observed asymmetric fission was higher than 29 Mev 
(22 Mev plus deuteron binding energy), and indeed the 
most probable value may be 41 Mev. 

As the excitation energy decreases from 40 Mev, 
os=oato, decreases by a factor of 10 in 10 Mev while 
probably increases somewhat. Under these 
conditions the contribution to asymmetric fission of 
nuclei after the evaporation of one neutron must be 
small, and still smaller contributions are expected for 
fission after multiple neutron evaporation. At ~60-Mev 
excitation, oy no longer decreases so rapidly with 
energy (a factor of 6 in 20 Mev). In this case multi- 
chance fission is likely, and the general broadening of 
the mass distribution as a consequence of the fission of 
several species increases the yields of products of large 
mass ratio. The lack of a separately resolved asymmetric 
mode with 58-Mev protons is consistent with these 
notions. 

The suggestion that shell effects persist at relatively 
high excitation energies should be examined. In the 
case of 36-Mev protons forming a compound nucleus 
with Bi, the total excitation energy is about 41 Mev, 
of which perhaps 18 Mev goes to nuclear distortion and 
23 Mev to nuclear excitation (less whatever rotational 
excitation there may be). According to Blatt and 
Weisskopf,” a nucleus of mass 210 can be considered 
a simple degenerate gas to excitation energies of the 
order of 50 Mev. Most of the energy will be concen- 
trated in those nucleons near the top of the potential 
well. In Po” there are 78 nucleons before the 50p-82n 
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shells are reached; an average excitation energy of 0.3 
Mev per nucleon will take up all of the available 
energy, leaving these shells intact. Even if the proba- 
bility that the excitation energy will be distributed in 
this way is small, this is still satisfactory for discussing 
a very improbable event like asymmetric fission. A 
value of 10-5 may be large enough. 

On the other hand, in the case of a strongly deformed 
nucleus shell effects tend to disappear.* The situation 
for deformed nuclei excited to twenty-odd Mev is not 
clear. Nevertheless, it seems very likely that a closed- 
shell effect is important in almost all asymmetric fission 
since the heavy-mass peak is in the neighborhood of 
mass 135 for fissioning nuclei from californium to at 
least radium, and probably extending to polonium. 
For the purposes of this discussion, the closed shells 
need not be those found in spherical nuclei but may be 
some other configuration that is energetically favored. 

On the basis of the present evidence we cannot rule 
out the possibility that asymmetric fission also occurs 
from nuclei of lower excitation energy, as a result of 
neutron evaporation following compound-nucleus for- 
mation or of an inelastic interaction of the proton with 
bismuth nuclei depositing only a fraction of the avail- 
able momentum and energy: In this case we would 
expect from the arguments above that this contribution 
would be smaller (compared to that which was ob- 
served) and the distribution broader since several 
fissioning species would be involved. It is conceivable 
that the asymmetric peak broadens markedly at mass 
numbers below 66. Limitations due to the presence of 
trace impurities and the lack of adequate detection 
sensitivity prevent us from exploring these notions at 
this time. 
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APPENDIX. CHEMICAL SEPARATION PROCEDURES 


The Bi target was dissolved in ~ 10 ml of 6M HNO. 
This solution was usually divided into aliquots (#5 to 3) 
and appropriate carriers added. In some cases several 
nuclides were isolated from the entire target solution. 


~ R. H. Lemmer and A, E. S. Green, Phys. Rev. 119, 1043 
(1960). 
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Substantially the same separation and purification 
procedures as those described in standard references*:** 
were used for arsenic,”* bromine,” strontium,”* molybde- 
num,” and silver®; they will not be discussed further 
here. 

For elements whose nuclides are formed in very small 
yield (Ni, Cu, Zn, Ga) or that for which a method 
considerably different from the standard ones was used 
(Rb), a brief summary is given below. The choice of 
elements to be separated from a given aliquot as well as 
the size of the aliquot was a compromise among 
formation cross sections, half-lives, and chemical 
compatibility. 

Nickel. Precipitated as Ni-dimethylglyoxime in am- 
monical solution in presence of excess citrate; scavenged 
with Bi—Cu—Pd—Sb sulfide, Pd-dimethylglyoxime, 
BaCO;—Fe(OH);, and AgCl; purified by anion ex- 
change on Dowex-1; counted as NiS. 

Copper. Scavenged with BaCO;—Fe(OH); in am- 
moniacal solution, CdS (in presence of cyanide), and 
AgCl; purified by anion exchange on Dowex-1; counted 
as CuSCN. 

Zinc. Precipitated as ZnHg(SCN)4; scavenged with 
BizS; and BaCO;—Fe(OH);; purified by anion ex- 
change on Dowex-1; counted as ZnHg(SCN).«. 

Gallium. Scavenged with Mo-a-benzoinoxime, Cd-—- 
Sb—Bi sulfide, Fe(OH); (in 0.1M@ NaOH); extracted 
into diethyl ether; back-extracted into water and 
evaporated to dryness several times with HBr (to 
remove Ge, As, Se) ; extracted into diethyl ether; back- 
extracted with water; counted as Ga-8-hydroxy- 
quinolate. 

Rubidium. Coprecipitated with cesium as silicotung- 
states; scavenged with BaCO,;—Fe(OH);; Rb—Cs 
separated with HBil,; precipitated Bi.S;; precipitated 
RbC1O,; purified by cation exchange on Duolite 
C—3"; counted as RbCIO,. 

Reagent blanks measured by processing an un- 
irradiated Bi target through the chemical procedures 
gave values of <0.5 count/min for the nickel, copper, 
zinc, and arsenic fractions. These were measured on a 
counter whose background was 0.25 count/min. 


* Radiochemical Studies: The Fission Product, edited by C. D. 
Coryell and N. Sugarman (McGraw-Hill Book Company, Inc., 
New York, 1951) National Nuclear Energy Series, Plutonium 
Project Record, Vol. 9, Div. IV, Part VI. 

26 ‘Collected radiochemical procedures,” edited by J. Klein- 
berg, Los Alamos Report LA-1721 (rev.) 1954 (unpublished). 

26 R. J. Prestwood, reference 25, p. 91. 

27. E. Glendenin, R. R. Edwards, and H. Gest, reference 24, 
paper 232, 

#8 L. E. Glendenin, reference 24, Paper No. 236. 

* N. E. Ballou, reference 24, Paper No. 257. 

*L. E. Glendenin, reference 25, p. 138. 
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Longitudinal Polarization of O Positrons*+ 
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The longitudinal polarization of positrons from the pure Fermi transition of O“ has been studied by the 
method of Bhabha scattering. A prismatic beta-ray spectrometer selected 1.0-Mev positrons which then 
were focused by a solenoidal magnetic lens on a Supermendur foil magnetized by the lens. Scattered posi- 
trons and recoil electrons were detected in fast coincidence. The scattering asymmetry observed upon 
reversal of the lens magnetic field was (4.16+-0.80)%, which corresponds to positron longitudinal polariza- 


tion + (0.97+0.19) v/c. 





I. INTRODUCTION 


N 1957 Gerhart et al.! undertook to measure the 
longitudinal polarization of positrons emitted in the 
pure Fermi decay of O"“. Two severe experimental 
problems had to be surmounted: production of suffi- 
ciently intense sources of 71-sec O" and elimination of 
interference from the coincident 2.3-Mev gamma ray 
following each O" beta decay (see Fig. 1). Because of 
the energetic gamma ray it was necessary to select 
positrons with a beta-ray spectrometer, which aggra- 
vated the source strength problem. From the beginning, 
two approaches were considered: (1) measurement of 
the circular polarization of annihilation-in-flight radia- 
tion by scattering from magnetized iron; (2) measure- 
ment of Bhabha (positron-electron) scattering in mag- 
netized foils. Preliminary estimates indicated the first 
approach to be more efficient in using the available O" 
positrons.” Because of this the first method was used, 
and an experimental asymmetry in the Compton scat- 
tering of annihilation-in-flight quanta of (1.94--0.46)% 
was observed.! The interpretation of this asymmetry in 
terms of longitudinal polarization of the O" positrons 
was difficult and subject to a variety of calculational 
problems. The result obtained for the polarization, in- 
cluding only the statistical error of the data, was 
P=+(0.7340.17)v/c. Because of the unsatisfactory 
nature of this result we have used the second method, 
Bhabha scattering, to determine the same polarization. 
Bhabha scattering has two advantages over the an- 
nihilation-in-flight method. First, and most important, 
is that the theoretical interpretation of the experimental 
asymmetry in terms of polarization, though still in- 
volving complex numerical computations, is not subject 
to the uncertainties which arose in the annihilation-in- 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+ Based in part on a dissertation submitted by J. C. Hopkins 
to the University of Washington in candidacy for the degree of 
Doctor of Philosophy. 

tNow at Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

§ Now at San Jose State College, San Jose, California. 

1 J. B. Gerhart, F. H. Schmidt, H. Bichsel, and J. C. Hopkins, 
Phys. Rev. 114, 1095 (1959). 

2 Later experience has shown that to obtain comparable ex- 
perimental uncertainty in the positron polarization the second 
approach requires observation of approximately four times as 
many events as the first approach. 


flight experiment. Second, the expected experimental 
asymmetry for maximum positron polarization in the 
Bhabha scattering experiment is ~4.3% compared to 
~2.6% expected in the annihilation-in-flight experi- 
ment. In the scattering experiment we find for 1.0-Mev 
O* positrons an asymmetry of (4.16+0.80)%, which 
corresponds to a longitudinal polarization P= + (0.97 
+0.19)v/c. This result is in full agreement with the 
predictions of the two-component neutrino theory.’ 


II. EXPERIMENTAL METHOD 
A. Apparatus 


Bombardment of N» gas with 22-Mev H;* ions from 
the University of Washington 60-in. cyclotron was used 
to produce O" by the reaction N“(p,7)O™. The activity 
was chemically purified, converted to water vapor, 
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Fic. 1. O" decay scheme. [Data from F. Ajzenberg-Selove and 
T. Lauritsen, Nuclear Phys. 11, 1 (1959); R. K. Bardin, C. A. 
Barnes, W. A. Fowler, and P. A. Seeger, Phys. Rev. Letters, 
5, 323 (1960); and D. L. Hendrie and J. B. Gerhart, Phys. Rev. 
121, 846 (1961). ] 


3J. D. Jackson, S. B. Treiman, and H. W. Wyld, Phys. Rev. 
106, 517 (1957). 
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transported about 100 ft to the experimental apparatus 
in a continuous flow system, and there frozen onto the 
end of a copper rod held at liquid nitrogen temperature.‘ 
Sources of 7 to 8 mc were used during the experiment 
which were stable to within 20% for long periods. The 
O* contamination produced by the N"5(p,)O" reaction 
on the 0.37% abundant N" in the target gas was deter- 
mined by observing the decay of positrons in the energy 
range actually used (1.0 Mev) for Bhabha scattering. 
It was found that (9+4)% of these positrons were 
from O" rather than O", an amount which has a negli- 
gible effect on our experimental results.® 
Figure 2 is a schematic diagram of the Bhabha scatter- 
ing apparatus. Positrons from the source enter the 
prismatic spectrometer through a 0.0005-in. Mylar 
window. A lead shutter can be placed in front of this 
window to determine the effects of source gamma rays. 
Positrons selected by the spectrometer (17% momen- 
tum resolution) are deflected approximately 90° and 
leave the spectrometer through a 1.5 by 1.5 in. exit 
window. The positrons then enter a solenoid 15 in. long 
and 4.75 in. in inside diameter. The solenoid is iron- 
covered to contain its magnetic field as much as possible 
and thus to prevent interaction between the solenoid 
and the spectrometer. The solenoid focuses the positrons 
on the scattering foil placed just inside the opposite 
end of the solenoid (Fig. 3). In addition, the solenoid 
field is used to magnetize the scattering foil. By revers- 


4A more complete description of the O production system is 
given in the work cited in footnote 1. 

5 It is possible to predict the longitudinal polarization that would 
be observed in a mixture of O" and O"* positrons of the same energy 
(see work cited in footnote 3). Assuming time-reversal invari- 
ance, Ca=Ca’ for the axial vector interaction, and evaluating 
the nuclear matrix elements for the O and O** transitions from 
their respective ft values and the beta-decay coupling constants, 
we have calculated the expected longitudinal polarization for a 
mixture of 91% O"“ and 9% O"* for various values of = (Cy’—Cy) 
/Cy. In this case, the expected longitudinal polarization differs 
from that expected for O" positrons alone by 0.0% if 6=0, by 
0.7% for 6=0.2, and by 4.2% for 6=0.5. Since there is little 
question that 6<0.5, it is evident that ignoring the O'* in our 
O* source leads to an error far smaller than the experimental 
uncertainties. 
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Fic. 2. Bhabha scattering ap- 
paratus. The outline of the spec- 
trometer pole face is indicated on 
the right. The spectrometer 
vacuum chamber was made large 
to reduce scattering of gamma rays 
into the solenoid. On the left are 
shown the three detectors. The 
scattering foil is shown rotated 
about the solenoid axis 90° from 
its actual orientation. 





ing the solenoid field, the foil magnetization is also 
reversed and in principle the sense of rotation of the 
positrons in their orbits, but this does not otherwise 
affect their distribution at the scattering foil. In practice 
this is only approximately true because it is not possible 
to isolate the spectrometer and solenoid fields com- 
pletely, and because the intensity and velocity distribu- 
tions of the positrons entering the solenoid are not 
symmetric about the solenoid axis. Because of these 
effects the apparatus produces a scattering asymmetry 
which is instrumental in origin and must be determined 
experimentally. This instrumental asymmetry is of 
the same order of magnitude as the true scattering 
asymmetry. 

Two scattering foils are arranged to form a V-shaped 
trough whose apex lies on the solenoid axis. The foils 
are inclined, so that their planes make a 30° angle with 
the solenoid axis. Foils of 0.00019-in. Supermendur® 
were used for the polarization measurements. To de- 
termine the instrumental asymmetry 0.0005-in. alumi- 
num foils were used (these had approximately the same 
electron density as the Supermendur foils). 

Since the O" source was not completely stable, it was 
necessary to monitor the positron beam. This was done 
with a plastic scintillator placed on the solenoid axis 
about 5 in. beyond the scattering foil. Positrons enter 
the scintillator through a perforated lead shield which 
passes one-tenth of the positron beam. The scintillator 
was connected to a DuMont 6292 photomultiplier 
through a 12-in.-long light guide. In normal operation 
the monitor counting rate was about 10‘ counts/sec, 
which corresponds to a beam of 10° positrons/sec. 

Scattered positrons and recoil electrons are detected 
in coincidence by two 2-in. by 3.5-in. by ;g-in. plastic 
scintillators (Fig. 3). The centers of these detectors are 
at angles of 35° with the solenoid axis. In the central 
plane of the spectrometer they detect particles scattered 


* We are grateful to Dr. H. L. B. Gould of the Bell Telephone 
Laboratories, who generously supplied the thin Supermendur foils. 
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Fic. 3. Schematic drawing show- 





ing orientation of scattering foils 
and detectors. The monitor counter 
is omitted for clarity. 


SCATTERING FOIL 


into angles between 25 and 45°. The plastic scintillators 
were made thin to reduce gamma-ray background but 
thick enough to stop the approximately 500-kev scat- 
tered particles. The two scintillators are connected 
through 12-in.-long light guides to RCA 6810 A photo- 
multipliers. In normal operation the counting rate of 
scattered particles in each detector was about 2000 
counts/sec. The total coincidence counting rate was 
0.6 counts/sec. The gains of the scattered particle 
counters and the monitor counter are altered by less 
than 0.04% by reversal of the solenoid field. 

Pulses from the scattered particle counters were 
analyzed in a conventional fast-slow coincidence circuit 
of resolving time 27~4X10~ sec. Pulse height dis- 
crimination was used to exclude low-level background 
and noise. 


B. Coincidence Corrections 


The observed coincidence counts had to be corrected 
for a variety of spurious effects. These include accidental 
coincidences caused by the finite resolving time of the 
coincidence circuit, extraneous coincidences caused by 
gamma rays registered by the counters, and coincidences 
caused by scattering from parts of the apparatus other 
than the scattering foil. Corrections for these effects 
were determined experimentally. Accidental coincid- 
ences accounted for 4.5% of the total coincidence rate. 
Beta-gamma and gamma-gamma coincidences between 
2.3-Mev O" gamma rays and either scattered positrons 
or annihilation quanta were determined with thin plastic 
shutters which could be placed over the scattered parti- 
cle counters to eliminate positrons but not gamma rays. 
Beta-gamma coincidences accounted for 6.7% of the 
total coincidence rate; gamma-gamma coincidences 
accounted for 3.3% of the total coincidence rate. 
Spurious beta-beta coincidences were caused by pairs 
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from the 2.3-Mev O"“ gamma ray. These coincidences, 
which accounted for 1.1% of the total coincidence rate, 
were measured by closing the lead shutter, which pre- 
vented positrons from entering the spectrometer. 
Finally, spurious coincidences could be produced by 
positrons scattering from the foil support or other parts 
of the apparatus. These coincidences were measured in 
the absence of a scattering foil and contributed 6.8% of 
the total coincidence rate. The correction for all types 
of spurious coincidences was 22.4%. 


C. Instrumental Asymmetry 


The spectrometer and lens system used to focus posi- 
trons on the scattering foil would introduce no scattering 
asymmetry if there were no interaction between the 
spectrometer and the solenoid lens, and the lens had a 
perfectly uniform magnetic field. In the actual apparatus 
neither of these requirements was satisfied. The result- 
ing experimental effects are discussed in the following 
paragraphs. 

In order to obtain a sufficiently strong positron beam 
the spectrometer was operated with poor resolution, and 
consequently the exit window had to be large. As a 
result, the positrons entering the lens had different 
momenta according to the part of the exit window they 
passed through. Because of the positron spectrum shape 
the intensity of particles entering the lens also depended 
on the part of the exit window through which they 
passed. Furthermore, the large exit window made it 
impossible to isolate the spectrometer and lens fields 
completely, so that reversing the lens field affected the 
distribution of positrons in the spectrometer exit window 
(Fig. 4). 

If the solenoid had a strictly uniform field it would 
produce at the scattering foil an unmagnified, erect 
image of the positron distribution in the spectrometer 
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Fic. 4. Relative intensity of positrons in the symmetry plane 
of the scattering foils. The length of each arrow indicates the 
relative positron intensity in the direction of the arrow at the 
position indicated. The change in these distributions when the 
solenoid field is reversed is not perceptible in this drawing. A 
Co*® source of the same shape as the O" source was used to obtain 
these data for reasons of experimental convenience. Of course, 
the actual nuclear source of positrons is of no importance since 
these data were used only to Ehauine the intensity distributions 
used in the theoretical calculations discussed in Sec. ITI. 
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exit window for either field direction. But the solenoid, 
which is a thick lens, does not have a perfectly uniform 
field. As a result, the image of the exit window distribu- 
tion produced at the scattering foil is rotated through 
somewhat less than 360° for one solenoid field direction 
and somewhat more than 360° for the opposite field 
direction. Because the positron distribution entering the 
solenoid is not only nonuniform but is also affected by 
the solenoid field, the rotation on field reversal of the 
image formed at the scattering foil results in a scattering 
asymmetry of instrumental origin. 

Since the source strength of the 71-sec O" could not 
be made extremely constant in time, it was necessary to 
monitor the positron beam. The counter used for this 
purpose (see Sec. A) could not be made large enough 
in diameter to intercept all of the positron beam as it 
diverged from the focus of the solenoid lens. Because of 
the change in the positron beam distribution on reversal 
of the solenoid field, this monitor counter also exhibited 
an asymmetry on field reversal, and correction for this 
asymmetry was necessary because the monitor count 
was used to normalize the scattered particle count. 

The instrumental asymmetries were determined ex- 
perimentally by observing the Bhabha scattering from 
a 0,0005-in. aluminum foil. This thickness of aluminum 
has approximately the same number of electrons as the 
Supermendur foil. Consequently, the Bhabha scattering 
from the two foils is comparable. The nuclear charge 
of aluminum, however, is substantially less than the 
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TABLE I. Observed asymmetries. 








Aluminum scatterer (0.0005 in.) 
Scattering asymmetry 
Monitor asymmetry 
Net instrumental scattering 

asymmetry 


— 1.36+0.58% 
+0.81+0.31% 
—2.17+0.66% 


Supermendur scatterer (0.00019 in.) 
cattering asymmetry 
Monitor asymmetry 
Net instrumental and polarization 
asymmetry 


+1.00-+0.34% 
—0.9940.30% 
+1,99+0.45% 


Net polarization asymmetry +4.16+0.80% 








average nuclear charge for Supermendur, and thus the 
Rutherford scattering from the two foils is quite differ- 
ent. This difference, plus the fact that the magnetic 
field disturbance caused by the Supermendur foil affects 
the orbits of particles reaching the monitor counter, 
caused the monitor asymmetries for the two scatterers 
to differ. Consequently, the monitor asymmetry had to 
be determined separately for each scatterer. The ob- 
served asymmetries’ are shown in Table I along with 
the net asymmetry attributable to the positron 
polarization. 


D. Data 


Experimental data for Bhabha scattering of O posi- 
trons were obtained in a single 120-hr cyclotron run. 
Our procedure was to accumulate data with one solenoid 
field direction for 30 min, and then for another 30 min 
with the opposite field direction. After each such pair 
of measurements two 1-min counts were made, one for 
each field direction. In each 1-min count the scattered 
particle counters were shielded from positrons and 
registered only gamma rays. The data for the 30-min 
counts were normalized with the monitor count and 
analyzed for asymmetry in the manner described in the 
work cited in footnote 1. The monitor data for the 1-min 
counts were analyzed to determine the monitor asym- 
metry. The corrections for beta-gamma and gamma- 
gamma coincidences were determined in separate counts. 

A total of 55000 coincidences were observed for 
scattering from aluminum, half before and half after 
the coincidences observed with the Supermendur scat- 
terer. A total of 105000 coincidences were observed 
with the Supermendur scatterer. The asymmetries de- 
duced from the two sets of aluminum data were the 
same within statistical uncertainties. The asymmetry 
determinations are summarized in Table I. 


III. POSITRON LONGITUDINAL POLARIZATION 


The expected scattering asymmetry A for positrons 
of a given direction and momentum which strike a 


7 We define asymmetry so that its limiting values are +100%; 
that is, in the same way that polarization is customarily defined. 
Asymmetry defined in this manner is half that used by some 
workers. 
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specified part of the scattering foil and scatter in a given 
direction can be expressed in the form A= fP(cosn) 
x({(1—«)/(1+6)], where f is the fraction of target 
electrons which are polarized, P is the positron longi- 
tudinal polarization, 7 is the angle between the directions 
of positron and electron polarization, and e= (a/c) is 
the ratio of the Bhabha scattering cross section for 
parallel spins to that for antiparallel spins. In applying 
this formula we assumed that cosy is constant for all 
positron energies, directions, and scattering sites. This 
is equivalent to assuming that the positrons striking the 
scattering foil are perfectly collimated, an assumption 
which is valid to an accuracy much greater than the 
statistical uncertainty of the data. We did take into 
account the experimentally determined distribution of 
positrons and incident positron directions at the scatter- 
ing foil (see Fig. 4) and the finite size of the detectors by 
appropriate numerical integrations. For this purpose we 
used the expressions for the Bhabha scattering cross 
section for unpolarized particles given by Ford and 
Mullins* and the expression for « given by Bincer.’ No 
allowance was made for the negligible effect of energy 
inhomogeneity of the 1.0-Mev positron beam. 

The magnetization of the Supermendur foil was de- 
termined by measuring H and using the B-H curves for 
Supermendur given by Gould and Wenny.” From the 
electron density of Supermendur (taking into account 
its chemical composition) and the electron magnetic 
moment, f was then calculated. We found f=0.092 
+0.001. This figure should be corrected for the con- 
tribution of the orbital motion of the electrons to the 
magnetization. This correction is known" for both iron 
and Deltamax to be about 5%, but it is not known for 
Supermendur. We have omitted any corrections. 

Our calculations give for the expected asymmetry in 
Bhabha scattering A = + (0.0455+0.0024) P. This, com- 
bined with our experimental value, A=-+0.0416 
+0.0080, gives for the longitudinal polarization of 
1-Mev O" positrons P= +0.916= + (0.97+0.19) (v/c). 


IV. DISCUSSION 


In Table II we have summarized the principal meas- 
urements of longitudinal polarization for positrons from 
pure Fermi allowed transitions. The measurements of 


* G. W. Ford and C. J. Mullins, Phys. Rev. 108, 477 (1957). 

® A. M. Bincer, Phys. Rev. 107, 1434 (1957). The expression for 
€ given in this reference is for the case in which the positron and 
electron are distinguished. It must be modified appropriately 
when applied to experimental results like ours, where positrons 
and electrons are not distinguished. 

10H. L. B. Gould and D. H. Wenny, Elec. Eng. 76, 208 (1957). 

1 P. Argyres and C. Kittel, Acta Met. 1, 241 (1953). 
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raBLe II. Experimental positron longitudinal polarization 
in pure Fermi allowed transitions. 


Parent Polarization Reference 
+-0.64+0.39 a 


+ 1.23+0.40 b 


+0.95+0.12 
+1.11+0.37 
+ 1,00+0.16 


+0.73+0.17 


+0.97+0.19 present work 


*M. Deutsch, B. Gittelman, R. W. Bauer, L. Grodzins, and A. W. 
Sunyar, Phys. Rev. 107, 1733 (1957), with thick absorber. 

> M. Deutsch et al., with thin absorber. 

¢ J. B. Gerhart, F. H. Schmidt, H. Bichsel, and J. C. 
Rev. 114, 1095 (1959) 


Hopkins, Phys. 


Deutsch eé al."* were made by observing the absorption 
of annihilation-in-flight radiation in magnetized iron, 
the various values corresponding to measurements at 
different positron energies and with different thicknesses 
of iron absorbers. The first measurement for O was 
made by observing the Compton scattering of annihila- 
tion-in-flight radiation from magnetized iron.' The error 
quoted in this case represents statistical uncertainty 
only and does not include any allowance for systematic 
error. We believe that the low polarization value, 
0.73 (v/c), isa result of our inability to take into account 
completely the effects of strong multiple scattering. It 
is also possible that the low value could have resulted in 
part from a small misalignment of the cylindrical iron 
analyzer with the incident positron direction. 

As discussed earlier, the Bhabha scattering method 
of determining longitudinal polarization has two sig- 
nificant advantages over our earlier method. First, the 
expected asymmetry is nearly twice as large; and second, 
the calculation of the relationship between scattering 
asymmetry and polarization involves only geometric 
factors and the Bhabha scattering cross section. 

Our results are in full agreement with the predictions 
of the two-component neutrino theory. 


ACKNOWLEDGMENTS 


The authors are indebted to H. Nutley, A. J. Lieber, 
and W. A. Kolasinski for assistance in the experimental 
work, and to W. Wong for devising and executing digital 
computor routines used in the theoretical calculations. 
They are grateful to Professor E. M. Henley and 
Professor H. B. Silsbee for valuable discussions during 
the course of the work. 


12M. Deutsch, B. Gittelman, R. W. Bauer, L. Grodzins, and 


A. W. Sunyar, Phys. Rev. 107, 1733 (1957) 





PHYSICAL REVIEW VOLUME 121, 


NUMBER 4 FEBRUARY 


Neutron Transfer to Excited States in N’* in the Reaction N“(N“,N")N® 


KENNETH 


S. Toru 


Oak Ridge National Laboratory,* Oak Ridge, Tennessee 
(Received September 9, 1960) 


The neutron-transfer reaction, N'\(N"“,N™)N, was investigated from 6° to 60 
ions accelerated in the Oak Ridge 63-inch cyclotron. C 


c.m. with 28-Mev N“ 
ircular strips of aluminum foil, each encompassing a 


known angular increment, were used to stop the radioactive N¥ (10-min). Excited states in N™ are unstable 
with respect to proton emission; the first excited state in N™ is 5.28 Mev above ground. Therefore, N™ 


nuclei resulting from transfers to the ground state of 


N® are at least 5 Mev more energetic than those 


resulting from transfers to N™ excited states. The two groups of N" particles were distinguished by placing 
suitable absorbers in front of the aluminum catcher foils. It was found that transfers to excited states be 
come more abundant relative to ground state transfers as the incident N™ energy is lowered 


HE reaction N'*(N",N')N' has been studied 
previously and interpreted as proceeding by 
means of a neutron transferring from one N™ nucleus 
to the other.'! These previous rough measurements are 
consistent with the present data. Two features in con- 
nection with excited states in the product nuclei make 
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the reaction quite distinctive: (1) excited states in N' 
are unstable with respect to proton emission, so that 
all N™ particles detected are necessarily found in their 
ground states, and (2) the first excited state in N'® 
occurs at 5.28 Mev above ground. Therefore, N™ 
nuclei resulting from transfers which leave N'* nuclei 


Fic. 1. N“ activity at various angular increments plotted as a function of the amount of aluminum absorber placed before the catchers. 
The quantity of absorber (abscissa) has been converted to the corresponding N™ energy in Mev. Ordinate scales are in arbitrary units 
and represent activity relative to a monitoring catcher whose absorber was kept at a fixed amount for experiments performed at a given 
N™ energy. Thus, curves at one bombarding energy can be compared with one another but no such comparison is possible between 
curves obtained at different N™ incident energies. Maximum N* energies possible for a particular catcher have been calculated from 
reaction kinematics for N" recoils left in (1) the first excited state, and (2) the ground state. These two energies are indicated by arrows 


for all the curves in Fig. 1. 


* Operated for the U. S. Atomic Energy Commission by Union Carbide Corporation. 


'H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (1956). 
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NEUTRON TRANSFER TO 
in their ground states (ground state transfers) are on 
the order of 5 Mev more energetic than those leaving 
N" recoils in excited states (excited state transfers). 
The large energy gap thus enables one to distinguish 
between the two groups of N™ particles even using 
rather crude detection methods. 

We have investigated the change in the relative 
amounts of ground and excited state transfers at 
various angles as the incident N™ energy is varied. No 
attempt was made to distinguish between transfers 
occurring to the different N'® excited states. Thus a 
statement in the text concerning excited state transfers 
refers to transfers taking place to all the excited states 
in N' up to a certain energy. This energy was between 
8 and 9 Mev in all experiments, with one exception 
where only the first two excited states (5.28 and 5.31 
Mev) were included. The range curves shown in Fig. 1 
level off once the first two excited states have been 
included, indicating that apparently only these two 
excited states contribute importantly to the transfer 
reaction. Surprisingly, the data show that with de- 
creasing bombarding energy excited state transfers be- 
come more numerous than ground state transfers. 

The experimental technique will be described briefly. 
The incident N™ particles were accelerated in the Oak 
Ridge 63-inch cyclotron. The maximum energy is ap- 
proximately 28 Mev. Targets consisted of a nitrogen- 
bearing resin called ‘‘Cymel” with the following ap- 
proximate composition: 25% N, 52% C, 16% O, and 
7% H, by weight. Product N™ nuclei were stopped in 
concentric circular strips of aluminum foil placed at a 
known distance away from the target. This distance 
together with the inner and outer radii of a given strip 
yielded the angular increment encompassed by that 
aluminum strip. After bombardment these aluminum 
catchers were folded and counted directly in shielded 
calibrated Geiger counters, and the amount of N"® 
present in each catcher found by resolving the 10-min 
N" half-life from the gross decay curve. 

The curves in Fig. 1 display N™ activity in a given 
catcher plotted as a function of the quantity of alumi- 
num absorber placed before the catcher. The quantity 
of absorber has been transformed in each case to the cor- 
responding N™ energy. An experimental range vs energy 
curve for N™ in aluminum was utilized for the trans- 
formation.? From the curves of Northcliffe for nitrogen 
ion ranges in aluminum® it was determined that the 
difference between N™ and N“ ion ranges was negligible. 

Two conclusions may be readily drawn from the 
curves shown in Fig. 1: (1) Excited state transfers are 
detected at angles larger than those at which ground 
state transfers appear for a particular bombarding 
energy; and (2) they become more prevalent relative 
to ground state transfers as the incident N™ energy is 
lowered. Arrows in Fig. 1 indicate the maximum N™ 


2 W. H. Webb, H. L. Reynolds, and A. Zucker, Phys. Rev. 102, 
749 (1956). 
3L. C. Northcliffe, Phys. Rev. 120, 1744 (1960). 
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Fic. 2. Angular distributions of N™ particles resulting from 
ground state transfers and obtained at 27.1- and 23.1-Mev bom- 
barding energies. The ordinate is in arbitrary units of the differen- 
tial cross section and applies to the distributions at both energies. 
The distribution at 27.1 Mev is an average of 8 runs, while the 
one at 23.1 Mev is an average of 6 runs. The runs for a given 
bombarding energy are normalized to one another by arbitrarily 
assuming the peak activity (25.5°-31°) equal for all such runs. 
The two distributions were related to one another by bombarding 
the same target at both energies. 


energy possible for a given angular increment for N™ 
recoils left in the ground and first excited states as 
calculated from reaction kinematics. The experimental 
curves drop off at approximately the correct maxi- 
mum energies. The indication is then that the falloffs 
in the curves are not accidental but represent quite 
accurately the ranges of N™ nuclei due to excited and 
ground state transfers. 

Another piece of evidence for the increased impor- 
tance of excited state transfers at lower energies is 
indicated in Fig. 2. The figure shows the angular dis- 
tribution of N“ due to ground state transfers at incident 
N™ energies of 27.1 and 23.1 Mev. Reynolds and 
Zucker have shown that the total cross section for the 
reaction .N“(N“,N%)N! remains fairly constant for 
bombarding energies between 26 and 19 Mev.' The 
large decrease in the amount of ground state transfers 
in going from 27.1 and 23.1 Mev must therefore mean 
that transfers to excited states contribute more at the 
lower energy. 

Bombardments of carbon foils resulted in insignificant 
amounts of 10-min activity at all angles, absorber thick- 
nesses, and bombarding energies. This shows that N™ 
contribution from carbon in the target is negligible. 
The N"™ contribution due to transfers on O'* was not 
determined experimentally. It was assumed to be negli- 
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data point to the reverse conclusion. We offer no ex- 
planation at the present time. 


gible since the total transfer cross section for the O'* 
reaction is smaller than that for C”.‘ 

The expectation would certainly be that at higher 
bombarding energies transfers to excited states would 
be more probable than at lower incident energies. The 
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Elastic scattering from He‘ gas in the energy region of the 1.07-Mev resonance has been used to polarize 
deuterons. After scattering through 30° in the lab by the polarizer, the polarization of the deuteron beam 
has been analyzed by the reaction He*(d,p)He* near 400 kev. This was accomplished by observing protons 
at 0° and 90°, and measuring the dependence of the counting rate ratio on the deuteron polarization 
He*(d,p)He* is well described in this energy region by a single-level Breit-Wigner formula, and therefore 
has a predictable sensitivity to deuteron polarization. The experimental results are consistent with the 
magnitude of the polarization component (720) calculated from the d—« phase-shift analysis 


INTRODUCTION 


EVERAL authors have suggested that deuterons 

elastically scattered from He‘ nuclei should be 
polarized, both at energies near the 1.07-Mev 3* 
resonance,'? and at higher energies.** The phase shifts 
used to make the low-energy polarization predictions 
were obtained from experimental backward hemisphere 
differential measurements.® Figure 1, 
reproduced here for convenience, shows the results 
obtained in reference 1 for the expected differential 
cross section and deuteron polarization components at 
a deuteron scattering angle of 45° in the center-of-mass 
system, or 30° in the lab system. The “vector” polari- 
zation i(7);) has been observed through the analyzing 
reaction Li®(d,v)He*, and found to have an energy 
dependence consistent with Fig. 1.6 The magnitude of 
i(T1:) has not been verified because no calibrated 
analyzer has been available. It was first pointed out by 
Galonsky et al.,’ however, that the reaction He*(d,p)He* 


cross-section 


* Now at Physics Department, Columbia University, New 
York, New York. 

' Lee G. Pondrom, Phys. Rev. Letters 2, 346 (1959). 

*L. J. B. Goldfarb and J. R. Rook, Nuclear Phys. 12, 494 
(1959). These results are in substantial agreement with reference 1. 

3R. J. N. Phillips, Phys. Rev. Letters 3, 101 (1959). 

‘J. L. Gammel, B. J. Hill, and R. M. Thaler, Phys. Rev. 119, 
267 (1960). 

5A. Galonsky and M. T. 
(1955). 

® Lee G. Pondrom and J. W. Daughtry, a paper delivered at the 
1960 Nucleon Polarization Conference in Basel, Switzerland, 
Suppl. Helv. Phys. Acta (to be published). See this report also 
for work done by Barloutaud ef al. with higher energy polarized 
deuterons. 

7A. Galonsky, H. B. Willard, and T. A. Welton, Phys. Rev. 
Letters 2, 349 (1959). 


McEllistrem, Phys. Rev. 98, 590 


should serve as a calibrated analyzer for the components 
(To), (Tm), and (T2), because a broad single-level 
resonance dominates the cross section near 400 kev. In 
this experiment we use the He’ reaction to check the 
magnitude and energy dependence of (720). 

The quantum numbers for the He*(d,p)He* resonance 
near 400 kev are 4S3;2—>?D3,2, giving an isotropic un- 
polarized cross section.’ The angular distribution of 
protons in the center-of-mass system for incident 
polarized deuterons then follows from the general 
formula of Simon,’ and is 


da /dQ=§R | S|2{1—4V2(T 2)’ (3 cos’?@—1) 
—V3(T>,)’ sin@ cosé cosd 


— $v3i T 29 ’ sin’6 cos29}, (1) 


where S is a single-level resonance matrix element."” 
The primed polarization quantities are linear combi- 
nations of the first reaction components shown in Fig. 
1, for they are quantized along the incident ¢ axis of 
the second reaction; @ and ¢ are the usual polar and 
azimuthal angles for the second reaction, with xz plane 
lying in the plane of the first scattering. In this experi- 
ment the beam is scattered through 30° to the left in 
the laboratory by the “polarizer,” and hence the new 
z axis is at an Euler angle 8=-+30° in the original xz 
plane. If we ignore the small components (7»2:) and 


*W. S. Porter, B 
1578 (1958). 

® Albert Simon, Phys. Rev. 92, 1050 (1953), Eq. (2.9) 
normalization of the tensors (7,,) differs from Simon’s. 

” A similar formula has been written down by L. J. B. Goldfarb, 
Nuclear Phys. 12, 657 (1958). 
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iG. 1. Differential cross section and polarization for deuterons 
in d—a scattering, reproduced from reference 1. The polarization 
components are defined in terms of the spin components as follows: 
T= —4v3(N), (T2)=4V2(3S2—2), (Tn)=—4vV3(NS.4+S.N), 
and (T22)=4$v3(N*), where N=S,+iS,. The quantization axis 
is the incident beam z direction. 


(T22) and apply the rotation matrix only to (T29), we 
obtain 
do/dQ= XR | S| 2{1—[4v2 (3 cos’@—1) 
+-3,/6 sin8 cosé cos 
+ 3;v2 sin*@ cos2¢ KT )}. (2) 


This equation shows that the isotropic unpolarized 
cross section now has an angular dependence propor- 
tional to (70). If the deuteron energy is varied over the 
polarizing d—a resonance, the angular dependence of 
the analyzing reaction will resonate with (72). The 
energy dependence of the He*(d,p)He* cross section 
itself is all contained in the factor X°\S|?. The narrow 
resonance in the polarizing reaction and the energy 
independence of the analyzing reaction suggest the 
experimental technique. 


EXPERIMENTAL EQUIPMENT 


Figure 2 shows the experimental configuration. The 
He* scattering chamber, or “polarizer,” was identical 
to the one used in the vector polarization measurements 
described in detail in reference 6. The Ni windows for 
the incident beam were cooled with the target gas." 


1M. J. Scott and R. Lindgren, Rev. Sci. Instr. 28, 1090 (1957). 
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Fic. 2. Gas target setup for the double-scattering measurements. 
The Het ‘‘polarizer” is described in the text. The He* analyzer was 
designed to measure the 0° to 90° proton counting-rate ratio, 
which depends on the deuteron polarization. 


The effective target was 40 kev thick, or approximately 
the full width of the d—a resonance. This sharp reso- 
nance in the differential served as a 
sensitive indicator of the energy of the scattered beam. 
When the deuteron beam energy at the target center 
1.07 Mev, the ratio of the 
monitor rate to the incident beam current was twice 
as large as the off-resonance values obtained 50 kev 


cross section 


was on the resonance at 


on either side. The beam energy could easily be reset 
on the resonance to +5 kev. The polarized beam left 
the He‘ target through a collodion ‘‘New Skin” window, 
which was about 60 kev thick. The window was 3 in. 
in diameter, and was supported by an 80% transmission 
set of parallel wires; it withstood a pressure of 15 cm 
Hg. The analyzer target was a cylinder of He® gas, 
+ in. in diameter and 3 in. long, with its axis along the 
polarized beam direction. It intercepted a solid angle of 
5X 10~ steradian of the polarized beam, which corre- 
sponded to a flux of ~10’ deuterons/sec. A 0.075-mil 
Ni entrance foil degraded the deuterons from 900 to 
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lic. 3. Experimental results for [¢(0°)/o (90°) ]—1 as a function 
of deuteron energy, varied over the polarizing resonance (Het 
data), and the corresponding unpolarized energies (argon data). 
The dashed curve is the kinematic prediction for He*(d,p)Het in 
the region of 500 kev. 





G. PONDROM 


e@ THIS EXPT He*—A 
PREDICTED CURVE 


(o(O")/e(90°))— | 


°o 





98 1.02 1.06 IO 114 7118 
E, AT CENTER OF He* TGT, Mev 


NET 


-0.10-4 





Fic. 4. Experimental results for the difference (He* minus 
argon) as a function of deuteron energy. The predicted curve is 
not normalized; it is obtained directly from Eq. (2) and energy 
dependence of (7'29) given by Fig. 1, with the energy resolution of 
the He‘ target and the angular resolution of the proton counters 
folded in. The errors are statistical. 


500 kev, and the He’ target itself, at a pressure of 3 
atmosphere, was about 100 kev thick. The proton 


detectors were 1-mm thick CsI(T1) crystals, 1} in. in 
diameter, and 3 in. from the center of the He’ target 
volume. The proton counting rates were typically 
about 10 per minute. Pulses from the 16-Mev protons 
were well above any background in the crystals, and 
were simultaneously recorded in two 128-channel sets 
of a 256-channel analyzer. As is discussed in reference 
6, the first scattering chamber was filled with argon 
gas to Coulomb scatter an unpolarized beam into the 
He’ chamber for checking purposes. A typical He‘— He’ 
run lasted about two hours, and was preceded and 
followed by argon— He’ check runs of about 30 minutes 
each. 


RESULTS AND DISCUSSION 


The experimental data consist of ratios of the forward 
direction proton counting rate to the 90° proton 
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counting rate as a function of energy, for both a polar- 
ized and an unpolarized deuteron beam. Figure 3 shows 
the quantity [#(0°)/o(90°)]—1 as a function of 
deuteron energy through the polarizing resonance 
(He‘ runs), and at the same energies with a Coulomb- 
scattered unpolarized beam (argon runs). Each Het 
datum represents the average of two or three two-hour 
runs; the various runs were statistically consistent. 
The deuteron energies at the He* target center shown 
in the figure were obtained by measuring the excitation 
function for He*(d,p)Het and comparing the results 
with the known energy variation of the cross section. 
The dashed curve in Fig. 3 is the kinematic prediction 
for [o(0°)/a(90°) ]—1 which arises from the center-of- 
mass to lab solid angle transformation. This ratio favors 
0° with respect to 90° in the lab system, and increases 
slowly with increasing energy. Figure 4 shows the He* 
results with the argon results subtracted out. This 
subtraction essentially transforms the data into the 
center-of-mass system, because the difference between 
center-of-mass and lab polar angles at 90° is about 2.5°, 
and can be ignored. Thus the data in Fig. 4 can be 
directly compared with the ratio calculated from Eq. 
(2). The solid curve shown in Fig. 4 is 
~0.50(T » 


av 


[e(0°)/#(90°) }—1 


obtained from Eq. (2), where the “av” indicates that 
the energy resolution of the polarizing target has been 
folded into the (72) graph of Fig. 1, and the —0.50 
contains the angular resolution of the analyzing 
counters. The agreement between the predictions and 
experimental results is quite good. 

This experiment confirms the d—a_phase-shift 
analysis for the deuteron polarization component 
{T). The correctness of the magnitude of (71) is 
therefore strongly implied, 
measurement of this 
desirable. 


absolute 
would be very 


although an 
component 
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Liquid-Drop Nuclear Model with High Angular Momentum* 
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The equilibrium shapes of rotating liquid drops are calculated in the spheroidal approximation. The 
solutions are prolate forms for high angular momenta such as are produced in compound nuclei resulting 
from heavy-ion bombardments. This is thought to account for the angular and energy distributions observed 
in heavy-ion-induced fission and light-particle evaporation. 


UCLEAR reactions induced by high-energy heavy 
ions differ in several ways from reactions with 
energetic protons or other light ions. Even at several 
hundred Mev the trajectory is classical up to the point 
of contact, the probability of formation of a compound 
nucleus is large,'! the available energy per nucleon is 
only a few Mev, and the average angular momentum 
of the compound system is very large. In recent heavy- 
ion experiments on high-energy fission and particle 
evaporation, processes which are usually described with 
a compound-nucieus model, there is evidence for 
important effects due to large angular momentum. 
These effects are of two types: (a) The angular distri- 
butions of evaporation particles? and fission fragments*® 
are sharply and symmetrically peaked ahead and behind 
ninety degrees in the center-of-mass system. (b) The 
barrier for charged particle evaporation? is lowered, 
and the fission barrier is probably reduced also.* 

In an attempt to incorporate high angular momentum 
into the compound nucleus we have investigated a 
liquid-drop model with collective rotation. The model 
is similar to that of Pik-Pichak* who has studied the 
lowering of the fission barrier by high angular momen- 
tum. In this paper we are concerned with the bases of 
the model and a study of the equilibrium shapes of 
liquid-drop nuclei of high angular momentum. These 
shapes may be of interest as starting points for evapo- 
ration and fission calculations, but such calculations 
are not developed here. 


THE MODEL 
When an energetic heavy ion collides with a target 
nucleus the compound system can have very large 
angular momentum, typically 50 to 200%. If a com- 


* Supported in part by the U. S. Atomic Energy Commission. 


'V. A. Druin, S. M. Polikanov, and G. N. 
Phys.—JETP 5, 1059 (1957). 

2 W. J. Knox, A. R. Quinton, and C. E. Anderson, Phys. Rev. 
Letters 2, 402 (1959), W. J. Knox, Proceedings of the Second 
Conference on Reactions Between Complex Nuclei, Gatlinburg, May, 
1960 (John Wiley & Sons, Inc., New York) i 

3A. R. Quinton, H. L. Britt, W. J. Knox, and C. E. Anderson, 
Nuclear Phys. (to be published). Also A. E. Larsh, G. E. Gordon, 
T. Sikkeland, and J. R. Walton; V. E. Viola, H. M. Blann, and 
T. D. Thomas; E. Goldberg, H. L. Reynolds, and D. D. Kerlee, 
Proceedings of the Second Conference on Reactions Between Complex 
Nuclei, Gatlinburg, May, 1960 (John Wiley & Sons, Inc., New 
York). 

1G. A. Pik-Pichak, Soviet Phys.—JETP 7, 238 (1958). 
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pound nucleus is formed it must carry this angular 
momentum, and we assume that such large values can 
only be carried by collective rotation of the nucleons. 

The available center-of-mass energy in such a collision 
is shared among several forms. Some fraction will excite 
the intrinsic motion of the nucleons, and the remainder 
will appear as collective energy: vibration, distortion, 
and rotation. Without a specific model the energy 
partition is not calculable, but with any model both 
the intrinsic and collective energies are appreciable 
fractions of the total. 

The intrinsic and collective energies are related in 
some fundamental but obscure way. In classical langu- 
age this relation is described by the hydrodynamic and 
thermodynamic properties of the nuclear matter. The 
most detailed considerations of the hydrodynamic 
properties of nuclei have been made in connection with 
the Bohr-Mottelson theory of low-energy collective 
rotations of deformed nuclei. The developments of 
this theory indicate that there is as yet no unambiguous 
way to introduce collective rotation into an arbitrary 
system of nucleons. The original theory® assumed a 
hydrodynamical model with irrotational flow and gave 
too small moments of inertia. Later calculations,® 
mostly with the Inglis model, have increased the 
moments to the range of the experimental values which 
lie midway between the irrotational and rigid-body 
values. The complexity of this low-energy problem 
arises from the interaction of nucleons in closed and 
unclosed shells. Closed shells rotate as irrotational fluid, 
but even small interactions with nucleons outside the 
shells cause large increases in the rotational inertia, 
even sufficient to cause the whole nucleus to assume 
the rigid-body value. 

Recently it has been shown’ that a Fermi gas rotates 
as a rigid body even when particle-particle interactions 
are present. Thus it seems plausible that in the absence 
of closed shells nuclei rotate as rigid bodies. At the 
high excitations of interest here it is unlikely that shell 
effects persist, and we assume rigid-body rotations. 

5 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 

* A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fvs. Medd. 30, No. 1 (1955); D. R. Inglis, Phys. Rev. 96, 
1059 (1954); S. A. Moszkowski, Phys. Rev. 103, 1328 (1956); 
D. R. Inglis, Phys. Rev. 103, 1786 (1956). 

7R. D. Amado and K. A. Brueckner, Phys. Rev. 115, 778 
(1959); R. M. Rockmore, Phys. Rev. 116, 469 (1959). 
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The collective properties of a nucleus are described 
by its shape. In the liquid-drop model two shape- 
dependent energies are used. These are the surface- 
tension energy and the Coulomb self-energy. Their 
shape dependence is usually derived by classical calcu- 
lations for a distorted, uniformly charged liquid drop 
with constant density and surface tension, and the two 
energy coefficients are deduced from the Weizsiicker 
semiempirical model of nuclear masses. 

Neither the assumption of uniform charge nor energy- 
independent surface tension is correct. The former 
conflicts with the Stanford electron-scattering data, and 
the latter with theories of the pressure of a statistical 
system. However, at the present time, it does not seem 
possible to incorporate these refinements, and we will 
ignore them. Our model is a liquid drop rotating as a 
rigid body with constant mass and charge densities 
and constant surface-tension described by the constants 
of the Weizsicker model. The intrinsic energy of the 
nucleons is simply the remainder after the equilibrium 
collective energy is calculated with the classical mini- 
mum principles discussed below. 


THE DYNAMICAL PRINCIPLES 


The classical problem of an isolated rotating liquid 
held together by gravitation has received much atten- 
tion as a model in cosmogony.* Although the forces in 
the nuclear problem are completely different, the gen- 
eral dynamical principles are the same and there are a 
number of analogies in detail. 

Two dynamical principles have been developed to 
find the equilibrium shapes of an isolated liquid mass 
rotating as a rigid body.’ One is an energy-minimum 
principle which is written,® 


E=V+(Jh)?/29=minimum, (1) 


where V is the algebraic sum of all potential energies, 
Jh is the constant angular momentum, and J the rigid- 
body moment of inertia about the rotation axis. In the 
gravitational problem V is the total gravitational self- 
energy (negative). In the nuclear liquid drop the 
dominant (and negative) energy term is the volume 
energy which, for constant density, can be ignored in 
Eq. (1) since only volume-preserving shapes are con- 
sidered. Even in processes where the number of nucleons 
changes, such as the initial impact leading to the 
compound nucleus, this volume energy can be ignored. 
Thus, in the nuclear liquid drop, V is the sum of a 
Coulomb self-energy (positive) and a surface-tension 


§ Reviews of the long history of this problem appear in: J. H. 
Jeans, Problems of Cosmogony and Stellar Dynamics (Cambridge 
University Press, New York, 1919); R. A. Lyttleton, The Stability 
of Rotating Liquid Masses (Cambridge University Press, New 
York, 1953); W. S. Jardetzky, Theories of Figures of Celestial 
Bodies (Interscience Publishers, New York, 1958). 

* Rotation as a rigid body in no way implies rigidity in the 
elastic sense, but simply means that the local transverse, collective 
velocity is proportional to the radial distance from the axis of 
rotation. 


AND 


W. J. KNOX 
energy (also positive) which is the product of a surface- 
tension constant and the surface area. The energy 
minimum is to be sought by arbitrary shape variations 
conserving mass, volume, and angular momentum. 

Since the Coulomb and surface energies can be 
integrated only for certain families of shapes, the 
generality of Eq. (1) is not immediately useful. One 
must assume some suitable family of trial shapes for 
which V can be calculated, find the minimum subject 
to this restriction, and proceed to the true minimum by 
expansions around this trial shape. Further, with Eq. 
(1) alone one never knows when the true minimum has 
been reached. 

The second dynamical principle is derived from the 
hydrodynamical equation of motion and the constancy 
of pressure on the drop’s surface. It reads* 


—o+ Oe =constant on the surface, (2) 


where ¢ is the total potential (per unit mass) at a 
surface point, w the angular velocity, and r the radial 
distance from the rotation axis to the surface point. 
In the gravitational problem ¢ is the gravitational 
potential at the surface (negative). In the nuclear 
liquid drop” ¢ is the sum of a similar Coulomb potential 
(positive) and a surface-tension curvature potential or 
surface-tension pressure per unit mass (also positive). 
The practical difficulties of applying Eq. (2) are similar 
to those for Eq. (1) with one exception. If a solution 
to Eq. (2) is found then it is automatically a figure of 
stability. 

Discussions of stability in cosmogony* distinguish 
between ordinary and secular stability. A secularly 
stable shape is stable for all small oscillations even when 
there is internal dissipation of dynamical energy, 
whereas if this ‘‘friction” is zero the stability is said to 
be “ordinary.” This distinction only occurs in problems 
with collective rotation and the rules are rather unfa- 
miliar. A secularly stable shape is also ordinarily stable, 
but the reverse does not hold. Ordinary instability 
implies secular instability, but again the reverse does 
not hold. The condition of absolute minimum of Eq. 
(1) insures secular (and hence ordinary) stability. 
Equation (2) is less stringent; both kinds of stability 
are included in its equilibrium shapes. 

In the gravitational problem simple trial shapes (at 
least in retrospect) are also exact solutions. They are 
oblate ellipsoids of revolution about the rotation axis 
(Maclaurin spheroids), and nondegenerate ellipsoids 
with their shortest axis along the rotation axis (Jacobi 
ellipsoids). As the angular momentum increases from 
zero (sphere) the secularly stable shapes are a sequence 
of Maclaurin spheroids of increased flattening. At a 
certain angular momentum this sequence crosses the 
sequence of Jacobi ellipsoids; that is, there is one shape 
common to the two sequences and at this point secular 

W. J. Swiatecki, Phys. Rev. 104, 993 (1956), has used Eq. 
(2) without the rotation term to find the saddle-point shapes in 
liquid-drop fission theory. 
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stability is transferred from the Maclaurin to the Jacobi 
shapes. This is an example of Poincaré’s organization 
of “linear sequences” of secular stability and their 
“points of bifurcation.” 

The dynamical assumptions of Eqs. (1) and (2) are 
sufficiently general for the nuclear liquid drop model. 
Of course, the solutions will not be Maclaurin spheroids 
and Jacobi ellipsoids. However, they might be expected 
to be somewhat similar. With small angular momentum 
a spherical drop will become oblate, and for high 
angular momentum prolate forms will minimize Eq. (1). 

A principal difference between the cosmogonical and 
the nuclear problem involves the relevance of secular 
stability. In the gravitational problem the system 
begins in a secularly stable shape, and the question is 
to trace its evolution as the density slowly increases. 
Evolution along a sequence of shapes only occurs if 
they are secularly stable because of the irreversible 
transfer of collective dynamical energy into heat. In 
the nuclear problem the true relation between collective 
and intrinsic energies may permit reversible inter- 
changes. However, the constant-volume model used 
here cannot treat such interchanges since no thermo- 
dynamic work can be performed at constant volume. 
This is a rather unsatisfactory feature of the model 
since it separates the intrinsic and collective energies 
permanently, even in the initial impact and the evolu- 
tion closely following it. This cannot be true. Thermal 
expansion and lowering of the surface tension must 
occur at high intrinsic excitation but, as we have 
noted, we are unable to include these effects quantita- 
tively at this time. 

We ignore these difficulties and assume that the 
system after impact evolves along a sequence of unstable 
states during which collective energy is irreversibly 
transferred to intrinsic energy until the absolute mini- 
mum of Eq. (1) is reached. We also ignore collective 
vibrations or other processes which could interrupt this 
evolution. If the energy minimum of Eq. (1) is deep 
and prolate we feel that this is reasonable, since the 
system is already elongated at impact. If there are 
several minima separated by low barriers the assump- 
tion is very questionable. 

THE SPHEROIDAL APPROXIMATION 

For analytical calculation of the stable shapes of 
Eq. (1) it is necessary to have explicit formulas for 
the energies. The simplest shapes for this purpose are 
spheroids (ellipsoids of revolution), and we have 
investigated these shapes in some detail. 

It is necessary to remember that shapes which 
minimize Eq. (1) are not the true stable shapes unless 
all distortions are permitted. With only spheroidal 
distortions the minimum shapes may be poor approxi- 
mations. Indeed, it can be shown with Eq. (2) that the 
rotating nuclear liquid drop shapes are never spheroids. 
However, the spheroidal minima of Eq. (1) might be 
expected to be fair approximations in most cases and 
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should be good starting points for further approxi- 
mations using more general distortions. 

The calculation proceeds as follows. We assume an 
incompressible liquid with surface tension and uniform 
volume charge and calculate the energy of Eq. (1) for 
two classes of spheroids: (a) oblate spheroids with the 
rotation axis along the symmetry axis, (b) prolate 
spheroids with the rotation axis through the center and 
perpendicular to the symmetry axis. Taking z as the 
rotation axis and a, b, ¢ as the semiaxes of the ellipsoids, 
the energy of Eq. (1) for fixed angular momentum is a 
function of the shape described by a single parameter 
n: ©>(a/c=b/c=n)>1 for the oblate case and 
0< (c/a=b/a=n) <1 for the prolate case." We call the 
axis ratio 7 in both cases. Thus 9 ranges from zero to 
infinity, passing through the sphere at »=1. The 
numerical coefficients for the Coulomb and surface 
energies are taken from the semiempirical mass formulas 
of Green.” For spherical nuclei, denoted by superscript 
0, Green’s formulas can be written 

E,9=42reOA'=17.80A: Mev, 
Eo= ero Z°A—*=0.710Z7A-} Mev, 
ro=1.216XK10-" cm, 
r=r A}, 
bh? d¢-'= 35.34A-*3 Mev, 


where A, r, and Z refer to the compound nucleus. The 
collective energy of Eq. (1) is 


E, E,\ 1 (Sh) 7 Io 
E= a )+22( )+ - (-). (3) 
a ig 2 Io g 


where the dimensionless terms in parentheses depend 
only on the shape. For prolate spheroids 
E, sin ‘(1=n?)* | 

=9n') 1+ , 
n( 1— n° 3 
(1+ (1—n*)?} 
1 1— 2) 
27° | | 


In mF 
li—(1—?) 


and for oblate spheroids 


[n+ (n°—1 


n(n>—1)3 


* tan [ (n?>—-1 


There is also an identical prolate form with the long axis 
along y. 

2A. E. S. Green, Nuclear Physics (McGraw Hill Book Com- 
pany, Inc., New York, 1955). 
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Fic. 1. Maximum angular mo- 
mentum in compound-nucleus for- 
mation assuming classical tra- 





160 Mev o'° 


jectories and tangential contact of 
ion and target. The angular mo- 
mentum is sensitive to the nuclear 
radii which are assumed to be 
1.216 10-%A! cm. The assumed 
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relation® between the target Z2 
and Az is Zz=}$A2—0.2A2?/(Az 
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To study the shapes of nuclei throughout the periodic 
table we must assume some relation between Z and A 
for the compound nucleus. In these calculations we 
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Fic. 2. Variation of the surface, Coulomb, and rotation energies, 
of Eq. (3) and their sum, the total collective energy for the com- 
pound nucleus A = 66, Z=31 with J =70. The energies E.°= 168.64 
Mev, £,°=290.70 Mev, $h?50~'J?= 160.60 Mev of the spherical 
shape are taken to be zero in the figure. 


assume that the farget nuclei lie on Green’s line” of 
beta stability and choose compound nuclei made from 
these by oxygen-16 capture. However, this does not 
mean that our compound nuclei apply only to this 
mode of formation. 

In the calculations J is treated as a parameter and a 
different energy vs shape curve results for each J. In 
order to use these curves, the possible J in a given 
collision are investigated separately. We assume that 
the maximum J, J max, corresponds to tangential contact 
of ion and target in a classical Coulomb scattering with 
no distortion of either nucleus. On this assumption 


Jaat= (rit r.)[2M (E, m — ky ») |}, 


where r; and r, are the radii of ion and target nuclei, 
M is the reduced mass, E,.m. is the total kinetic energy 
in the center-of-mass system at infinite separation, and 
Ecy is the Coulomb barrier energy defined as 


¢ ZL 
Ecy = 


rite 


Figure 1 shows Jmax for several ions and targets. 
Although each impact yields a different J and hence a 
different shape, certain averages are of interest. The 
arithmetic average J for a uniform flux of ions is $/ max, 
and the J which divides all collisions into equal numbers 
with greater and lesser J is 2-7 nox. 

Figure 2 shows the variations of the surface, Coulomb, 
and rotational energies with the distortion parameter 
» for a particular J and compound nucleus. Figure 3 is 
a set of energy curves for the same nucleus. Figure 4 
gives the value of » for which the energy is a minimum; 
these curves were calculated from dE/dn=0. 
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Fic, 3. The total collective energy / of Eq. (3) as a function 
of the distortion parameter » for the compound nucleus: A = 66, 
Z=31. 


The intrinsic excitation energy of the nucleus can be 
obtained by subtracting from the total energy available 
in the reaction the sum of the rotational, surface, and 
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Fic. 4. The spheroidal distortion parameter at the prolate and 
oblate energy minima as a function of the compound nucleus A 
for various angular momenta. 
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Fic. 5. Intrinsic excitation energy at the prolate energy mini- 
mum of compound nuclei formed by bombardment with 160-Mev 
O"* ions. Curves for different angular momenta are shown. The 
dashed curve corresponds to J max. 


Coulomb energies. The excitation energies for the 
shapes of minimum collective energy are shown in 
Figs. 5 and 6 for the cases of bombardment with 
160-Mev oxygen ions and 400-Mev argon ions. 

If the spheroidal shapes give absolute minimum for 
Eq. (1), then for these shapes Eq. (2) would be satisfied. 
This is not the case. The total curvature of spheroids 


varies too rapidly” near the outer edges of the figures 
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lic. 6. Intrinsic excitation energy at the prolate energy mini- 
mum of compound nuclei formed by bombardment with 400-Mev 
A” ions. Curves for different angular momenta are shown. The 
dashed curve corresponds to J max. 


'8W. J. Swiatecki, reference 10, finds this also for nonrotating 
liquid drop nuclei. 
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to allow Eq. (2) to be satisfied. Typical errors in 
fitting the surface pressure with spheroidal figures are 
ten percent. Another less serious point regarding prolate 
spheroidal shapes should be mentioned. No prolate 
spheroid can satisfy Eq. (2) since all points on a 
circular trace which lies in plane parallel to the rotation 
axis have the same total curvature and Coulomb 
potential but are at different distances from the rotation 
axis and hence cannot satisfy Eq. (2). This is also true 
in the gravitational problem and is responsible for the 
flattening of the Jacobi ellipsoids. 


DISCUSSION 


Aside from questions regarding the validity of the 
classical model for nuclei of high angular momenta, the 
calculations themselves are quite incomplete. The 
spheroidal shapes are thought to be fairly good first 
appreximations but this has not been proven. Calcu- 
lations of distorted spheroids would test this. We have 
begun such calculations using the methods of spheroidal 
harmonic analysis," but the calculations are incomplete. 

If, however, we accept the spheroidal shapes as 
reasonable approximations to the true equilibrium 
shapes, we may discuss qualitatively the effect of high 
angular momentum in compound nucleus reactions. 
We note that the distortions obtained are large and 
that the prolate minima are deeper than the oblate 
minima for large angular momenta. The Coulomb 
potential barrier for the emission of charged particles 
from the ends of the prolate shapes (or the equators 
of the oblate shapes) are significantly lower than the 
barriers for the spherical shapes. For example, the 
Coulomb potential at the outer ends of the minimum- 

“4 W. J. Swiatecki, reference 10; and Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, June, 1958 (United Nations, Geneva, 1958); 


U. L. Businaro and S. Gallone, Nuovo cimento 1, 629 and 1277 
(1955). 
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energy prolate shape for the case of 160-Mev oxygen 
ions on Ni and J=37, is about 2 Mev lower than for 
the corresponding spherical shape. Furthermore, as 
compared with the spherical shape, the nuclear temper- 
ature will be significantly decreased because of the 
energy held in rotation and distortion. 

For heavy compound nuclei the prolate shapes 
indicate a lower fission barrier as compared with the 
sphere.* It can be shown that for any sequence of 
shapes with increasing moment of inertia leading to 
fission, the effect of angular momentum will be to lower 
the fission barrier. The location of fission barriers and 
saddle point shapes remains to be investigated in detail 
although some work has been done on this problem.‘ 

In the interaction of light elements the minimum 
energy figure may be greatly elongated. For example, 
in the collision of maximum angular momentum of 
160-Mev oxygen ions with Al the prolate equilibrium 
figure has an axis ratio of 3 to 1. For such small com- 
pound systems and very high angular momentum it is 
unlikely that formed. Such 
collisions have been discussed as grazing contacts.'® 


compound nuclei are 
Even disregarding these physical questions: of the 
shapes calculated here, those of highly distorted light 
nuclei are probably the poorest approximations to the 
true minimum energy shapes. We surmise that calcu- 
lations done with more general distortion parameters 
would show these highly distorted shapes to be unstable 
to fission. This may be related to the high probability 
of fragmentation in the interaction of Al with 160-Mev 
oxygen ions.'® 


1° R,. Kaufman and R. Wolfgang, Phys. Rev. Letters 3, 232 
(1959); and Proceedings of the Second Conference on Reactions 
Between Complex Nuclei, Gatlinburg, May, 1960 (John Wiley & 
Sons, Inc., New York). . 

16 C, E. Anderson, W. J. Knox, A. R. Quinton, and G. R. Bach, 
Phys. Rev. Letters 3, 557 (1959) 
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Neutral Lepton Currents and Neutrino Detection* 


R. W. Kinct 
Physics Department, Purdue University, Lafayette, Indiana 
(Received October 6, 1960) 


The interactions of neutrinos with complex nuclei are explored assuming the existence of a neutral lepton 


current. 


EE and Yang! have investigated the theoretical 
implications of high-energy neutrino experiments. 
The purpose of this note is to point out that the 
existence of a neutral lepton current makes possible 
new detection techniques for neutrinos. If reactions 
such as 
v+n— v+n (1) 


and 


rtp > wtp 


exist, then numerous inelastic processes in complex 
nuclei should occur and these processes offer new 
methods for detecting neutrinos. It also appears that 
some of the new techniques need not await the develop- 
ment of high-energy neutrino sources. 

If we consider the possibility of a neutral current, 
perhaps coupled to a neutral intermediate field, then a 
complex nucleus can de-excite by the emission of (v,7) 
pairs.? While de-excitation by this mode would never be 
observed because of the overwhelming competition 
of electromagnetic radiation, the inverse process of 
exciting a complex nucleus by neutrino or antineutrino 
bombardment lends itself to experimental observation. 
For complex nuclei the inverse process 


v+z2Xy— 2zX*vt+p (2) 


bears the same relation to (v,#) emission as 
inverse beta decay to (e~,#) emission. 

Since reactors provide high-flux low-energy sources 
of antineutrinos our first concern is with low-threshold 
reactions. It seems appropriate then to consider 
detecting low-energy antineutrino excitation of a 
nucleus by observing the subsequent y emission. In 
order to reduce background, y— 7 coincidence measure- 
ments could be employed where coincidences are 
recorded between y rays of various energy that feed 
the first excited state and a y ray of characteristic 
energy emitted by the first excited state. It has been 
suggested* that delayed coincidences would be advanta- 
geous, and while it is not the purpose of this note to 
examine all possible target materials, it is perhaps 
worth while to point out that once all the desirable 


does 


*Supported in part by the Air Force Office of Scientific 
Research. 

+ Alfred P. Sloan Research Foundation Fellow. 

1'T. D. Lee and C. N. Yang, Phys. Rev. Letters 4, 307 (1960). 
2 Note added in proof. A neutral intermediate field with a coup 
ling strength comparable to that of the charged intermediate field 
is not usually thought to be operative because of the absence of 
certain modes in the decay of strange-particles and the muon. 
However, there is at present no experimental evidence concerning 
this conjecture when normal baryons and normal leptons are the 
interacting particles. 

3 £. Bleuler (private communication). 


target features are determined, one has the entire 
chart of the nuclides from which to choose (including 
the nuclei of scintillating materials). 

Since the interaction in question requires a different 
type of intermediate field, the possibility exists that 
the strength of the interaction is somewhat different 
from the usual weak interaction (preferably stronger). 
However, for purposes of estimating the cross section 
we shall assume a coupling constant and form of the 
interaction characteristic of beta decay,‘ 


(8)'G(Pny,av,.) Wy.ay,) 


where the electron has been replaced by a neutrino. 


' 5 ( 1+7s), 


with a 


The expression for the cross section for reaction (2) 
is then 
8G* 
[> | (f|M\i)|*]LE,—AEP, (3) 
whic 
where G is the coupling constant, and the matrix 
element is the nuclear matrix element associated with 
the decay of the excited state to the ground state by 
(v,?) emission. Allowed type transitions will dominate, 
so usually this matrix element will be similar to the 
Gamow-Teller | fo\* except for the charge displace- 
ment operator.’ E, is the energy of the bombarding 
neutrino and AE is the energy of the nuclear excitation. 
The exact cross section obviously depends on the 
selection of the target but it is not difflcult to select 
cases where the cross section per antineutrino (averaged 
over a reactor spectrum of antineutrinos) is of order 
10-* cm*. This value for the cross section is quite 
comparable to that of the Cowan-Reines experiment.® 
We remark finally that neutral currents also imply 
that reactor antineutrinos are capable of producing 
the reaction 
v+ Be? atatn-+yp, (4) 
because of the low threshold. Such a reaction might 
provide an even better means of detection. A detailed 
calculation of the matrix elements in Eq. (3) for this 
reaction is in progress. Future sources of high-energy 
neutrinos present many possibilities similar to reaction 
(4), including radioactive labeling of the reaction 
products. 


‘R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1957). 

5 Fermi-type matrix elements will vanish since they cannot 
connect different states of the same nucleus. ; 

°F. Reines and C. L. Cowan, Jr., Phys. Rev. 113, 273 (1959); 
R. W. King and J. F. Perkins, Phys. Rev. 112, 963 (1958). 


1201 





PHYSICAL REVIEW VOLUME 121, NUMBER 4 : 15, 1961 


Inelastic Scattering of a =~ Hyperon with an Emulsion Nucleus 


H. E. Fisk ANp D. J. Prowse 
Physics Department, University of California, Los Angeles, California 
(Received October 3, 1960) 


During a systematic study of fast hyperons resulting from the nuclear capture of K~ mesons, an event 
has been found which is interpreted as the elastic scattering of 2~ hyperon by a bound neutron. The reaction 
kinematics are insufficient to determine the nature of the nuclear potential for =~ hyperons but it appears 
that when about 10 of these events have been found and analyzed, it will be possible to infer the sign of 
the potential from the general effect it will have on the observable kinematics of the events. 


URING a systematic study of fast baryons re- and there are also a number of unreported examples 

sulting from the capture of K~ mesons by emul-__ which have recently been analyzed at UCLA. The event 

sion nuclei, an event has been found which we interpret reported here, however, appears to represent the first 

as an inelastic scattering of a =~ hyperon with anemul- identifiable example of a =~ hyperon scattering from 
sion nucleus. A number of examples of a similar process a nucleon within a nucleus. 

involving =*+ hyperons have previously been reported'~* There are four possible channels for a =~ hyperon 


Initiol K~ stor 


Fic. 1. A drawing of the event projected onto the emulsion plane. The original K--meson capture star is at A. Two particles are 
emitted, a proton and a =~ hyperon which interacts at B. The hyperon re-emerges and comes to rest at C, producing a typical capture 
star of one prong and an Auger electron. i 

!W. F. Fry, J. Schneps, G. A. Snow, and M. S. Swami, Phys. Rev. 100, 939 (1955). 
?R. G. Glasser, N. Seeman, and G. A. Snow, Phys. Rev. 107, 277 (1957). 
3D. H. Davis, B. D. Jones, and J. Zakrzewski, Nuovo cimento 14, 265 (1959). 
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INELASTIC 
interacting with a nucleon: 
>+n-—-> n, 
2+p~ 
2 +P— 2°+n, 


+p, 


ot p— Aon. 


The first two represent elastic scattering and the last 
two, reaction processes. These latter reactions are very 
frequent in K~-meson capture stars, as commonly the 
~~ hyperons produced by the A~-meson capture process 
have a very low energy and react in the same nucleus 
to form A° hyperons.‘ Little is known about the relative 
channel widths of the four interactions listed above at 
higher energies such as occur when the K~ meson reacts 
with two or more nucleons at a time. It is thus impossible 
to estimate whether the event described here. should 
be rare compared with a reaction producing a A° hyperon 
which would commonly go undetected in emulsion. 

It is likely that the event is the result of a single 
>~ interaction because successive elastic collisions are 
unlikely in the face of a large reaction cross section. 

A drawing of the event is shown in Fig. 1. The parent 
A~-meson capture star (A) consists of two prongs, the 
>~ hyperon and a proton of 6 Mev. The hyperon itself 
is identified as such because it re-emerges from an inter- 
action and comes to rest, producing a well-identified 
one-prong capture star. Confirmatory information comes 
from scattering versus blob density measurements made 
on the track. These indicate a mass of 1176+200 Mev 
and an energy at emission of 17215 Mev. The hyperon 
travels through 5 emulsion pellicles and interacts a dis- 
tance of 1.15 cm from the parent star at point (B). 
Two prongs emerge; one is identified as a proton of 
23 Mev, and the second comes to rest after a range of 
1.92 mm and gives rise to a one-prong star. The particle 
pronounced in this capture star is probably an alpha 
particle; it has a range of 29.64 and hence an energy 
of 6.5 Mev. The possibility of the capture star being 
a single scattering event is ruled out because of the very 
marked change in track thickness at the interaction. 
The thickness of the emergent prong is a factor of two 
greater than the thickness of the 2~-hyperon track, 
despite the fact that this track is the flatter of the two. 
In addition there is the track of an Auger electron 
present. 

The energy of the hyperon after its interaction in 
flight is 22.7 Mev. The energy before the interaction, 
obtained from blob density determinations along the 
track, is 155215 Mev. The energy lost is therefore 
132+15 Mev. The angle through which the hyperon 
was scattered is 39°, and a proton is emitted at an angle 
of 51° to the incident =~-hyperon direction. This proton 
is unlikely to be the collision partner of the hyperon be- 


‘ European Collaboration, Nuovo cimento 14, 315 (1959). 


SCATTERING 


HYPERON 
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Energy loss (Mev) 
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0 40 a, 
Angie in the laboratory system (°) 

Fic. 2. Kinematic curve for the scattering of 150-Mev = 
hyperons from free nucleons showing the energy loss of the hyperon 
plotted against the scattering angle in the laboratory system. 
The dashed line is for zero potential for the hyperon in the nucleus, 
and the full lines are for 25-Mev repulsive and attractive as 
labelled 


cause its energy is much too low. It is probable that a 
neutron was first involved which knocked on the proton 
in escaping the nucleus. The energy !oss expected for a 
hyperon of this energy (150 Mev) is shown plotted 
against the laboratory scattering angle for a free collision 
in Fig. 2. Because the incident particle is the heaviest, 
there is a cutoff in laboratory angle beyond which no 
scattering is possible. Angles greater than this may be 
expected to occur, both on account of the Fermi momen- 
tum of the struck particle and on account of refraction at 
the nuclear boundary. Although extreme values of the 
Fermi momentum can give rise to points far removed 
from the central line shown in Fig. 1, it is likely that 
any deviation from the free kinematics would be system- 
atically increased by the existence of a potential for 
the hyperon in the nucleus. A double scattering (two 
successive elastic scatterings) can give rise to a change 
in the AE value, or nuclear refraction can modify the 
true scattering angle. A double scattering is very un- 
likely, however, in view of the reaction channel available 
to the =~ hyperon which is probably wide. Curves com- 
puted for attractive and repulsive potentials of 25 Mev 
are shown in Fig. 2; it is clear that a number of events 
could distinguish between attractive and repulsive po- 
tentials. An attractive potential for the 2~ hyperon is 
expected from an analysis of hyperon spectra from 
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K~-meson capture stars.® We are continuing our search 
and analysis in the hope that this might be confirmed 
by a trend of AE values larger than those expected 
from free scattering for a given scattering angle in the 
forward center-of-mass hemisphere. 


*T. E. 
(1960). 


MacCarthy and D. J. Prowse, Nuclear Phys. 17, 96 
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Demonstration of Quantum Mechanics in the Large* 


T. B. Day 
University of Maryland, College Park, Maryland 
(Received September 22, 1960) 


An example is given which demonstrates in a straightforward and dramatic manner that when two par 
ticles like (K°+K°) or (2y) are created simultaneously, the probabilities involved in observing any further 
events related to their simultaneous creation must be calculated quantum mechanically and are correlated, 
even for macroscopic distances in absorbing media. In particular, a correlation in the polarization of the 
two y rays from positronium annihilation as a function of the thickness of magnetized iron through which 
they are passed is pointed out by way of a proposed experiment. 


ECENTLY, Lee and Yang pointed out a striking 

effect of quantum mechanics in the large.' The 
effect bears on the objections raised by the Einstein- 
Rosen-Podolsky paradox,’ and is yet another facet of 
the fascinating neutral K-meson system. 

We amplify on Lee’s remarks as follows. Consider first 
the creation of a K° (or K°) meson at some point. If we 
move some distance from the point of creation such 
that r:</<re, where 7; and r2 are the lifetime, respec- 
tively, of the K,° and K,° meson and / is the time of 
flight, then we expect that the probability of observing a 
regenerated K° (or K®) meson will be ~}.3 Now consider 
the simultaneous creation of -wo neutral K mesons, say 
K°® and R°, which move off in opposite directions. Then 
we ask the question: given that we see a K® meson 
downstream at a time of flight /, in one direction, what 
is the probability of observing in coincidence another 
K® meson downstream at a time of flight /, in the 
opposite direction? One is tempted to answer, according 
to the ideas of reference 2 (and of classical physics, for 
large fa, ty) that if 1<ta, n<<rT2, then again we should 
see a K® meson at /, with probability ~}. But as Lee 
points out, this is not so! 

When the (K®, K°) pair are created, they are, in 
general, created in a mixture of eigenstates of the charge 
conjugation operator with eigenvalues C=+1.' Thus, 

* Supported in part by a National Science Foundation grant. 

'T. D. Lee and C. N. Yang, reported by T. D. Lee at Argonne 
National Laboratory, May, 1960 (unpublished). 

2 A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777 
(1935); D. Bohm and Y. Aharanov, Phys. Rev. 108, 1070 (1957). 

3R. H. Dalitz, Reports on Progress in Physics (The Physical 
Society, London, 1957), Vol. 20, p. 229; M. Gell-Mann and A. H. 
Rosenfeld, Annual Review of Nuclear Science (Annual Reviews, 


Inc., Palo Alto, California, 1957), Vol. 7, p. 407; A. Pais and O. 
Piccioni, Phys. Rev. 100, 1487 (1955). 


the initial wave function describing one neutral meson 
moving in direction a, and one in the opposite direction 
bis (for C= —1) 


l 


Vin a [ K.°.Rv° =" K,".K:' (1) 
v2 


When this wave function is rewritten in terms of the 
K,’ and K,° eigenfunctions appropriate for decay, and 
then allowed to propagate down directions a and 6, we 
get (for m2 equal to the mass of K;,°, K,") 


1 
Viin= , [ K;*,K,°) exp | —X ie” Ayl 
v2 


— | K,*,K2) exp(—Acsta—Azls) |, (2) 


where A1,2= (271,2)-'—im),». If this is re-expressed in 
terms of the K® and K° eigenfunctions, and then the 
probabilities of making various coincidence measure- 
ments at times /, and / are computed, we find (for 


C=—1)! 


P(K2, 1) = P(K B,) > exp( —Nola—Arls) 


— exp ( —Xila — Kol) 


-" ? 


P(K.?,Rw) = P(R2, Ke) exp(—Aola—Arts) 


texp(—Arla—Aold) 


‘ The analysis for C= +1 is similar, and we get 
P(K.°,K°) = P(R.°,Ko°) =} | exp(—i (tats) 


-exp({ =~ Ao(la ttp)) | 7, 
P(K.°,R.) = P(K.°,Ko°) =}| exp(—A1 (ta +ts)) 

+exp Ao(tat+t,)) | ?. 
In this case, we get no zero probabilities (except at the origin). As 
Lee pointed out, this difference in behaviors between C= +1 and 
C=-—1 may, in principle, be utilized to determine in what mixture 
of eigenstates the K°— K°® pair is created 
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Thus we see the startling answer to the question posed 
above, that if we see a K° at a time ( (e.g., by looking 
for 2+ from A°+p— 2++7"), the probability of also 
seeing a K® at time ¢, will be strictly zero if 4,=/s, no 
matter how far apart they are. The conditional prob- 
ability of observing a K° or K° at 4 depends on what, 
and where, we observe at ¢,, and is not at all as it was 
for the single meson creation. In particular, if we ask 
for the probability of observing, say, a K® at /, in 
coincidence with either K® or K° at t,, we find 


P(KY,.K)+ P(Ro Be) 
= tLexp( — 2dola— 2Aits) + exp( —2jla— 2Aold) }. (+4) 


This depends on /, in a way entirely different from what 
would be obtained “classically” by assuming the con- 
ditional probabilities to simply factor, i.e., 


P(K4,Ks) = p(Ka)p(K»). 


The mixture in K® and A°® states dictated in the 
initial wave function by the eigenvalue of C=+1 
determines a correlation between the two events of 
observation no matter how far apart. 

The purpose of this note is to point out an experi 
mental arrangement for demonstrating the above effect 
using photons rather than K’s which seems to be feasible 
with present day techniques, and which has some addi- 
tional striking features. The experiment is similar to the 
measurement of the correlation of the directions of 
polarization of the two quanta from positronium anni- 
hilation, but with magnetic channels added.’ Thus in 
the apparatus schematically diagrammed in Fig. 1, S is 
the source of positronium annihilation radiation (e.g., 
N.”); M., M, are magnetic channels of iron of variable 
length; (Cia, Coa), (Cis, Co) are two Compton-effect 
polarimeters, which are to be put in coincidence with the 
appropriate delay lines added. 

Then the analogy with the example given by Lee is 
complete. (i) The effect depends on the simultaneous 
production of two particles which are identical except 
for an internal quantum number; for the neutral A’s 
it is strangeness; for the y’s it is polarization. (ii) The 
particles are produced in an eigenstate of the relevant 
operator for the process: for the K’s we consider eigen- 
states of the charge conjugation operator with eigen- 
values C= +1; for y’s it is the space-inversion operator 
with eigenvalue II= —1 (for the decay of the \So ground 
state of positronium).® (iii) The eigenstates of the 
produced particles are re-expressed in terms of eigen- 

5 See L. W. Fagg and S. S. Hanna, Revs. Modern Phys. 31, 711 
(1959) for a review of experiments in the measurement of such 
polarizations. We would like to thank Dr. R. W. Detenbeck for 
bringing this reference to our attention. See also A. S. Wightman, 
Phys. Rev. 74, 1813 (1948); S. B. Gunst and L. A. Page, Phys. 
Rev. 92, 970 (1953); and C..S. Wu and I. Shaknov, Phys. Rev. 
77, 136 (1950). 

6. J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons, (Addison-Wesley Publishing Company, Inc., Cam- 
bridge, Massachusetts, 1955), p. 281. See also G. Wick, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Palo Alto, 
California, 1958), Vol. 8, p. 28. 
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Fic. 1. Schematic diagram of experiment to measure, in coin- 
cidence, the polarizations of the two quanta from positronium 
annihilation in the source S. The photons pass through the mag- 
netic channels M, and M,, of variable length, and their polariza- 
tions are then measured by the Compton scattering polarimeters 
(Cia, Coa) and (Cip, Co). (See Fig. 15 of reference 5.) The Compton 
polarimeters are put in coincidence, and the counting rate should 
then be a function, not only of the polarizations as measured by 
the asymmetry in azimuthal angle ¢, but also of the lengths of Ma 
and My». 


states more appropriate for the absorption by the 
medium through which they move: for the K’s, the 
new eigenstates are | K,°) and “s’) which are selec- 
tively “absorbed” by the vacuum; for the y’s, the 
eigenstates are of circular polarization which are selec- 
tively absorbed by the magnetized iron,} i.e., 


a4,° —\n ay 1 


where the #4 or w_ refers to the state of photon circular 
polarization parallel or antiparallel, respectively, to the 
direction of propagation.® (iv) Finally, for the observa- 
tion of the two particles in coincidence, the eigenstates 
to be used are again the original ones for production, 
i.e. |K®), |K°), and plane polarization in directions 1 
and 2, |), | #2) for the y’s. If the same sort of algebra 
which led to Eq. (3) is followed for photons in mag- 
netized iron, the probability, for example, of observing 
parallel polarizations at /, and f, (time spent in the iron) 
when both magnetic fields point to the right (H,=+, 
H,=+) is 


P(y*, uy) = P(g", ue”) =§ | exp(—A_ta— Ay hr) 
—exp(—A,4,—A_fe)|*, (S) 
where’ 


a. 


Aa =4Ne(Zovtve). (6) 


Here .V=the number of iron atoms per unit volume, 
c=velocity of light, Z=26, and number of 
polarized electrons per iron atom (~2). oo and o; are 
the polarization-spin independent and dependent parts, 


vy=the 


7 The real part of the index of refraction proportional to the 
real part of the forward elastic scattering amplitude for Compton 
scattering is ignored here as it is essentially spin-polarization 
independent. See H. A. Tolhoek, Revs. Modern Phys. 28, 277 
(1956). We would like to thank Professor G. A. Snow for raising 
this point. 
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TaBLE I. Values of the probabilities for coincidence observation of positronium annihilation photons of various combinations of 
polarizations. The photons pass through magnetic channels with the magnetic field directions indicated by + or — below, corresponding 


to fields pointing to the right or left in Fig. 1. 


P (1,9 ,1,") = P (142%, 42”) 


E.=ihoa-+. equivalent to H,=H,= — 
Ha=+, H,»=—, equivalent to 1,= —, H,=+ 
H,=0, H,»=+, equivalent to H,=+, H,=0 
H,=0, H,=0 


respectively, of the Compton scattering cross section.* 
Once again we see the striking result that the observa- 
tions are correlated. The coincidence rate considered 
above is zero for equal lengths of magnetized iron 
(ta=t») and depends quadratically on (/.—¢») for small 
differences in length. 

Not only does the experiment proposed here seem 
feasible, but in addition the properties of the absorbing 
medium are under our control. This is in contrast to 
the K°-meson case, where the “absorbing” properties 
of the vacuum are fixed. In particular, one can look at 
several arrangements for the directions of the magnetic 
fields in the iron absorbers, and in so doing get quite 
different results for the coincidence probabilities of 
Eq. (5). These various possibilities are summarized in 
Table I, where the direction of the magnetic fields is 


8 See Fagg and Hanna, reference 5, Eqs. II 8-10, IIT 5. 
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P (14;% 2”) = P (142%, 14;") 


}[exp(—A. ta—d4to) —exp(—Ayle—A_te) F +Cexp( —)_te—A4ts) + exp (—A4ta—A-ty) F 
+ = $Lexp(—A_(ta +t) )—exp(—A,4 (ta +t) ) P 
te*e[ exp (—A xt) —exp(—Azhy) F 


$Lexp(—A_ (ta +t) )+exp(—A, (4+t)) 
fe?e exp (—Axty) +exp(—Agzts) F 
4 exp(—2A(ta+%s)) 


indicated as + or — for fields pointing right or left 
in Fig. 1. In the table, A= }.VcooZ. It is seen from Table 
I that reversing the field in one of the pieces of iron 
changes the response for the two photons in the same 
way that starting with C=+1 compared to starting 
with C= —1 changes the response for the K° case. 

It would seem, then, that one could demonstrate in 
a straightforward and dramatic manner than when two 
particles like K°—K° or 2y are created simultaneously, 
the probabilities involved in observing any further 
events related to their simultaneous creation must be 
calculated quantum-mechanically and are correlated, 
even for macroscopic distances in absorbing media. 
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Heavy Nuclei in the Primary Cosmic Radiation at Prince Albert, Canada. II* 
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The investigation of the low-energy primary cosmic radiation has been extended to include the heavier 
elements of Z>9: Sec. 1; the light elements of Li, Be, and B: Sec. 2; and a particles: Sec. 3. The results of 
a previous paper on carbon, nitrogen, and oxygen have also been confirmed with better statistics. The energy 
spectra of all these components show a general similarity in shape. A possible deviation of the light-element 
spectrum from this similarity is discussed. The abundances of various elements in the low-energy region of 
200 to 700 Mev per nucleon are essentially the same as observed in the higher energy region. 


1. THE HEAVIER ELEMENTS OF Z>9 A detailed description of the assembly, exposure, and 
processing of the stack has been given in Sec. 2 of 
Part I. 

The scanning for the heavier elements has been per- 


HE charges and energies of the heavy nuclei in the 
primary cosmic radiation have been determined 
from the analysis of the tracks recorded by them in the 
stack of photographic emulsions. Toe : Poe eee 
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formed at the top edge of the stack in order to include 
all of the particles satisfying the conditions that: (1) the 
projected zenith angle in the emulsion plane does not 
exceed 30°; (2) the track length per plate in the zenith 
direction is larger than or equal to 2.5 mm, or 4.0 mm, 
when it is traversing the plate in the direction of air-to- 
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glass-surface, or in the opposite direction, respectively ; 
and (3) the ionization is at least that of a relativistic 
boron nucleus. These conditions are the same as in the 
supplementary scanning for the stopping C, N, and O 
nuclei. This result has been partly used in Fig. 10 of 
Part I to show the shape of the spectrum below the 
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Fic. 2. (a) and (b). Histograms showing the results of the charge 


determination by the Vs; method. See text. 


maximum. The condition (2) is to correct for the over- 
all tilting of the stack at the top edge. All the tracks thus 
located have been traced until the particles stop, 
interact, or leave the stack. Only the stopped particles 
have been used for the later analysis. 

The charge of these stopping particles has been 
identified by the two methods described in detail in 
Sec. 3 of Part I, one using the integral number, .V,, of 
range-cutoff 6 rays on the last portion of the ending 
track and the other using the density 5, of range-cutoff 
6 rays at known residual ranges of the particle. Both 
methods were calibrated independently. The cutoff 
ranges of 6 rays in the .V; method are 4.4 uw for 6<Z<8, 
8.8 for 8<Z<14, and 13.34 for 12<Z. The over- 
lapping charge regions have been measured by both 
schemes in order to assure continuity. The cutoff ranges 
in the ms method are 5, 10, and 20yu for 6<Z<12, 
12<Z<16, and 16<Z, respectively.*The same pro- 
cedure as in the Vs; method has been taken at the 
overlapping charge regions. 

In Fig. 1(a) and Fig. 1(b) are shown the mutual 
consistencies between the two methods for 6<Z<8 and 
for 9<Z, respectively. The abscissas give the ns reduced 
by the aid of the similarity law explained in Part I, to its 
value at the residual range of 1.57 cm while the ordinates 
give NV’; on the last 2.6 mm, or 2.8 mm, of the residual 
range for 6<Z<14, or 12<Z, respectively. The small 
scatter of the data in the two figures clearly indicates 
that both methods, each calibrated independently, are 


et al. 


quite consistent with each other and that the reliability 
of both methods is thus greatly increased. 

Besides the results on the heavier nuclei of Z>9, we 
report here also the complete results of the supple- 
mentary scanning and analysis of the stopping C, N, 
and O nuclei, a part of which has already been used in 
Fig. 10 and Table I of Part I. 

The results of the charge identification by the .V; 
method are shown in Figs. 2(a) and 2(b) for the charge 
groups of 6<Z<8 and 9<Z, respectively. 
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Fic. 3. (a), (b), and (c). Histograms showing the observed 
numbers of various nuclei with specified energies at the top of the 
stack. 


The energies of the charge-identified particles have 
been determined from their ranges in the emulsion. The 
histograms shown in Figs. 3(a), 3(b), and 3(c) give the 
numbers of observed particles with energies, measured 
at the top edge of the stack, as indicated in the abscissas 
for the charge groups of 6<Z<8, 9<Z< 14, and 15<Z, 
respectively. 

In order to obtain the energy spectra at the flight 
altitude, we have to make the correction to account for 
the collision losses in the stack; the application of this 
gives us the differential energy spectra at the nominal 
air depth of 7.6 g/cm® of M(6<Z<8), H(9<Z<14), 
and VH(15<Z) as shown in Fig. 4. In the figure the 
abscissa gives the energy per nucleon at the above given 
air depth and the ordinate is in unit of particles/m? 
sec sr. Mev. 

The extrapolation of these differential energy spectra 
to those at the top of the atmosphere has been carried 
out in the following manner. The most accurate method 
would naturally be to solve the diffusion equation with 
energy loss, but in view of the small amount of matter 
traversed by the particles before they are observed in 
the stack, we can divide the extrapolation into two 
steps. That is, starting from the observed energy spec- 
trum, \(£), at the flight altitude, we first obtain a 
fictitious spectrum, (Ey), which, being corrected only 
for the energy loss due to ionization, would be observed 
at the top of the atmosphere if the fragmentation of the 
We then make the 
fragmentation correction on this V(£p) to obtain finally 


nuclei had not occurred at all. 
the energy spectrum at the top of the atmosphere, 
N 0( Eo). 

In other words, we assume that all the fragmentation 
processes have occurred at the very top of the atmos- 
phere and that the secondary particles were the ones 
that suffered the ionization losses in the air. The differ- 
ence in the final result of .Vo(£o) from the other choice 


of the fictitious intermediate spectrum, i.e., .Vo(£) 
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instead of V(E»), is shown in our case to be negligibly 
small. 

In the actual procedure, the individual tracks of 
Figs. 3(a), 3(b), and 3(c) have been corrected for the 
energy losses due to the material above the top of the 
vertical stack which has been estimated to be equiva- 
lent, with respect to ionization losses, to 2.65 cm of 
G-5 emulsion. The elongation of the path length due to 
the finite zenith angle has been taken into account in 
each individual case. The corrections due to the frag- 
mentation have been applied to the result thus obtained 
by using the fragmentation probabilities as given by the 
averages of Bristol? and Chicago* data as well as the 
interaction mean free path as given by Bristol.? The 
nominal air depth for the purpose of this correction has 
been estimated to be 7.6 g/cm’. 

The differential energy spectra at the top of the 
atmosphere obtained in this way are shown in Fig. 13 
for M, H, and VH groups. The results are shown also in 
a tabular form in Table I. The flux values of the C, N, 
O group above 500 Mev per nucleon have been taken 
from the results of Part I. Another remark is necessary 
concerning Fig. 13 or Table I; i.e., the energy range of 
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ric. 4. The differential energy spectra of various charge groups 


at the nominal air depth of 7.6 g/cm’. 


2 P. H. Fowler, R. R. Hillier, and C. J. Waddington et al., Phil. 
Mag. 2, 293 (1957). 

3M. Koshiba, G. 
(1958). 


Schultz, and M. Schein, Nuovo cimento 9, 1 
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Tasce I. The differential fluxes at the top of the atmosphere (September 11, 1957, Prince Albert Stack) 
in unit of particles/m* sec sr 100 Mev. See Fig. 13. 


300 400 500 600 700 800 1000 Mev/nuc 


0.07 0.04 0.1440.05 0.3240.07 0.422+0.08 0.42+0.08 0.22+0.06 
0.25+0.18 0.5140.08 0.7140.11 0.9140.14 0,96+0.18 0.63 +0.15 0.33 +0.11 from E44 
0.16 +0.04 6.23+0.06 0.15+0.06 0.14+0.09 
0.11 +0.05 0.15 +0.04 0.08 + 0.04 


CNO(E> 400 Mev) =7.7 +0.7 particles/m? sec sr; CNO(E> 800 Mev) =4.6+0.5 particles/m* 


the particle to arrive at and to stop in the stack is boron and beryllium were identified by the Vs method 
different for different charges and hence, when nuclei of _ and, when it was long enough, by the m; method, both 
several different charges are treated as a group, a_ described in Part I. The stopping lithium was looked for 
correction is needed at both ends of the observed energy among a large background of stopping a particles. The 
range to account for the fact that there are some of the method of the calibrated blob density, Go, was employed 
group members which are observable while others are and revealed no case of stopping lithium among more 
not. The corrections for this effect have been made by — than 200 measured cases of apparent a stoppings. The 
using the observed relative abundances within the energies of two berylliums and four borons thus found 
group in the energy range where all the group members _ have been estimated from their ranges. 
are observable. The “through” particles render a more difficult 
The relative abundance of each individual element at problem. First of all, we have to separate fast lithiums 
the top of the atmosphere has been obtained in the from slow, 200 to 300 Mev per nucleon, a particles. This 
following manner. We divide the whole elements into was achieved by measuring their ionizations at both 
four groups of 6<Z<8, 9<Z<14, 15<Z<20, and _ entrance and exit points. The measurements were done 
21<Z. We then obtain the relative intensity ratio at 1 cm inside from the edge so as to avoid the variation of 
the top of the atmosphere of the neighboring charge the development near the edges. That is, the ionization 
groups in the energy region where both groups overlap. of a “through” particle was measured at two points 
The relative abundance of individual elements in a_ separated, for vertical incidence, by 8 cm from each 
group are then determined in the energy range where all other. The gap density G, of gaps greater than 1 » was 
the member elements of this group are observable. The taken as the measure of ionization. A number of well- 
results are summarized in Table II where the relative identified a particles have been used for construction of 
abundances at the top of the atmosphere are shown in a calibration curve for this quantity; see Sec. 3. All the 
terms of the integrated particle number/m? sec sr over ionization measurements were converted to the equiva- 
the energy range from 200 to 700 Mev per nucleon. lent a-particle range by means of this calibration curve. 
Figure 5 gives the results of such measurements. The 
2. THE LIGHT ELEMENTS, Li, Be, AND B lithium curve in the figure was obtained from Barkas’ 
The scanning for the light elements has been made in “able. The lithium tracks thus separated, including the 
the same way as described in Sec. 1 for the heavier borderline cases, were subjected to the more detailed 
elements, except that the ionization requirement here analysis by measuring the Fowler-Perkins coefficient g. 
was six times minimum or more. This scanning was done rhe “through” borons and berylliums have been sepa- 
in 92 plates without recourse to the previous scanning rated from carbons by means * oe calibrated si 
for the heavier elements. Comparing the results of these @"4/or of the 4-grain 6-ray density. The Go has been 
two independent scannings, the scanning efficiency was calibrated by using high-energy Be — 2a, C — 3a, and 
found to exceed 97% for tracks of ionization greater O — 4a, and was corrected for plate to plate variation. 
than that of relativistic boron. In Fig. 6 is shown the interconsistency of both methods 
Different analysis procedures were taken for stopping, applied on the same track. A counting of 100 blobs or 6 
going-through, and interacting particles. The stopping rays was made in each measurement. 


TABLE II. Integrated fluxes of elements at the top of atmosphere (200< E<700 Mev/nucleon) in unit of particles/m? sec sr. 





a Li Be B C N oO F Ne Na Mg Al Si 
44.7+5.8 0.30+0.06 0.55+0.10 0.89+0.14 1.70+0.25_ 0.85 +0.18 1.33 +0.22 0.08 +0.05 0.16+0.06 0.03+0.03 0.32+0.09 0.08+0.05 0.16+0.06 


3.89 40.34 0.82 +0.13 


P Ss Cl A kK ‘a Se Ti V Cr Mn Fe 


0.05 +0.03 0.07 +0.04 : 0.05 +0.03 0.02 +0 02— _0.02 +0 02 0.12 +0.05 0.04 +0.04 0.04 +0.04 0.04 +0.04 0.15 +0.08 
0.33 +0.09 —" « i | i een 0.27 £0.09 


*W. H. Barkas, University of California Radiation Laboratory Report UCRL-ZN-991-Rev (unpublished). 
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“through” lithium from slow 
“through” a particles. See text. 
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The interaction particles have been analyzed by from high-energy carbons is shown in Fig. 7 where each 
measuring both the 4-grain 6-ray density of the primary point represents the counting of 100 6 rays and 200 
in the vicinity of the interaction and the blob densities blobs. The borderline cases were subjected to more 
of the breakup protons in the forward direction. The counting of 6 rays before they were finally identified as 
separation of slow borons, about 400 Mev per nucleon, to their charge. The energies of identified boron inter- 
actions have been estimated from the measured 6-ray 
densities. The separation of lithium interactions from 
slow, 2~300 Mev, a interactions has been accomplished 
by counting G; of primary particles and Go of second- 
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measurement, Gp and ng. See text. Fic. 7. Separation ofgboron interactions from carbons. 
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Fic. 8. identified lithium 


and boron (c). 


Histograms of (a), beryllium (b), 


aries. This is much easier than the separation of borons 
from carbons. 

Figures 8(a), 8(b), and 8(c) give the results of these 
analyses on lithium, beryllium, and boron, respectively. 
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at air top 


Fic. 9. Energy spectra at the top of atmosphere of lithium, 


beryllium, boron, and their sum 


Each rectangle signifies one particle. Because of the 
different methods employed, the interaction cases and 
the “through” plus stopping cases were shown sepa- 
rately. One can see the general consistency of the re- 
sults between the two categories. Furthermore, the 
numbers of cases in the two categories are in agreement 
with the estimated interaction mean free path in emul- 
sion of these nuclei. 

The energy spectra of lithium, beryllium, and boron 
have been constructed from Fig. 8 by allowing for the 
fragmentations in the air above 7.6 g/cm’, and are 
shown in Fig. 9, where the sum of the three, the energy 
spectrum of light elements, is also shown. One can easily 
see the general resemblance of these spectra to those 
obtained in Sec. 1 for CNO group and for the heavier 
elements; i.e., the existence of a broad maximum at 
around 500 Mev per nucleon and a gradual decrease 
toward lower energies. 
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3. ALPHA PARTICLES 


The significance of our measurements on the a com- 
ponent can be stated as follows: 


(1) So far no attempt seems to have been made to 
measure the intensities of all the primary components in 
the charge region from Z=2 to Z~ 26 in one and the 
same stack.® It would therefore be of special importance 
to compare the total flux value and the differential 
energy spectrum of the @ particles with those of the 
heavier nuclei already obtained in this work. 

(2) There have been several measurements of the a 
component during the periods of different solar activi- 
ties.** Therefore, it would be quite interesting to com- 
pare our results with these previous ones, for it would 
cast some light on the effects of solar modulation on the 
primary cosmic rays. 

The cutoff energy, appropriate to the nominal 
geomagnetic latitude, imposed upon a particles at our 
place of exposure is 90 Mev/nucleon. Incidentally, the 
air ionization cutoff for a particles was also 90 Mev 
nucleon. 

The scanning was made in 8 plates on the middle 10 
cm along the line which runs 5. mm below the top edge 
and parallel to it. 

In most of the plates a magnification of 10X10 was 
used ; for checking, the rest of the plates were scanned 
under 10X20. Neither the recorded tracks nor the a 
tracks showed any substantial difference in number in 
either case. 

The following scanning criteria were adopted: 


(1) The ionization was to be greater than 2.5 mini- 
mum. More specifically, the number of gaps longer than 
1.8 u were counted for a length of 270 4 of each track 
and the tracks with less than 20 gaps were accepted. 

(2) The projected length in each plate was to be 
greater than 6 mm. In actual cases, to make allowance 
for the systematic tilting of the emulsion at the top 
edge, the following convention was used: The projected 
length in scanned area of the plate was to be greater 
than 5 mm for the tracks leaving the emulsion at its 
glass surface and greater than 8 mm for those leaving 
at its air surface. 

(3) The zenith angle was to be smaller than 30°. The 
tracks having an interaction in the scanned plate within 


> Except for two: One is the well-known work by H. L. Bradt 
and B. Peters [Phys. Rev. 80, 943 (1950) ]. To our regret, their 
work shares the common defect with most other pioneer works in 
that their statistics are not sufficient. Furthermore, they lacked 
the means which would have enabled them to treat the problem of 
the differential energy spectra. The other is the measurement by 
A. Engler, M. F. Kaplon, and J. Klarmann. Their flight, however, 
was carried out at 41° N geomagnetic latitude so that the de 
termination of the differential energy spectra were out of their 
scope. 

6 P. H. Fowler, C. J. Waddington, P. S. Freier, J. Naugle, and 
E. P. Ney, Phil. Mag. 8, 157 (1957). 

7 F. B. McDonald, Phys. Rev. 107, 1386 (1957); Suppl. Nuovo 
cimento 8, 500 (1958). 

8’ P. S. Freier, E. P. Ney, and P. H. Fowler, Suppl. Nuovo 
cimento 8, 492 (1958); Nature 181, 1319 (1958). 
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2 cm of its top edge were rejected without recording, as 
were those ending in the scanned plate and having 
ionization which enabled us to distinctly identify them 
as p or d. 

The other tracks satisfying the scanning criteria were 
recorded and traced until they ended in the emulsion, 
suffered large-angle scatterings, made an interaction, or 
left from the bottom edge. Those which interacted 
within 8 cm of the top edge were rejected from the later 
measurement. 

It is true that one can use the combination of the 
scattering measurement with the ionization measure- 
ment near the top edge to separate genuine a particles 
from slow protons or deuterons and can use the ioniza- 
tion as the measure of the a-particle energy. 

The reason why we preferred the more painstaking 
method described above is that we wished, first, to se- 
cure greater certainty in the track identification and, 
second, to measure the ionization of the identified a 
tracks at a place as distant as possible from the top edge. 

Deuterons and tritons of energy ~100 Mev per 
nucleon have ionizations equal to that of ~1-Bev a 
particles. Their second differences D(500 yu) in multiple 
scattering measurements are: 


D(500 «)~ 1.34 u for 100-Mev deuterons, 


~ 0.93 uw for 100-Mev tritons, 


~0.35 uw for 1-Bev a particles, 


respectively, where the scattering constant is taken to be 
~25 and the spurious scattering of ~0.3 due to 
various noises has been taken into account. 

Naturally, this can give a good separation if the fluxes 
of deuterons and tritons are much smaller than that of 
a particles. However, we do not have any reliable data 
on deuterons and tritons at present. If the numbers of 
deuterons and tritons of energy ~ 100 Mev per nucleon 
are na and n,, respectively, then the numbers of deuteron 
and triton tracks with values of D(500 4) which fall 
within one standard deviation of that of ~1-Bev a 
particles are 3.5% of na and 9.5% of m,, respectively. 
Hence the “scattering-ionization method” is not com- 
pletely free from the danger of including the contami- 
nating deuterons and tritons, if their fluxes are not 
small compared to that of the a particles. 

On the other hand, if one traces the tracks to the 
place 6.5 cm from the top edge, a 100-Mev deuteron 
will stop, and a triton of the same energy will stop after 
traversing 9.5 cm of emulsion. Obvious large-angle 
deflections by multiple scatterings will show up in even 
shorter distances. The method we have adopted is, 
therefore, the one which leaves no ambiguity whatso- 
ever in track identification. 

The scanning in 8 plates yielded 184 a particles, 25 
heavier nuclei, 230 contaminating protons and deu- 
terons, and 11 particles which interacted within 8 cm 
of the top edge. 
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Fic. 10. Ionization distribution of a particles with g*<6.4 at 

1.5 cm above the emulsion bottom. Tracks with g*>6.4 are 

measured by the method which does not use g* as the measure of 

ionization. For the details, see the text. 


The measurement of the ionization of the identified 
a tracks were performed in the following way: 


(1) For tracks which ended in the emulsion, the 
energy has been determined from the range in the 
emulsion. 

(2) For particles which left from the bottom edge and 
those which interacted at places more than 8 cm deep 
from the top edge, the ionization measurement on the 
track was made at a place 1 to 3 cm from the bottom 
edge. 


The reason that we adopted the latter way of meas- 
urement for the ‘“‘nonstopping” alphas is that we wished 
to attain a greater precision in energy determination. 


ras_e III. Comparison of ionization measurements on a particles 
at the top and the bottom of the stack. 


Energy of a 
1.5 cm from 
emulsion 
bottom 
(Mev 
nucleon) 


Energy ofa Energy of « 
at top of 1.5cmfrom 
atmosphere emulsion sponding 
(Mev/ top (Mev ionization 
nucleon) nucleon) T/T 
800 770 
700 670 
600 570 
500 570 
400 370 
300 260 
250 210 


Corre- 
sponding 
ionization 
T/TIo 
730 4.3 
630 
520 
420 
310 
190 
110 


Corre 


-~ rm 


nan > > 


~~ 


oon 
oe 


et al. 


In particular the necessity of a high degree of pre- 
cision will be keenly felt in measuring higher energies, 
when one considers that about half of all the @ particles 
have relativistic ionizations. 

The a@ particles lose their energy by ionization in 
traversing emulsion, so that their energies per nucleon 
will be 40 Mev to 120 Mev lower at the place 1.5 cm 
from the bottom edge than at the place 1.5 cm from the 
top edge. The energy loss is a function of their incident 
energy at the top of the emulsion. 

The lower the energy of an a particle, the more pre- 
cise is its determination, because d//dE increases with 
decreasing energy. Therefore it can be seen that the 
place near the bottom will be more advantageous for the 
purpose of primary energy measurements. 

In Table III one can see how much greater precision 
is attainable by the measurement near the bottom edge 
than near the top edge of our stack. 

The ionization measurement was made by counting 
blobs and gaps. 

First we have to determine what minimum gap length 
is to be used to obtain the best resolution in determining 
the ionization. 

Let g and G; designate the Fowler-Perkins coefficient 
and the number per unit length of gaps longer than /, 
respectively, of the track under consideration. The 
larger the value of / the more sensitive will be the varia- 
tion of G; to that of g. Let AG, be the variation of G; 
corresponding to the variation Ag of g. If we assume that 
for smaller values of g the relation 


Gi=ge-v't 


holds, then the relative sensitivity S of G; with respect 
to the variation of g is given by 
S=|AG,/dg|/G: 
= |l+a—(1/g) 

On the other hand, larger values of / will result in 
smaller numbers of gaps on a given track length L, and 
hence the statistical error in G, will become larger. Let 
the relative statistical error be .V, given by 


N=(G.L) 


Thus the value of / which corresponds to the optimum 
S—AN ratio, /*, will be given by the condition 


te) 


(S/N)=0, or 


[*= (3/g)—a. 


al 


Therefore, different values of / should be adopted for 
different values of g in order to get the best possible 
resolution. 

For g*<6.4 the method of the Fowler-Perkins coeffi- 
cient using blobs and gaps longer than 2 yu was applied, 
where g*=g/gy and go is the Fowler-Perkins coefficient 
for relativistic electrons. 
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For each track 400 blobs and 100 gaps were counted. 
To minimize the effect of emulsion depth on the 
measurement of g, $ of the track has been discarded at 
both ends. 

For g*<6.4, precision in the g determination is par- 
ticularly necessary. For these values of g*, the variation 
arising from the nonuniformity of the development be- 
tween different plates or between different places in the 
same plate was shown not to exceed 5% in the blob 
density and 10% in the gap density. 

The relative error in g is given by 


Ag} 1, (A,B)*+(A4B)?+(A,B) 
g| gl B 


G? 


where the notations are as follows: /=minimum gap 
length adopted; B=total number of blobs counted; 
A, B=statistical error in B; AgB=fluctuation in B 
arising from the nonuniformity of development; A,B 
= subjective errors in B; G, A,G, AG, and A,G are the 
corresponding quantities for gaps. 

Substitution of the values: 


gl=2, 
A,B/B=5%, 
A.G/G=10%, 


AyB/B<5%, 
AWG/G<10%, 


A,B/B<5%, 
A,G/G< 10%, 


gives 


Ag/g, 510%. 


Incidentally, values of g greater than 4.8g9 can be 
recognized as meaningfully different from the rela- 
tivistic g’s. 

The ionization distribution of a particles with g*<6.4 
at the emulsion bottom is shown in Fig. 10. 

In translating these values of g* into the energy 
scale, the range-ionization curve given by Barkas* is 
used and it is assumed that g is proportional to the 
ionization. 

If the error in g* is 10%, the precision in the energy 
determination of a particles at air-top may be estimated 
as shown in Table IV. 


TABLE IV. Estimated error in the a-particle energy resulting from 
a 10% error in g* measurement. See text. 


Energy of a at top 
of atmosphere 
(Mev/nucleon) 


Error in energy 
(Mev/nucleon) 
4 4-50 
350 —30 
+-90 
— 50 


+140 
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Fic. 11. The empirical curve which gives the relation between 
the residual range R and the gap density G;, the number per 100 u 
of gaps longer than 1 y, for a particles. Vertical bars represent the 
statistical errors of G;. Each point at R>4 cm and at R<4 cm 
corresponds to 100 and 50 gaps, respectively. 


For g*>6.4, gaps longer than 1 » were counted, but, 
as saturation sets in and the proportionality of g to 
ionization no longer holds, it would not be permissible 
to use the Barkas curve in converting g* into energy. 
Therefore the ionization measurement was made by 
using the gap density G, alone and an empirical relation 
between G, and the residual range R was constructed. 
The points beyond R>10 cm have been obtained by 
adding the data of the slow through particles to those of 
the stopping ones. 

The empirical curve thus obtained is shown in Fig. 11. 
The number of gaps counted is 100 for each point in the 
plot. It can be seen from the figure that both the 
subjective errors and the fluctuations arising from the 
nonuniformity of development are within the statistical 
error. 

The residual ranges of alphas can now be determined 
and they are converted into energy using the range- 
energy relation given by Barkas.‘ 

If an error of 20% in G, is assumed, the corresponding 
error in the energy determination of alphas at the top of 
the atmosphere may be estimated as shown in Table V. 

The correction to the a@ flux for the interactions in 
emulsion has been made using the interaction mean free 


rasie V. Estimated error in. the a-particle energy resulting from 
a 20% error in G;. See text. 


Energy of a at top 


of atmosphere 250 300 350 


imated £30 — 


Estimated error in this 
energy (Mev/nucleon) 


+10 +20 
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TABLE VI. Correction to the a-particle flux for the fragmentations 
of heavier elements in the residual air. 


Energy of a at top 
of atmosphere 
(Mev/nucleon) 


100-200 
200-300 
300 < 


Correction 


path in G-5 of A=(19.9+1.2) cm, obtained from the 
values given by Quareni,? Waddington,"® and Engler." 

The correction for the interactions with the atmos- 
pheric nuclei was made using the interaction mean free 


path in air of" \=50 g/cm’. 

The number of secondary a particles arising from the 
fragmentations of the heavier nuclei was estimated 
using the interaction mean free paths and the frag- 
mentation probabilities given by Fowler,’ Koshiba,’ and 
Rajopadhye," and has been subtracted. 

The corrections from these sources are shown in 
Table VI. The corrections from other sources have been 
neglected. 

The flux values obtained for each energy interval are 
shown in Table VII, and the differential energy spec- 
trum in Fig. 12. As can be seen from Tables III and IV, 
the energy determination is meaningful only for E<600 
Mev, so that in the figure for E> 600 Mev the points are 
plotted which are calculated assuming the following 
shape of the integral energy spectrum: 

N(>E)«(1+£)"'4, (Ein Bev) 
which is based upon the data obtained by other workers” 
and the observed integral flux value of 


N(>0.6)=96.5+8.5 particles/m? sec sr. 


For the energy region 160 Mev to 200 Mev an addi- 
tional result with improved statistics of stopping par- 
ticles has also been plotted in Fig. 12. 

The comparison of the @ flux with that of C, N, O 
nuclei is given in Table VIII. 


TABLE VII. The a-particle flux values. 


a energy at top of 100-200 200-300 300-400 400-600 600 < 
atmosphere 
(Mev/nucleon) 

a flux (particles 
m? sec sr) 

Total flux of a with energies >200 Mev 


=133+10/m? 


3$.8+1.6 9042.6 5242.0 22.444.1 96.548.5 


nucleon at top of atmosphere 
sec sr 


*G. Quareni and G. T. Zorn, Nuovo cimento 1, 1282 (1955). 

” C, J. Waddington, Phil. Mag. 1, 105 (1956). 

'' A. Engler, M. F. Kaplon, and J. Klarmann, see reference 5 

See S. F. Singer, in Progress in Elementary Particles and 
Cosmic-Ray Physics, edited by J. G. Wilson and S. A. Wouthuysen 
(North Holland Publishing Company, Amsterdam, 1958), Vol. 4, 
Chap. 4. 

'8V. Y. Rajopadhye and C. J. Waddington, Phil. Mag. 3, 19 
(1958). 


et al. 


The ratio of C, N, O flux to that of @ is somewhat 
larger than the values given so far by other workers,!:!2." 
In obtaining these values, however, the measurements 
of C, N, O flux have seldom been done in the same stack 
that gave the a-particle fluxes. 


4. DISCUSSIONS AND CONCLUSIONS 


The results obtained in this work, Fig. 13 and Tables I 
and II, strongly fortify the conclusions of Part I that the 
energy spectra of different charge groups do have a 
similar shape, and that there exists a broad maximum 
at about 500 Mev per nucleon. The spectrum of the light 
element group seems to show a small deviation from this 
similarity law and we shall discuss this point further in 
a later part of this section. 
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lic. 12. The differential energy spectrum of a particles. For 
comparison, the results obtained by Minnesota group in the flight 
on June 18, 1954, at Saskatoon and in the flight on May 17, 1957, 
at Minnesota are also plotted in the figure 


This similarity in the spectrum shape suggests that 
there exists a certain similarity law for the processes 
responsible for the observed spectral shapes. It seems 
possible to extend this similarity to include the proton 
component'>.'¢ if we use the magnetic rigidity of the 
particle instead of the per-nucleon energy. 

The implication of this similarity law and of the 
general shape of the spectra has been discussed in detail 
elsewhere.'®!7 

Bradt and Peters, see reference 5 

'® This was clearly indicated, in particular, by I’. M 
Bull. Am. Phys. Soc. 5, 292 (1960). 

'6 S. Hayakawa and M. Koshiba, Progr. Theoret. Phys. (Kyoto) 
21, 473 (1959). 

7S. Hayakawa, M. Koshiba, and Y. Terashima, Proceedings of 


McDonald, 
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We now discuss the light elements. Figure 14 shows 
the spectra of the primary Li, Be, and B separately, in 
which all the necessary corrections have already been 
applied, i.e., for the ionization as well as for fragmenta- 
tion losses in the residual air. Their flux values are 
normalized to those of C, N, O nuclei in the corre- 
sponding energy range. The results seem to indicate an 
increase, relative to C, N, O, of the light elements in the 
energy range of 300 to 700 Mev per nucleon. 

As has been described in the preceding section, this 
cannot entirely be ascribed to the inclusion of relativistic 
carbons as slow borons. We estimate that this misclassi- 
fication will not alter the spectrum by more than 10% 
at the worst, and, hence, the relative increase of fluxes at 
energies from 300 to 700 Mev per nucleon appears to be 
real. 

The question now is whether this increase is due to 
the fact that the amount of interstellar matter traversed 
by these slow particles is actually larger than that 
traversed by the higher energy ones, or due merely to 
the energy dependence of the fragmentation proba- 
bilities. 

Experimental data, though rather scanty, on the 
energy dependence of the fragmentation probabilities 


rasce VIIL. Comparison of « and CNO fluxes. 


Energy region 


Flux CNO to a@ ratio 
(Mev/nucleon) > 


CNO a (“,) 
44.7+5.8 
82.04+7.0 

119.0+9.0 


8.7+1.4 
5.6+0.9 
6.5+0.8 


200-700 
800 < 
400 < 


3.89+0.34 
4.6 +0.5 
7.7 +0.7 


suggest decreasing amounts of Li, increasing amounts of 
B, and almost equal amounts of Be in the low-energy 
region as compared with their values in the high-energy 
region. 

Restricting ourselves, however, to the B nuclei for 
which we have relatively more information concerning 
the relevant fragmentation probabilities, we find that 
the main contribution to the production of boron nuclei 
comes from the reactions: 


C°+p— B'+pt+p, 


C°4+p 3 C"+ptn, (CY B'+et+y). 


The cross sections of these reactions are known, ex- 
perimentally and theoretically, to follow the energy 
dependence of the nucleon-nucleon section. 
Namely, up to around 400 Mev it has a 1/E dependence, 
while beyond this energy region it stays at an approxi- 
mately constant level. 

Therefore, we come to the conclusion that the rela- 
tive increase of boron at energies from 400 to 700 Mev is 
actually due to an increased amount of matter traversed 


cTOss 


the Moscow Cosmic-Ray Conference, July 6-11, 1959 (International 
Union of Pure and Applied Physics, Moscow, 1960), Vol. III, p 
181. 
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lic. 13. Energy spectra of various element groups observed at 


Prince Albert, Canada, on September 11, 1957. 
by the parent carbons, and heavier elements, of this 


energy range. The apparent deviation from this con- 
clusion observed in the energy region below 300 Mev 
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Taste IX. Light-to-medium and heavy-to-medium ratios in low- 
and high-energy regions. 


Texas experiment 
1000 Mev/nucleon 


This experiment 
200-700 Mev/nucleon 


0.32+0.07 
0.48+0.10 


0.41+0.06 
0.38+0.05 


does not seem a serious objection, because, in addition 
to the poor statistics of the data in this energy range, the 
ionization loss is quite substantial at these low energies 
and our approximate method (i.e., separate corrections 
for the ionization and the fragmentation) used in 
extrapolating the observed spectrum, at 7.6 g/cm’, to 
the top of the atmosphere becomes invalid. The same 
conclusion of an elongated path length for the low- 
energy particles can be reached qualitatively from the 
observed Li and Be spectra. 

This conclusion, however, has to be checked with 
respect to the amount of H nuclei destroyed on the 
increased path length. For this purpose, we compare our 
results with those obtained for the high-energy region® 
in Table IX. 

The nominal amounts of traversed matter are esti- 
mated, from the observed L/M values, to be 3 g/cm? 
and 5 g/cm? for high-energy and for low-energy par- 
ticles, respectively. These values in turn give for H/M 
in the region of the source the values 0.64 and 0.58, 
respectively. The agreement, within the statistical accu- 
racy, of these two values indicates the self-consistency 
of our tentative conclusion of elongated path lengths for 
low-energy particles. 

This conclusion, however, has to be substantiated by 
further experiments with better statistics, and more 
information on the fragmentation probabilities, in par- 
ticular their energy dependence, is urgently needed in 
this connection. 

Our conclusion can be considered as indicating that 
the Fermi type of acceleration in interstellar space is 
ineffective at these low energies compared with the effect 
of the elongation of path length due to diffusion. 
Otherwise, the spectra should show the opposite tend- 
ency, 1.e., the ratio L/M increasing with energy as 
logE. We might further mention that this result can be 


et et. 


regarded as a support for the theory of supernovae 
origin of cosmic rays together with subsequent diffusion 
in the galaxies. 

Turning now our attention to the abundances of 
various elements in the primary radiation, Table II, we 
notice that the abundances observed in the low-energy 
region are in general agreement, except for the possible 
small changes just discussed, with those at higher 
energies reported previously. A fuller theoretical discus- 
sion of these results is given by Hayakawa ef al.'* Here 
we merely point out the fact that the relative over- 
abundance of the heavy elements of Z29 with respect 
to C, N, O and the anomaly in the C:N:0O ratio have 
now been experimentally established in the low-energy 
as well as in the high-energy region, thereby suggesting 
that these elements seem to have been synthesized in 
some extraordinary stages, or at least in some non- 
equilibrium stage, of stellar evolution. 

Looking now at the a component, the comparison of 
our result with that of the Minnesota group obtained in 
the flight on May 17, 1957° shows a remarkable simi- 
larity between the two. While some better statistics are 
needed to discuss the more detailed features in the shape 
of the spectrum, at least the following two conclusions 
could be drawn from our present result : 

(1) The total flux of the primary a particles on 
September 11, 1957 at Prince Albert was about half of 
that on June 18, 1954, at Saskatoon. 

(2) The two energy spectra seem to differ from each 
other also in shape, in that ours has its maximum at an 
energy considerably higher than theirs."’ 

Finally, we would like to point out the following 
conclusion. Namely, there has been no single case of 
antiparticles among the observed stopping particles of 
about 500 a particles, 300 (C,N,O), and heavier ele- 
ments, and more than 1000 singly charged particles. 
Even with a somewhat larger interaction cross section of 
antiparticles, this will set an upper limit for the amount 
of antimatter in the primary radiation at about 0.1%. 
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Numerical values for the difference in 4-meson capture rates from the two hyperfine states of a mesonic 
atom are obtained for F'’, AP’, and P*', employing the simple Mayer-Jensen version of the shell model for 
AF’ and P*', and an intermediate coupling version for F". In all these cases, we get considerably larger 
values than those found in previous estimates, thus rendering experiments more feasible. In view of the 
consequences of atomic conversion on the observation of the capture-rate differences, conversion effects in 
the rate and asymmetry of yu-meson decay electrons are discussed also. 


I. INTRODUCTION 


HE influence of the hyperfine interaction between 

nuclear and muon spin on the nuclear capture 
rate of « mesons has been pointed out by Bernstein 
et al.,! and experiments to measure the resulting 
difference in the capture rates from the two hyperfine 
levels of the u-mesonic atom ground state have been 
attempted.? The reason for the interest in a detection 
and quantitative analysis of this effect is that it arises 
from a spin dependence of the basic weak capture 
interaction, and thus offers a possibility for testing the 
u-capture Hamiltonian for such a spin dependence. To 
give an example, if one takes a simple Fermi and 
Gamow-Teller interaction with respective coupling 
constants gr, gg, then the muon capture rate by a 
proton in the triplet state ; is proportional to (gr+ge)’, 
in a singlet state A, to (gr—3gq)*, and a measurement 
of A,, A, separately (e.g., by determining the deviation 
of the decay electron time distribution from a simple 
exponential) can serve to establish the presence or 
absence of either interaction. For complex nuclei, on 
which the experiment has to be performed, nuclear 
matrix elements will enter. For this case, rough esti- 
mates were made!’ on the basis of the Schmidt model; 
the interpretation of measurements becomes then more 
uncertain. The purpose of this paper, therefore, is to 
calculate these nuclear matrix elements more accurately 
using the shell model. The effect is expected to be 
largest for nuclei with an unpaired proton (its spin 
being strongly correlated with the nuclear spin), but 
will exist in other cases, too. The most suitable isotopes 
(odd Z, odd A, Z~10) would be N', F'®, Na**, Al’’, 
P*!, Cl*®, Cl’, and others. For most of these, especially 
the (2s,1d) shell nuclei, accurate configurations are not 
known. We therefore, after deriving general expressions 
for the capture rates on the shell model (Sec. IT), shall 


t Present address: Harrison M. Randall Laboratory of Physics, 
University of Michigan, Ann Arbor, Michigan. 

* Part of this work was done during the author’s stay at the 
Faculté des Sciences (Physique Théorique et Hautes Energies), 
Université de Paris, Orsay (Seine-et-Oise). The hospitality of 
Professor M. Lévy and Professor L. Michel at this institute is 
appreciated. 

1 J. Bernstein, T. D. Lee, C. N. Yang, and H. Primakoff, Phys. 
Rev. 111, 313 (1958). 

2 V. L. Telegdi, Phys. Rev. Letters 3, 59 (1959). 


utilize the simple version of the shell model* for Al?’ 
and P* (Sec. III), assuming a successive filling of the 
(1d $) and (2s 3) shells. We note that such a treatment 
still consists in an improvement over the Schmidt 
model insofar as it permits a calculation of the unknown 
parameter & of Bernstein ef al.,! which represents the 
ratio of the effectiveness of the Pauli principle (exclud- 
ing the capturing proton turned neutron from the 
neutron shells) in reducing the rate of w capture by the 
zero-spin shells and by the outside proton. For F, the 
exact configuration is known,‘® and is used for calcu- 
lating our nuclear matrix elements in Sec. IV. In all 
three cases studied, we find up to three times larger 
results than those obtained by tentatively setting 
£=1 ° in the formulas of the work cited in footnote 1. 
These results are discussed in Sec. V. As pointed out 
by Telegdi,? conversion of the upper to the lower 
hyperfine state can occur by Auger electron ejection 
with a rate comparable to the capture rate difference, 
thereby strongly influencing the decay electron time 
distribution. This will be discussed in Sec. VI, where 
the influence of conversion on the decay electron 
asymmetry is also studied. 


II. DERIVATION OF THE GENERAL EXPRESSION FOR 
THE CAPTURE RATE DIFFERENCE ON THE 
SHELL MODEL 


For calculating the muon capture rate in complex 
nuclei, we use the effective capture Hamiltonian of 
Primakoff,*.7 which contains vector, axial vector, and 
pion-induced pseudoscalar interactions. In calculating 
the spin-averaged square of the transition matrix 
element, we kept the retardation factor of the neutrino 
space wave function, except in the small pseudoscalar 
case, where it was replaced by the lowest term of its 
multipole expansion. By further employing the closure 
approximation on the sum over final nuclear states 
(i.e., replacing the neutrino momentum » by its average 


3M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley & Sons, New York, 1955), 
p. 74 ff. 

‘J. P. Elliott and B. H 
A229, 536 (1955). 

5M. G. Redlich, Phys. Rev. 99, 1427 (1955). 

* H. Primakoff, Revs. Modern Phys. 31, 802 (1959). 

‘See also H. Uberall, Phys. Rev. 116, 218 (1959). 


Flowers, Proc. Roy. Soc. (London) 
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> in the phase space), we arrive at the result for the 
muon capture rates (see also work cited in footnote 6): 
J+1 J 


A= Ag+ r 
2J+1 2J +1 


i? 
2r°az* 1+(¢/M) 
<X(Wuuy! A+A'| Wom), 
2J+1 
2r°az* 1+( p/M) J(J+1) 
<(vsuy| (B+ B’)-J|¥sm,). 


(la) 


2 


AA=A,—A 


(1b) 


Here, A, are the capture rates in the two hyperfine 
states with spin F=J+}, J being the nuclear spin. 
M is the mass of the nucleus; the muon Bohr radius 
is given by 

az= (137/uZ)(1+u/M) (2) 


(we use units with #=c=1 and electron mass m,=1); 
y is the average momentum of the emitted neutrino, 
p the muon mass, and the matrix elements are taken 
over the nuclear ground state. We have further: 


A=ad; }(1+7.') [y(n F, 
A’ = > (a’+a"'o'-@’)r,'r Wir W (rj) jo(Pr:;), 


(3a) 
(3b) 


B= b>; o'} (1+7.')[y(r,) P, 
B’= > (b’e'+b'*o'+ib"a' Xe’) 


ix) 


Xry'r Wr)W(r,) jo(iris), (3d) 


the sums over 7 and j running over all nucleons in the 
nucleus. The muon space wave function (r;) is normal- 
ized to 1 in the limit of Z—+0; jo is the spherical 
Bessel function. The primed operators, which connect 
different particles, represent the effect of the exclusion 
principle on the neutron produced from the proton 
which captured the muon. Finally, we have the combi- 
nations of effective coupling constants®”: 


a= |Gy |\*+3|}G4\?—2 ReGu*Gpt+ |Gp'?, 
Gy|?, 


(4a) 
(4b) 
Ga\?—% ReGu*Gp+4/\Gp)?, (4c) 

2 ReG*(Gy—G)—3% ReGy*Gp+4 ReG4*Gp, (4d) 
'=Gy*(Gs—4Gp), (4e) 
b’’ = ReGa*(G4—3Gp). (4f) 


For calculating the nuclear matrix elements appearing 
in Eqs. (la) and (1b), we have to use a completely 
antisymmetrized nuclear wave function (spin indices 
are suppressed for the time being), 

W(1,---A)=N>p ep&(P1,--- PA), (5) 


where ® will be taken as a product shell-model wave 


UB 


ERALL 


function, 


?(1,---A)=W,(1,- . 2) Vo(n 4 :, 


+++ ye): >< 


W,(---A), (6) 


consisting of completely antisymmetric wave functions 
of the shells V,, each containing , particles. ¥,(1,- + -,) 
is considered the unfilled shell, the only one which 
possesses nonzero spin, and consists of both protons 
and neutrons, whereas the other V, are either pure 
proton or pure neutron shells with zero spin. The 
operators (3) in (1) which have to be taken between 
states (5) are either one- or two-particle operators (in 
case b multiplied by the operator J=J,+---+Ja, 
symmetric in all particles) of the form 


QM=F, O(i,i), 


(in matrix component notation, 7 represents the space, 
spin, and isospin coordinate of particle 7). We can then 
reduce our nuclear matrix elements to those taken 
between states ®, by using the following two theorems: 


Oe rR O(i j,i’ 7’ (7) 


Theorem I: (V\O|\W)=(@|0® |o), (8a) 


Theorem II: (V|O™ | ¥)=(® 0, | ®), (8b) 
where 


(9a) 
if i, 7 lie in the same shell V,, 


0, = ‘2 [Oj 7’ —O j,j'i') } (9b) 


ix; 


if i, 7 lie in different shells V,, V,. The proof of these 
two theorems is straightforward, using general sym- 
metry properties of ¥ and the orthogonality of different 
shells V,, ¥,. The same theorems hold also if Q™ is 
multiplied by J, as in case (1b). By applying Eqs. 
(8a) and (8b) to our Eqs. (1a) and (1b) now, we obtain 
the general results for the muon capture rates on the 
shell model : 

A= K[(Zert*/Z* a+’) | (10a) 
Ad\= K[(2J+1)/J(J+1)](r-J)+(r’-J)), 


with 


(10b) 


K= (1/29°az*)[ ?/ (1+ (9/M)) | 
[yA(1,1)/a]Z*, (11a) 


Zeat/Z=W\> 5 4(1+7.)[ (0) P|). (11b) 
Here, the parameter yA(1,1) was used by Sens* to 
replace the (unknown) ?, and was determined by him 
experimentally by fitting measured capture rates to 
Primakoff’s* formula for \. The effective nuclear charge 
Z.«i* was introduced by Wheeler,’ and was accurately 
calculated by Sens* for a variety of nuclei. 

8 J. C. Sens, Phys. Rev. 113, 679 (1959). 

®J. Tiomno and J. A. Wheeler, Revs. ‘Modern Phys. 21, 153 
(1949). 
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The remaining matrix elements are: 


r—1 r—1 


, ~~ r = eh 
QY)=— Do mgtgy X qqi—Nr Dd, MGT or 


qq’ ,l q=l 


+n,(n,—1)S,, (12a) 


(P-J)=n,b(¥,(1,---n,)!4(1+7.)0b(11) Po! - J) 


XW,(1,---m,)), (12b) 
r—1 


—n, > ngDy,+n,(n,—1)E,, 


q=l 


(r’-J)= (12c) 


with the further notations: 


Xo = (Vey: mg )V a (> + tg’) | r4't7@(1,1’) 

«|W _(1,2,- + +g) We (1,2’,- ++ y’)), 
=(Wo(1,+++mg)W(1',- ++ me”)| (rte +774") 
w(1,1’)|¥,(1',2,- +> -,)¥-(1,2’,---n,’)), (13b) 


(13c) 


(13a) 


(W,(1,- + +m,) | 74'r7w(1,2) | ¥,-(1,- > --)), 


=(W,(1,---n,)¥,(1’,---n,’) 

KC (rgte + yy (1) + (74! 
—rry")ya(1,1') ]-(JitJo+- +++ In,’) 
x |W, (1',2,---2,)¥,-(1,2’,- - 


-n,')), (13d) 


E,=(¥,(1,: > Ny) | T4547 *T ¥, (1,2) 
+ a(1,2)]-J|¥,-(1,---n,)), 


(13e) 
where finally 


w(1,2)= (1) (te) jo(Priz) (a’ +0" e'- 0°), 
y:(1,2)=W(11)W (re) jo(iriz) Red’ (e'+ 0°), 


Ya(1,2)= (1) (Pe) jo(Pri2) 
X [Imb’ (o'— 6*)+6"e'X oe" ]. 


Actually, only Ad will be calculated in the following. 


(14b) 


(14c) 


A simplification can be made in Eq. (13) for matrix 
elements taken between filled shells. The wave function 
of such a shell 


qg= (nl7) np)", (15) 


with g¥r, n,=2j+1, is a Slater determinant 
Wo(1,- + +24) = (ng) OS perp; ;(P1) 
XwW5j;-1(P2)---Wj-;(Pn,), (16) 
and the matrix element of an operator O(1,1’) becomes 
simply 
(W,(1,---,)|O(1,1) |, (1,- + -2,)) 
= gD mW jm(1)|O(1,1’) |Wim(1’)), 


i.e., the matrix element taken over the single orbitals 
W jm, averaged over all their orientations. 


(17) 


III. EVALUATION USING THE MAYER-JENSEN MODEL 


The configurations of the nuclides investigated by us 
are according to the Mayer-Jensen shell model (apart 


IN wp-MESON CAPTURE 
TABLE I. Parameters of the A-shell muon 
function inside the nucleus. 


N a/ce 


0.02134 
0.03405 
0.03970 


b/cA 


0.002958 
0.004623 
0.005517 


0.88351 
0.82724 
0.79615 


from the common (1s,), (13), and (14) shells): 


FY: (2s) 


I 
p 


2 l 
n (231) 5"; 


Al?’: (1d5) n.®(1d;),°, 
ps: ( 1d) n°( Id; =| esi n' 2s; =F 


Note that all these configurations suggest a state 
J=1++4 of the Schmidt model. F” actually represents 
an anomaly of the Mayer-Jensen model, the 2s shell 
being filled before the 1d shell; moreover, the unfilled 
neutron shell is not determined, our assumption of 2s 
only being justified by the more exact evaluations of 
the configuration.*:® 
The normalized radial wave functions used are 


a! ats ; 4 
) (ar)' exp[—3(ar)*], 
mr \ (2/+1)!! 


a! 23 4 2/+. 
~~ (ar)! — (ar) 
mr \ (2/+3)!! 2 


Xexp[—3 (er)? ], 


Rii(r) 


(19a) 


Ro(r) 


(19b) 


giving rise to a mean square nuclear radius 


> no[ 2(n—1)+14+3], (20) 


Ad? 4 


and by equating this to the nuclear radii quoted by 
Sens® in his Table II, we were able to determine the 
parameter a=188 (F™), 178 (Al), 173 (P*). The 
K-shell muon wave functions were calculated numeri- 
cally by Ford and Wills.” From the tables given by 
them, we could obtain an analytic expression of the 
wave functions, valid only inside the nucleus (i.e., in a 
region where r°R,,(r) is appreciable) of the form (large 
component only): 


¥(r): 


with the coefficients given in Table I. The normalization 
is as mentioned after Eq. (3), namely, 


(21) 


V (1—ar’+ dr’), 


inf v7" (r)rdr=raz’. (22) 


The factor N represents the reduction of the wave 
function from 1 due to the nuclear extension. 


‘© K. W. Ford and J. G. Wills, Los Alamos Scientific Laboratory 
Report LAMS-2387, 1960 (unpublished); and private communi- 
cation. 
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The simple configurations all have only a single 
particle in the unfilled shell (Al?’ a single hole, which 
can be treated exactly like a particle). Thus, the 
angular part of (r-J) will give the same results as 
those obtained from the Schmidt model, and (r’-J) 
becomes fairly simple, too (e.g., E-=0), and is further 
simplified by expanding jo(#ri2) in a power series and 
only keeping the first three terms (the next higher term 
was estimated to be no larger than 2%). The results are: 


F®; (r-J)=30/(2s), (23a) 


(i+ J)= —3(b’—b") [A o(1s,2s)+4A2(15,25) 
+A 1(1p,2s)+A 0(2s,2s) 
+4A.(25,2s)], (23b) 


A: (r-J)=JbI(1d), (24a) 


(r’-J)=—{(14/15) (b’—b”)[Ao(15,1d) 
+3A,(1p,1d)]+7(b’—4b")A (1d, 1d) 
+((17/5)b’—b”)A2(1d,1d)}, (24b) 


P=: $b7 (2s), (25a) 


(r-J) 


(r+ J)= —3(b’—b") [A o(15,25)+4A 2(15,25) 
+ A,(1p,2s)+2A2(1d,2s) 
+A o(2s,2s)+4A2(25,2s) ], (25b) 


with the notation: 


2 


I (nl) -{ Riv(nW(r)r'dr, 


(26a) 


Ao= Le —fPLoLe+ (1/60) p4( Lols4t+L2), 
A,=$§PL?Y— (1/15) HL, L;, (26b) 
Ay= (1/30) #*L, 


D 


L(t!) = f r™Riil(r) Rw (nw (n)rdr. 


(26c) 


These radial integrals are easily evaluated using Eqs. 
(19) and (21) together with Table I. We then get 


FY: 


(r+ J)=1.061b6= — 5.703, 


(r’+J)= —1.271(b’—b”) =3.416, (27a) 


AP’: (r+ J)=2.028b= — 10.90, 


(r+ J)= —2.529b’+0.9669b""= 4.529, (27b) 


P#:  (r-J)=0.7975b= —4.288, 


(r’-J)= —1.022(b’—b") = 2.746. (27) 


The numerical values of }, b’, and 6” were obtained 
using Primakoff’s* coupling constants, Eqs. (1b) and 
(1c) of his paper; these are valid under the assumptions 
of universal Fermi interaction for the bare couplings, 
Gell-Mann’s" conserved vector current hypothesis, and 


4" R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 
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TABLE IT. Fractional hyperfine differences of muon 
capture rates in Al??, P®. 


(AX/A) gat 





an induced pseudoscalar interaction according to 
Wolfenstein.” 

For obtaining A\/\, we take the values of Eq. (27) 
and Eqs. (10b) and (ila). We have not calculated A, 
but will use the following procedure for getting its 
magnitude. The experimental capture rates of Sens*® 
can in the average be fitted by Primakoff’s formula*®:: 


X(A,Z)=YA(1,1)Zer[1—5(A—Z)/2A], (28) 


with the parameter values yA(1,1)= 188 sec, 6=3.15. 
The deviation from this fitted \ of the experimental 
capture rates in individual nuclides* can be interpreted 
in two extreme cases as (a) deviation of yA(1,1) alone 
(resulting from a different average square neutrino 
momentum *, to which ¥ is proportional), (8) deviation 
of 6 alone. Deviations of both yA(1,1) and 6 will give 
results in between. In these two cases (which are 
considered here simply to show us the effect of the 
uncertainty of # on our results), we get slightly different 
values of K, except for F, where the deviation between 
experimental and fitted \ is quite large. This case will 
therefore be treated separately in the next section. The 
results for Al’? and P* are shown in Table II. For 
comparison, the second column presents the values 
(AA/A)¢~1, Obtained by using the Schmidt model and 
assuming an equal effect of the exclusion principle on 
the spinless nuclear core and the outside proton, a 
procedure tentatively suggested by Primakoff.* The 
last column shows the experimentally important quan- 
tity AX/A, designating the total muon disappearance 
rate A=\+Adec, which contains the decay rate Adee 
=4.505X 10° sec. Note that the ratio between the 
first and the last column also depends on the case, 
(aw) or (8). As mentioned earlier, the more exact values 
of column 1 are much larger than those of column 2. 


IV. EVALUATION FOR F’ 


In the case of F", the Mayer-Jensen model does not 
really establish the configuration (18a) uniquely. 
Detailed theoretical investigations on the configurations 
of this nucleus, however, have been made,‘:® and we 
shall use the results of Redlich® for our calculations. 
He has determined the ground-state (T=}, J=4) 
configuration of F” to be a mixture of various (2s;), 


2 L. Wolfenstein, Nuovo cimento 8, 882 (1958). 
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(1dy), and (ids) orbitals in the three-particle unfilled 
shell, with amplitudes presented in his Table VI. This 
table is not, however, complete, as far as the phases of 
the j* states are concerned. The full specification is 
shown™ in our Table III, with amplitudes in the 
column labeled R. The relevant unfilled-shell wave 
function to be used in our matrix elements (12) is 
given by 

W,(1,2,3) =) 0 a Ca¥ ra(1,2,3) 


(the sum over a@ including the primes on cq), and 


V,2(1,2,3)=y0/ Sarvs (Gif T’ I"; jul }T'J' TJ) 
| (7.(1) je(2),[ TI” 0 j(3), TT, J :), 


(29a) 


(29b) 


where (ik/)= (123), the sum over / runs over distinct 
ji only, and particles 1, 2 add up to the antisymmetric 
parent state [7”’,J’’ ], which in turn adds up with 3 to 
TT ., JJ ,. The fractional parentage coefficients 


(jiju,t’ J”; ji I's ea) 


can be found in Redlich’s paper,® expressed in terms of 
Racah coefficients, the latter ones being given in tables." 
This representation of the wave function by fractional 
parentage coefficients has the advantage that three- 
particle matrix elements can be directly expressed by 
one- and two-particle ones. Nevertheless, use of the 
complete wave function would lead to excessive labor 
in calculating our matrix elements (12), (13). For this 
reason, and also because we did not expect them to 
depend very critically on different configurations, we 
proceeded in three consecutive steps of approximations, 
labeled Aj, Ao, Azin Table ITI, by retaining successively 


Tas_e III. Three-particle configurations of the F unfilled- 
shell ground state, with amplitudes ca, parent state quantum 
numbers [7’,J’], and 7* state normalization N’, and approxi- 
mations A;, Az, A; used in this work. 


Sete [T" J’) F' ba 
(3)2?§ 12 2/3 


12 : 
01 0 


12 ; 0 0 
03 : 0 0 


12 /3 0 0 


0.69 
01 j 0 


0.61 
—0.44 


11 6 0 0 
’ 0 0 0 


0 0 0 
0 0 0 


10 v2/3 


1.00 0.72 0.65 


18 M. G. Redlich (private communication). 

14 A, Simon, J. H. Van der Sluis, and L. C. Biedenharn, Oak 
Ridge National Laboratory Report ORNL-1679, 1954 (unpub- 
lished). 
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only the largest configurations, with amplitudes kept 
in the same ratio as in column R. The first approxi- 
mation A, should then—and did—give the same results 
as the simple model for F of Sec. III. By comparing 
the results of these successive steps, we also get an 
idea about the actual dependence on configurations, 
which indeed turned out not to be too critical, and gave 
justification to our approach. A; is already expected to 
give very accurate results, as the neglected amplitudes, 
except possibly c¢’ and ¢,, are much smaller than those 
which were kept. We shall also subdivide our matrix 
element (I: J) of Eq. (12c) into the parts coming from 
D,, and from E, (physical meaning of D,,: the captur- 
ing proton turned neutron tries to go from a filled 
shell g to the unfilled shell r, or vice versa; of E,: the 
particle goes from the unfilled shell to the unfilled shell ; 
this matrix element should be largest because it has the 
best overlap), and finally get the numerical results: 


Ay: (V-J)=1.061b= —5.703, 
(r+ J) p= —0.195(b’—b”’) = 0.524, 


(r’+-J) z= —1.076(b’—b’’) = 2.892, (30a) 


(r+ J)=0.8946 


(1+ J) p= —0.1956’+-0.134b" = 0.435, 


(r+ J) = —0.737b'+0.5926”" = 1.770, 


— 4.806, 


(30b) 


(r+ J)=0.879b= —4.724, 
(r+ J) p= —0.159b’+0.1876" = 0.467, 


(V-J)e=—0.8440’+0.249b"= 1.405; (30c) 
the numerical values of the 6 are again obtained as in 
Eq. (27). For finding A\/A, we compare the experi- 
mental capture rate of Sens* with Burkhardt’s'® calcu- 
lated capture rate, obtained by using the shell model 
for F® as given by Elliott and Flowers,‘ which is 
similar to Redlich’s model. Burkhardt fits his results 
to the experiments by assuming a neutrino momentum 
b=85 Mev/c=0.80 u, a value which is no more than 
a reasonable guess,'® and then finds y=a’’/a’=1.7. 
We shall assume here that @”/a’= 1.53 as given by the 
universal Fermi interaction,® and then obtain from 
Burkhardt’s formula and the experimental \ the value 
y=0.84 uw, which we use in Eq. (11a) to calculate K. 
This is a unique way for finding Ad, Eq. (10b), and for 
\ we take the experimental result’ 2.54 10° sec. The 
results for A\/X are then presented in Table IV, in our 
three successive approximations. Again, the Schmidt 
model value and the experimentally important quantity 
A\/A are shown too, and again our values are much 
larger than those of the Schmidt model. 


Gi 
(1960). 

16 The value of 7 used in our Eqs. (4) to obtain 6, b’, and b” 
numerically is 0.75 uw, following a reasonable guess of Primakoff.® 
However, the G are quite insensitive to changes in ?, 


Burkhardt and C. A. Caine, Phys. Rev. 117, 1375 
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TABLE IV. Fractional hyperfine differences of muon capture 





(AX/A) ent 


Ad/A 


—0.22 
—0.25 
—0.28 


V. DISCUSSION OF THE RESULTS 


In looking first at the configuration dependence of 
the F” results, Eq. (30), we notice that ('-J), which 
represents the capture rate if there were no exclusion 
principle, decreases by only 17% in going from A, to 
A;, whereas the dominant exclusion principle effect, 
given by (I’-J)z, decreases by 51%. This means that 
if the configuration becomes more mixed, the final 
neutron has many more states to which to go, and 
the exclusion principle effect in the unfilled shell is 
reduced, whereas the main part of the hyperfine effect, 
(r-J), has a weaker configuration dependence. If this 
were true more generally, then, considering our one- 
configuration results of Al?’ and P*, it could be said 
that the values of Table II, large as they are, probably 
still underestimate the actual hyperfine effect (and so 
may A; of Table III, although to a lesser extent). 

The hyperfine effect, being essentially a spin- 
dependent effect, stems mainly from the outer protons 
in unfilled shells. As our results are so much larger than 
those with €=1, which means equal Pauli principle 
reduction in muon capture by inner and outer shell 
protons, we can conclude that there should be a 
predominance in capture by the protons in the outer 
regions of the nucleus. Indeed, AX/A is thus a measure 
of such a nuclear structure dependent effect as the 
relative capture rate by intranuclear and surface 
protons—as was recently also stated by Lubkin'’— 
but for drawing quantitative conclusions on this point, 
assumptions on the structure of the basic weak inter- 
action have to be made (as we did in obtaining the 
numerical values of Tables II and IV). Conversely, if 
we accept our numerical results for the nuclear matrix 
elements, measurements of A\/A then become a tool 
for finding out the relative magnitude and sign of the 
spin-independent and spin-dependent parts of the weak 
interaction Hamiltonian, as mentioned in the Intro- 
duction. 


VI. DISCUSSION OF CONVERSION EFFECTS 


The foregoing considerations have to be modified if 
there is an appreciable conversion from the upper to 
the lower hyperfine state, as noted by Telegdi.? Such a 
conversion will, in the region of Z around Al, be caused 
predominantly by Auger electron ejection,'* and its 
rate is sufficient to cause the effect discussed in the 


17 E. Lubkin, Phys. Rev. 119, 815 (1960). 
18H. Primakoff,® reference 20; and unpublished. 
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work cited in footnote 2; instead of the positive curva- 
ture’ in the logarithmic time distribution of yu-decay 
electrons created by the hyperfine effect [which curva- 
ture is incidentally only dependent on (Ad)?, so that, 
from experiment, one would not be able to tell which 
of the two hyperfine states absorbs faster], a negative 
curvature can be caused by conversion? (dependent on 
AX, whose sign could then be measured and thus more 
information on the relative sign of Gy, Ga be given). 
Indeed, this negative curvature will be found if the 
conversion rate R>|AX| (which seems to be the case'® 
in the region around Al), and if AA <0 (this is also true 
for F™, Al??, and P* with the universal Fermi inter- 
action, which was assumed in obtaining our numerical 
results). The latter condition is valid only under the 
assumption that the nuclear magnetic moment is 
positive, so that the state F=J+4 is the higher lying 
one; but this is again satisfied for the nuclides con- 
sidered by us. Such a negative curvature has been 
found.’ 

In the light of these remarks, our discussion should 
then be as follows. The decay electron time distribution 
to be measured depends on the conversion rate R and 
on AX/A, the latter quantity containing the interaction 
constants and also the nuclear matrix elements (which 
can be considered as known, for example, from the 
present calculation). A measurement will thus allow us 
either to determine the structure of the weak inter- 
action, if an independent value of R is known'’; or, 
alternatively, if the universal Fermi interaction is 
assumed (as in this work), to make predictions on the 
conversion rate, and even on the density of conduction 
electrons near the nuclei (see below) which enters as a 
factor in R, thus essentially an atomic and solid state 
effect. 

To conclude our discussion, we remark that the 
time-dependent decay electron rate is not the only 
observable quantity containing Ad and R; there is also 
the decay electron asymmetry from polarized muons.” 
These asymmetries are measurable, but quite small.”! 
Nevertheless, we thought it worth while to state 
explicitly the decay electron rate and angular distri- 
bution as a function of time. The nucleus-muon wave 
function as a function of time is given by 


ou (b)=a4™ (1) Yr’ +a M()Upuy , (31a) 


where” 
J+3—M 
“(Q) P e 
(27 +1)? 


J+34M 
(+1) 


a,™(0) |? , (31b) 


if we assume a muon spin in the +z direction. The 


19 V. L. Telegdi, work cited in footnote 2, and private communi- 
cation. 

® This was pointed out to the author by Dr. J. Bernstein. 

2L. B. Egorov, A. E. Ignatenko, and D. Chultém, Zhur. 
Eksp. i Teoret. Fiz. 37, 1517 (1959) (translation: Soviet Phys. 
JETP 37 (10), 1077 (1960) }. 

2 H. Uberall, Phys. Rev. 114, 1640 (1959). 





HYPERFINE EFFECTS 
probability density 3° w{¢ar(¢)| ¢ar(#)) and muon polar- 
ization >> w(¢mu(t)|o."| ¢aw(#)) can then be calculated 
if we know the time development of n,”= |a,™(f)|?, 
n_“=|a_™(t)|*. These quantities, however, 
equations 


obey the 


dn, ‘a= —Ai ns — Fw Rw 'n,, 
M’ dt=—A nt We Ray 'n,, 


dn 
where As=Aat Ade, %=Dunm™, and Ry’ 
= )'u pu'Rum. We denote by Ruw the conversion 
rate from the Mth magnetic sublevel of the higher 
hyperfine state to the M’th sublevel of the lower state, 
and Ry’ is obtained by averaging Raw over all initial 
states with a weight pu’ = (J-+-M+4)(J+1)7(2J+1)" 
corresponding to the muon arriving in the K shell 
polarized with spin in the +2 direction. This conversion 
rate can be obtained simply by a perturbation calcu- 
lation using a Fermi hyperfine interaction, 

H= (82r/3)u,°u.d(r,—r.), (33) 
between the magnetic moments of the muon and of 
the electron to be Auger ejected (a 3s conduction 
electron in the case of Al*’); the result is 


Ruw =(R/J(2J+1)[J+43-—M’)(J4+434M iw 
+3(J+$—M’)(J+3-—M’' iw M41 
+3(J+34+M')(J+34+M ow us]; 


644 —(~) = J 
=— — —— —y--- . 
9 137%X\ yu h 2J+1 


which represents the conversion rate Ruy, averaged 
over M and summed over M’. The quantity y is defined 
by 


(34a) 


(34b) 


/ 1 1 ’ 
V3s cond e1(Q) 2=— meres” (35) 
m 1378 


and can be found from Knight shift data'** to be 
y= 2.7, for Al. This gives a value of R=8.4X 10° sec, 
to be compared with our value AA= —3.3X 10° sec~ 
for Al”. Now Eq. (32) can be solved, and, using Eq. 
(34), we find that if the decay electrons from muons 
in the K shell of spinless nuclei had a rate and angular 
distribution with respect to the muon spin, 
w=aotay, cosd, (36a) 

then the corresponding rate and angular distribution 
from muons bound by similar nuclei with spin would be 
2 W.D. Knight, in Solid State Physics, edited by F 
D. Turnbull (Academic Press, Inc., New York, 1956), 


. Seitz and 
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given by 


w Ay+A cosd, 


aa J+1 


(36b) 


ma +1 
T+1 


[ 
L¢ 
27 +1 R+AA 


ala = 
‘la7+13 


=) 


R+Axr 
X[e-tt—e bt (36d) 


dropping a term in A, which oscillates too rapidly with 
time for being observable. Equation (36c) represents 
just the conversion effect discussed by Telegdi,? and 
Eq. (36d) represents for R=0 the hyperfine depolar- 
ization effect considered by the author” (for times é 
small compared to the muon lifetime) and by Lubkin.”” 
Ao as well as A; depends on R and on AX, which can 
thus both be measured. Equation (36) shows that for 
large conversion rates R, not the “slow” exponential 
with A, will survive at large #, but the “fast” one with 
A_. This is really the reason for the negative curvature 
in InAo. In the same case, the surviving term in the 
asymmetry will be (assuming, for example, that 
R>| Ad} ) 


1 2 43 +3 
A, - ae (1- = -) Bes 2 
3 23 +17 (2J+1)? 


i.e., the sign of the asymmetry will be reversed; but it 
is doubtful to what extent this effect or even much of 
a detail in Eq. (36d) would be measureable.™ 


>A,, 


(37) 
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“For a measurement of the time-dependent asymmetry, 
magnetic spin rotations may not be advisable, as the difference 
in magnetic moments of the two hyperfine states* would compli- 
cate the situation. 
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Asymmetry in 143-Mev pn Scattering* 
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A beam of 145-Mev protons of polarization 69+:2% was scattered from liquid deuterium. pm scattering 
events were identified by a coincidence method. The asymmetry in the scattering was measured. These data 
can be compared with polarization in free mp scattering at the appropriate angles. 





INTRODUCTION 


XTENSIVE measurements on pp scattering at 

about 145 Mev will probably yield definitive in- 
formation on the triplet isotopic spin states of the two- 
nucleon system. A study of mp scattering will yield in 
addition information on the singlet isotopic spin system. 
This experiment, the first of a series, measured the 
polarization parameter! P which measures the polariza- 
tion or the asymmetry in mp scattering. 

Some previous measurements have been made at 95 
Mev? and 150 Mev,' using neutron beams of 8 and 15% 
polarization, respectively. In order to overcome the 
difficulties of working with a beam of such low polari- 
zation, we adopted a method first used at 310 Mev,‘ 
to scatter a polarized proton beam inelastically from 
deuterium, and to identify those events which corre- 
spond to scattering from the bound neutron. The asym- 
metry of these events was measured and equated to the 
asymmetry in free np scattering. 

It is necessary to be sure that this scattering from 
bound neutrons correctly represents the free-particle 
scattering. We have satisfied ourselves of this by scat- 
tering protons from the bound proton in the deuteron. 
The detailed results of this study will be presented in 
a forthcoming paper. Meanwhile we state the following 
conclusions; that if we include only events such that 
the “spectator” particle (a proton in the present case) 
is left with an energy of less than 1 Mev, the polari- 
zation is within 10% of the free-particle value with no 
deviation observed. In this experiment the spectator 
particle always had an energy of less than 1 Mev, and 
each of the interacting particles had in the most un- 
favorable case (40° c.m.) an energy of greater than 
17 Mev. In addition one check was made with a larger 
value for the spectator particle energy with no signifi- 
cant difference in the result. 

The desired events were separated by identifying 


* This work was supported by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

Tt Now at Project Matterhorn, Princeton University, Princeton, 
New Jersey. 

1L. Wolfenstein, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1956), vol. 6, p. 43. 

2 G. H. Stafford, C. Whitehead, and P. Hillman, Nuovo cimento 
5, 1589 (1957). 

3A. Roberts, J. Tinlot, and E. 
1099 (1954). 

40. Chamberlain, E. Segré, R. Tripp, C. Wiegand, and T. 
Ypsilantis, Phys. Rev. 105, 288 (1957). 


M. Hafner, Phys. Rev. 95, 


high-energy scattered neutrons in coincidence with scat- 
tered protons and the energy of the protons was meas- 
ured. It is easy to show that the kinematics of the re- 
action is thereby determined. 


APPARATUS 


The polarized proton beam was obtained in the same 
manner as other experiments at Harvard‘ (Fig. 1). 
Special care was taken in the location of the defining 
slits and nearby shielding, since it transpired that most 
of the background neutrons came from protons striking 
these slits. The final arrangement is shown in Fig. 2. 
A beam flux of 2 10’ protons/sec was obtained through 
a slit 1 inch wide by 2} in. high. Between this slit and 
the target were placed antiscattering slits designed to 
prevent all slit-scattered protons, and as many neutrons 
as possible, from reaching the counters. 

The beam polarization was determined by measuring 
the asymmetry of elastic scattering from carbon at 
15° lab. The measured asymmetry of 0.480+0.015 im- 
plies a beam polarization of 0.69+0.02 which is con- 
sistent with other measurements of the beam 
polarization.® 

The average range of the protons in polyethylene was 
14.1 g/cm*. Using the range-energy curves of Rich and 
Madey‘ we deduce an average beam energy of 147 Mev, 
an average energy of 145+1 Mev at the center of the 
target. The effective pn scattering energy was 143+1 
Mev; the difference is due to the binding in the deuteron. 

The liquid deuterium target was designed and built 
by Postma’ who describes it in some detail. The target 
cell was a vertical cylinder 3 inches high by 1.8-inch 
diameter of 0.002-inch Mylar (trade mark of E. I. 
duPont deNemours and Company) filled with liquid 
deuterium. Also, in the beam was a heat shield of 0.0003- 
in. aluminum and an outer wall to the vacuum system 
of 0.003-in. Mylar. These contributed a negligible 
amount to the scattering. 

The beam was monitored by a Faraday cup, 12 inches 
in diameter, which collected the protons after they had 
passed through the target. Additional monitoring was 
provided by a fixed counter telescope detecting protons 
above 100 Mev scattered upwards through 20°. 

§ J. N. Palmieri, A. M. Cormack, N. F. Ramsey, and Richard 
Wilson, Ann. Phys. 2, 299 (1958). 

$M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301, 1954 (unpublished). 

7H. Postma, thesis, Harvard University, 1959 (unpublished). 
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ASYMMETRY IN 143 

The over-all counter layout is shown in Fig. 2. 
The proton telescope consisted of 2 thin plastic 
scintillation counters followed by a total absorption 
scintillation counter: The thin counters were }-inch 
thick Pilot Chemical plastic scintillator glued to Lucite 
light pipes about 5 inches long which conducted the 
light into the face of RCA 6810 photomultipliers. The 
absorption crystal was a 3-inch diameterX6-inch long 
scintillator plastic glued to a tapered 10-inch long light 
pipe which conducted the light onto the face of an RCA 
6810 photomultiplier. The energy resolution of this 
counter was 4% (full width at half maximum) at 147 
Mev. 

The neuteron counter and discriminator was a tank 
counter of the type discussed by Thresher, Van Zyl, 
Voss, and Wilson.’ The details of its construction are 
shown in Fig. 3. The scintillation solution consisted of : 
2 liters phenylcyclohexane, 6-g p-diphenyl benzene, and 
20-mg diphenylhexatriene. The counters were mounted 
on aluminum channels which rolled upon the floor about 
a pivot which was carefully positioned under the proton 


o 
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Fic. 1. Over-all layout. 


beam. The angle of scattering was determined by a bar 
which fixed the distance between a pin on the channel 
holding the counters and a pin fixed to the floor 55 
inches downstream of the target. Accurate positioning 
of the counters was further facilitated by two machin- 
ist’s levels fastened to each mounting channel, one to 
level each telescope radially and the other azimuthally. 
Dial indicator tests showed that the counter position 
was reproducible to +0.010 inch. 


EXPERIMENTAL PROCEDURE 


The target and pivot for the counter arms were each 
positioned to +3’; inch of their correct positions with 
respect to the beam using x-ray film exposures. The 
“zero”’-degree angle of the counters was determined by 
sweeping them through the incident beam and observing 
the integrated output. The zero-degree angle was de- 
termined to +0.03 degree for each counter arm. 

A block diagram of the electronic circuits is shown 


8 J. J. Thresher, C. P. Van Zyl, R. G. P. Voss, and Richard 
Wilson, Rev. Sci. Instr. 26, 1186 (1955). 
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I'ic. 2. Counter layout. 


in Fig. 4. The output of the neutron counter was fed 
to a discriminator using an EF P60 secondary emission 
tube. Its dead time was about 100 nanoseconds. The 
discriminated output was fed into a triple coincidence 
circuit of the type described by Garwin,* where a coin- 
cidence with the two proton telescope counters was 
formed. The resolving time of the coincidence was 32 
nanoseconds (full width) which was long enough to 
ensure that no counts were missed by the distribution 
of particle velocities. The output of the triple coinci- 
dence circuit opened a linear gate for 0.2 usec, through 
which the signal from the total absorption scintillator 
passed and was fed to a pulse-height analyzer. 


EXPERIMENTAL ERRORS 


The only significant background in this experiment 
was found to be random coincidences between protons 
counted by the proton telescope and neutrons counted 
by the neutron counter; many of these latter neutrons 
did not come from the target but came from protons 
striking the beam pipe of defining slit as discussed earlier. 
These random coincidences were measured by delaying 
the output of either the neutron counter or the proton 
telescope 90 nanoseconds with respect to the other; 
it made no difference which was delayed. The random 
rate was consistent with the known singles rates and 
the resolution time. The random rate was 30% of the 
over-all counting rate at the 40° c.m. point, and less 
than 15% at all other points. The asymmetry of the 
random coincidence counts tended to follow that of 
the genuine coincidence so no systematic error is in- 
troduced by the random coincidence subtraction. 

There are many contributions to the alignment error. 


13 g/cm? | 
ABSORBER 























SCINTILLATOR 


A? CASE LIQUID 


PHOTO MULTIPLIER 
Fic. 3. Neutron counter. 


*R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 
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TABLE I. pn polarization data. @.m,=center-of-mass scattering 
angle; @,=laboratory angle of neutron counter; 0,=laboratory 
angle of proton telescope; P = polarization parameter. 


8c. 
41° 
51° 
62° 
72° 
82.5° 
92.5° 
108° 
118° 
(53°) 


> 
2 


6, P 


20° +0.475+0.039 
25° +0.495+0.017 
30° +0.480+0.016 
a3° +0.425+0.021 
40 +0.272+0.021 
45° +0.160+0.015 
+0.015+0.016 
—0.020+0.016 
+0.520+0.034 
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The most serious arises from the dependence of the 
inelastic pd scattering cross section on the included 
angle between the scattered proton and the scattered 
neutron. The apparatus did not fix this quantity 
directly; each counter was independently aligned to 
the beam, so the alignment errors add. Fortunately at 
the 87.5° angular separation of the counters the cross 
section is a maximum. The over-all alignment error is 
less than +0.008 in the polarization at any angle. 

The energy discrimination of the neutron counter 
was varied by adjusting the counter voltage holding 
the discriminator voltage constant at about 10 volts. 
This discrimination level was adjusted at each angle 
setting of the counters to optimize the relation between 
counting rate and random rates. The threshold varied 
from about 20-Mev ionization loss at large scattering 
angles to about 6 Mev at the small scattering angles, 
this was between 4 and } of the neutron energy. Over 
this same range the counting efficiency for these chosen 
discrimination levels varied from about 25% at large 
to 6% at small scattering angles. The errors in the asym- 
metry results from threshold drifts in the neutron 
counter were verified to be negligible. 

To avoid systematic errors the apparatus was changed 
left to right at least once every hour. At each setting 
of the counters one run of real coincidence counts was 
followed by one of the random coincidence counts which 
was again followed by one run of real counts. The 
counters were then interchanged and the same done 
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in the inverted position of the apparatus. At each angle 
a total of from 24 to 36 runs of data were collected. 
Chi square tests showed all data to be statistically 
consistent. 

Calculations show that no significant errors are caused 
by the variation of counting efficiency of the neutron 
counter with energy, dead time losses, or bias level 
shifts or pile up in the neutron counter due to changing 
counting rate. 

At the larger c.m. angles up to 5% of the protons 
which are scattered off the proton bound in the deu- 
teron stop in the vicinity of the neutron counter and 
produce neutrons which are subsequently counted as 
pn events. Using the neutron production cross sections 
of Hoffman and Strauch” and the known asymmetries 
in pp scattering, it is easily shown that the effect of 
these events on our asymmetry measurement is less 
than +0.008 in the polarization. 


RESULTS 


The results of the experiment are tabulated in Table I 
and are plotted in Fig. 5. The error bars include sys- 
tematic, as well as statistical errors. Figure 5 depicts also 
the results of the early Rochester experiment on free 
np polarization as well as the predictions of the phenom- 
enological potentials of Gammel and Thaler" and that 
of Signell and Marshak.” 

Also included in Table I is a measurement taken at 
an included angle between the proton and neutron of 
823° instead of the optimum 873°. The spectator particle 
then has an average energy of 0.75 Mev as compared 
with the usual 0.38 Mev: This has made no appreciable 
difference in the polarization, lending further support 
to our contention that this data can be treated as free 
pn scattering. 
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The polarization and differential cross section of 146-Mev 
protons elastically scattered by deuterons have been measured in 
the center-of-mass angular range from 3.9° to 170°. A description 
of the liquid deuterium target and detection apparatus which 
permitted the measurement of the elastic events over these angles 
is given. At small angles the proton was energy analyzed; at large 
angles the recoil partner of the proton, the deuteron, was identified 
and energy analyzed. Although the energy resolution of +1.7 
Mev and the angular resolution of +2.0° were sufficient to separate 
quasi-elastic events from elastic events at most angles, they were 
insufficient to resolve unambiguously the 2.3-Mev inelastic events 
resulting from the formation of virtual deuterons. The measured 


INTRODUCTION 


HE role of polarized nucleon-deuteron scattering 
in an attempt to learn more about nuclear forces 
is manifold. Although the nucleon-deuteron interaction 
is a three-body problem, theoretical apparatus in the 
form of the impulse approximation is able to relate this 
interaction to a superposition of nucleon-nucleon inter- 
actions. Since phase shifts from nucleon-nucleon scat- 
tering experiments at this energy are not yet available, 
the phase shifts calculated from assumed nucleon- 
nucleon potentials must be used in this superposition.' 
A comparison between the experimental data and 
theoretical prediction in the small center-of-mass 
angular region in which direct elastic scattering takes 
place gives information on how meaningful the combi- 
nation of nucleon-nucleon potential and superposition 
approximation is. At the large center-of-mass angles 
where “deuteron pickup’ dominates we can learn more 
about the high momentum components in the deuteron, 
the deuteron wave function, and the nature of the 
interference between the direct and pickup processes. 
“Quasi-elastic” scattering? by the nucleons in the 
loosely bound deuteron can be compared directly to 
their free scattering counterparts by again using the 
impulse approximation. Scattering resulting in the 
formation of the virtual singlet state of the deuteron 
gives further information about the superposition of 
nucleon-nucleon scattering amplitudes. Finally, since 
targets of neutrons do not exist, neutron-deuteron 
scattering is the closest approach to n-m scattering; a 
* Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission. 
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(Pergamon Press, New York, 1960), p. 193. 
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3G. F. Chew, Phys. Rev. 80, 196 (1950); G. F. Chew, Phys. 
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cross section is in qualitative agreement with cross sections at 
neighboring energies; no comparison of measured polarizations is 
possible due to the lack of other experiments. The cross sections 
and polarization for angles less than 80° c.m. are well fitted by 
the Kerman, McManus, and Thaler theory using the Gammel 
and Thaler nucleon-nucleon potential description. The energy 
and angular dependence of the large-angle pickup cross section 
proposed by Chew and Goldberger agree well with experiment; 
however, the small measured positive polarization is not predicted 
by this theory, and probably indicates destructive interference 
between the direct and the pickup scattering. 


comparison of n-d and p-d scattering can answer the 
question of whether or not nuclear forces are charge 
symmetric. 

The largest number of nucleon-deuteron experiments 
at higher energies has been confined to measurements of 
the elastic differential cross section. Proton-deuteron 
scattering has been studied by Caldwell* (20.6 Mev 
p-d); Ashby® (32 Mev p-d); Chamberlain and Stern® 
(192 Mev d-p); Cassels, Stafford, and Pickavance’ 
(145 Mev p-d) ; Schamberger* (240 Mev p-d) ; Chamber- 
lain and Clark® (340 Mev p-d); and Crewe” (450 Mev 
p-d). Neutron-deuteron scattering has been studied by 
Powell" (90 Mev n-d); and Youtz' (90 Mev n-d). The 
pickup region has been studied by Bratenahl" (95, 112, 
138 Mev p-d) and Teem™ (95 Mev p-d). Polarization 
alone has been investigated at three angles by Marshall, 
Marshall, Nagle, and Skolnik'® (310 Mev p-d). None 
of these experiments were extended into the small-angle 
Coulomb interference region. The present experiment 
includes both polarization and differential cross section 
for most of center-of-mass angular range. It is particu- 
larly valuable now because of the appearance of p-p 
and n-p double and triple scattering experiments being 


*D. Caldwell, J. R. Richardson, and H. N. Royden, Bull. Am. 
Phys. Soc. 28, 7 (1953). 
®V. J. Ashby, University of California Radiation Laboratory 
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® OQ. Chamberlain and M. O. Stern, Phys. Rev. 94, 666 (1954). 
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168, 556 (1951). 
*R. D. Schamberger, Phys. Rev. 85, 424 (1952). 
O. Chamberlain and D. D. Clark, Phys. Rev. 102, 473 (1956). 
\. V. Crewe, B. Ledley, E. Lillethun, S. Marcowitz, and 
L. G. Pondrom, Phys. Rev. 114, 1361 (1959); S. Marcowitz, 
Phvs. Rev. 120, 891 (1960). 
1\W. Powell, University of California Radiation Laboratory 
Report UCRL-1191 (unpublished). 
2 B. L. Youtz, University of California Radiation Laboratory 
Report UCRL-2307 (unpublished). 
‘8 A. Bratenahl, University of California Radiation Laboratory 
Report UCRL-1842; A. Bratenahl, Phys. Rev. 92, 538 (1953). 
‘4 J. M. Teem, Ph.D. thesis, Harvard University, 1954 (unpub- 
lished). 
‘6 .. Marshall, J. Marshall, D. Nagle, and W. Skolnik, Phys. 
Rev. 95, 1020 (1954). 
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Itc. 1. Deuterium condensation system. 


done at the same energy of 146 Mev.'**° A completion 
of these will permit the calculation of phase shifts 
directly from experimental data rather than from 
assumed potentials and thus will allow a direct com- 
parison of the theory of superposition with proton 
scattering from the simplest of complex nuclei—the 
deuteron. 


THE EXPERIMENT 


The difference between the number of right and left 
events for an incident polarized proton beam appears 
quantitatively as the asymmetry eg produced by the 
deuterons and bears the following relation to the 
polarizations” ; 


éa= PpPa=(Nit—Nr) (VNi+Nre), (1) 


where Pz is the initial polarization of the proton beam 
and P, is the polarization produced by the deuterons. 

Averaging NV; and Np gives the No for an incident 
unpolarized beam* which appears in the cross section. 
To determine the differential cross section and polar- 
ization for p-d scattering it is necessary to measure the 
incident beam intensity, energy and degrees of polar- 
ization, Nz and L, to areal density of target atoms, and 
solid angle. A cylindrical liquid deuterium target 1.83 in. 
in diameter and 3 in. high was constructed to avoid 
backgrounds that are present when the deuteron is in 
combination with another element. A schematic dia- 
gram of the target and condensation system is shown 
in Fig. 1. The target cup was made from two-mil thick 
Mylar sheet sealed into cylindrical form by thermal 


‘6 A. E. Taylor and E. Wood, Proc. Phys. Soc. (London) A69, 
645 (1956); A. E. Taylor, E. Wood, and L. Bird, Nuclear Phys. 
16, 320 (1960). : 

‘7 J. N. Palmieri, A. M. Cormack, N. F. Ramsey, and Richard 
Wilson, Ann. Phys. 5, 299 (1958). 

'§ C. Hwang, T. R. Ophel, E. Thorndike, and Richard Wilson, 
Phys. Rev. 119, 352 (1960). 

‘9 E. Thorndike, J. Lefrangois, and Richard Wilson, Phys. Rev. 
119, 362 (1960). 

2” A. Kuckes and Richard Wilson, Phys. Rev. 121, 1226 (1961). 

*1L. Wolfenstein, Ann. Rev. Nuclear Sci. 6, 43 (1956). 
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TABLE I. Elastic proton-deuteron kinematical results. 








6 Ea Ep 
Center- Deuteron Proton 
Proton lab lab 
energy energy 


angle Mev Mev 


88.0 2.46 144 
86.0 5.0 143 
82.7 9.0 142 
70.3 25.0 129 
52.0 50.0 95 
40.2 70.0 66 
35.0 77.5 56 
10.0 


Deuteron 


lab lab 
angle 








setting araldite.” A closed free-flow system permitted 
the reuse of the deuterium. From the 450-liter storage 
tank the gaseous deuterium, initially at one atmosphere 
of pressure, flowed through a filter network to the 
condensation target system. Here it was first cooled to 
77°K in the coils in the liquid nitrogen bath and then 
condensed at 20.4°K in coils immersed in a liquid 
hydrogen reservoir. This condensation continued rapidly 
until the pressure of the liquid deuterium in the target 
chamber equaled the pressure in the storage tank 
(one-third atmosphere). This condensation-target as- 
sembly was surrounded by heat shields maintained at 
liquid nitrogen temperature and placed in a vacuum 
system. The purity of deuterium (99.7%), the vapor 
pressure at 20.4°K, and the target diameter (1.83 in.) 
led to an areal density of (2.35-+0.05) x 10% deuteron- 
atoms/cm?. 

The elastic particles that scatter from deuterium 
must be distinguished from the particles arising from 
other processes that are taking place. The proton must 
be distinguished from the deuterons, and then the 
identified particles energy analyzed to insure that they 
arose from elastic processes in the deuterium target. 

A target thickness of several Mev together with the 
kinematical relations tabulated in Table I suggest 
immediately that several different detection schemes 
must be employed to cover the entire center-of-mass 
(c.m.) angular range. At small angles (4°-75° c.m.) the 
proton was measured because its recoil deuteron does 
not get out of the target; here energy resolution alone 
distinguishes between the elastic and inelastic events. 
In the intermediate range (67°-106° c.m.) the proton 
is still identified by energy analysis but with its recoil 
deuteron in coincidence; the lower limit on the angle is 
determined by the necessity of the deuteron leaving 
the target with enough energy to be detected, the upper 
limit by constructional design difficulties in going to 
greater than 75° in the laboratory system (106° c.m.). 
In addition, energy of the deuteron was measured with 
the recoil proton in the range 80°-140° c.m.; the lower 
limit is again determined by the low energy of the 
deuteron, the upper limit by the low energy of the 


2 'V. O. Nicolai, Rev. Sci. Instr. 24, 618 (1955). 
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proton. Finally at large angles (99°-170° c.m.) the 
deuteron energy alone was measured, relying on good 
energy resolution and a high rejection of protons to 
distinguish the elastic peak. This flexibility in detection 
makes it possible to cover the entire angular range, even 
to the extent of overlapping methods in some regions. 

Some particles that are counted as elastic events 
from the deuterium target actually arise from other 
processes. One such background source results from 
scattering by target supports, slits, and air; its effect 
is found by emptying the target and counting the 
contribution to the elastic events. Corrections to the 
observed counts are necessary because the background 
particle has scattered with a higher energy and with a 
lower cross section than is the case when the target is 
full. After these slight adjustments the background is 
subtracted from the target-full events. 

The background source caused by inelastic events is 
present only when there is a target and thus cannot be 
measured in the absence of the target; this negates the 
direct subtractive method that was possible above. 
This background is of particular concern when the 
protons are the particles of interest. The origin of one 
type of inelastic process is the “free p-p like” and 
“free p-n like” collisions in which the deuteron breaks 
up with the resulting collision partners exhibiting two- 
body nucleon-nucleon kinematics.*? The unique angular 
and energy correlation of the analogous free case is 
disrupted in these quasi p-p and quasi p-n collisions by 
the internal momentum possessed by the struck particle 
in the deuteron at the time of impact. Experiments 
show that the inelastic and elastic processes here have 
cross sections of the same order of magnitude”; this, 
coupled with the fact that the inelastic particles are 
weakly correlated about angles different from the strong 
correlation of the elastic p-d events, again emphasizes 
that the use of a recoil counter in coincidence with a 
total energy detection system with good energy resolu- 
tion will help greatly in the separation of elastic 
processes from this inelastic background. The incident 


*% Arthur Kuckes, thesis, Harvard University. 1959 (unpub 
lished). 
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proton may also cause an inelastic scattering in which 
the proton in the deuteron flips its spin to form a 
virtual deuteron with a “binding” energy of —70 kev. 
The proton being scattered in this fashion has been 
reduced in energy by 2.23 Mev in order to break up 
the real deuteron and by an additional 0.070 Mev to 
form the virtual deuteron; its energy is then 2.30 Mev 
below that of the elastically scattered proton. To 
experimentally separate the elastic and inelastic events 
a resolution of at least 2.30 Mev out of 146 Mev is 
needed. Even better resolution is necessary to distin- 
guish a small inelastic scattering in the presence of a 
large elastic peak. The inability to achieve the necessary 
resolution to identify this effect is one of the uncer- 
tainties in the elastic results. 

The main contribution to a background for the 
deuteron detection are the inelastic protons that may 
“break through” when the rejection of the discriminator 
apparatus is not adequate to prevent subsequent 
analysis of the detected proton. It is necessary then to 
design the equipment to have a high rejection ratio for 
protons to deuterons of the same energy when it is 
desirable to analyze the scattered deuteron. Since there 
are no inelastic deuterons possible this source of 
background may be discounted as a source of correction. 

The result of these resolution requirement and 
flexibility of detection was a particle “telescope” of 
the form displayed in Fig. 2, together with the electronic 
circuits shown in the block diagram of Fig. 3. Whenever 
a particle loses a preselected amoung of energy in each 
of two “rate of energy loss” counters and then loses all 
of its remaining energy in the total-energy counter, 
pulses from these three events enter a fast coincidence 
circuit; the resulting triple coincidence assures the 
remaining electronic circuits that one particle of desired 
charge and mass is to be energy-analyzed. Also from 
the total-energy counter a fast pulse (30 nanoseconds) 
proportional in height to the particle’s total energy 
passes through a cathode follower, down a delay line, 
and into a “gate and stretcher.” Here the triple coinci- 
dence pulse (quadruple if we also require the defined 
particle’s recoil partner in angular correlation) opens 
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the “gate” of 200-nanosecond duration which permits 
the fast pulse to enter the “stretcher,” where it 
stretched in time duration to 1.5 usec but maintains its 
height. Finally, this lengthened pulse enters a 100- 
channel pulse-height analyzer where it is analyzed, 
displayed, and recorded in a channel corresponding to 
the initial scattered particle’s energy 

The “rate of energy loss” counters give pulses whose 
height is proportional to the energy lost by the particle 
in passing through the scintillator. The discriminator 
units™ reject all pulses below a predetermined height ; 
the accepted pulses are uniformly shaped and continue 
to the coincidence circuit through appropriate delay 
lines. 

The second rate of energy loss counter is also the 
“defining” counter, and its detection area of r/4 square 
inches together with the distance from the center of 
the target determines the solid angle of the experiment 
and the angular resolution. A deuteron loses 1.76 times 
as much energy as a proton of the same initial energy 
so distinction between the particles can be accomplished 
by discrimination between their pulse heights. For one 
discriminator the “feed through” ratio for protons to 
deuterons of the same energy is 3%. Requirement of 
two such identifications, reduces this ratio to 0.1%; 
in addition, these two counters reduce “accidental” 
rates and form a telescope to define the target region. 

The total-energy scintillator is thick enough to stop 
the most energetic deuteron (130 Mev) but can only 
completely stop a 90-Mev proton. However, it is of 
large enough diameter to prevent most outscattering 
of both kinds of particles. To energy-analyze higher 
energy protons, it is necessary to slow them down to 
less than 90 Mev by placing CH: absorber between the 
front and defining crystals. A longer counter would 
have stopped the full-energy proton, but this larger 
volume becomes a better neutron detector; to reduce 
singles rates in the total-energy counter for better 
detection of deuterons, it is desirable to keep the 
volume small. 

Good energy resolution in the telescope system is 


m 4 J. . 4 Thresher, C. P. Van Zyl, 
Rev. Sci. Instr. 26, 1186 (1955). 


is 


R. G. P. Voss, and R. Wilson, 


dependent upon the initial beam energy spread, the 
energy. smear in the target, and the “inherent” resolu- 
tion in the total-energy crystal and associated electronic 
circuits. The initial beam had a 3-Mev full energy 
width at half height at 148 Mev. This imposed an 
ultimate resolution of at least 2% on the apparatus. 
The energy smear in the target was negligible (less the 

+ Mev) rd protons at small iab even nie nh 
even at small laboratory angles the smear was 3 Mev. 
The final resolution was 3% for deuterons and 2.2% 
for protons in the scattered beam at small angles. The 
resolutions become worse at larger laboratory angles 
consistent with the increased energy smear in the target. 


Beam Monitoring 


Both the determination, the number of protons per 
integrated beam unit, and the monitoring of the beam 
were accomplished by the collection of the proton beam 
of a Faraday cup and electrometer. 

An argon-filled ionization chamber placed in front 
of the target acted as an alternative monitor. The 
ionization chamber served as the primary monitor for 
angles less than ten degrees; the integrated ionization 
chamber current per integrated beam unit was found 
frequently in that case to provide an absolute cali- 
bration. The ionization chamber and the Faraday cup 
agreed to within 13% 


EXPERIMENTAL PROCEDURE 


The 70% polarized proton beam of the Harvard 
cyclotron is obtained by internally scattering the 
regenerated beam from a 12-Mev thick carbon target. 
These polarized protons exit into an evacuated beam 
pipe at an approximate angle of 17° to the initial beam 
with 148-Mev energy, with 3-Mev full width at half- 
height energy spread, and with an intensity of 3X 10° 
protons/sec. 

To avoid introducing false asymmetries into the 
data of the polarization determination, the zero angle 
was carefully found by taking the beam profile and 
centering the defining crystal within this profile. The 
pivot of the radius arm about which the telescope 
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swung was positioned directly under the center of the 
target and the levelness of the scattering table adjusted 
so that there was no difference on either side of the 
zero beam line. 

After the data was taken on one angle, the telescope 
was immediately swung to the same angle on the other 
side; the process was generally repeated once more. 
Also in covering an angular range the various angles 
were interleaved. Backgrounds were taken before and 
after filling the target for each angle in the experiment. 
These backgrounds were counted for only a fraction of 
the time of the target-full counting cycles; this fraction 
depended upon the importance of the background and 
varied in practice from $ to }. 


EXPERIMENTAL AND ANALYTICAL CORRECTIONS 
Dead Time 


Counting losses occur when pulses appear within the 
time it takes an electronic circuit to perform an oper- 
ation on one pulse and recover sufficiently well to 
perform the same function on another pulse; the effect 
of this “dead time” on the counting losses entered as a 
correction to the data. The time limit on analyzing 
ability meant that only one event per beam pulse (one 
event every 4 milliseconds) could be sorted according 
to its pulse height. The dead time correction to the 
data was applied at all angles to the background as 
well as to the target-full data; the largest correction 
(at 2.5°) was 1241%. This correction was much smaller 
for all other angles and generally was less than 1%. 
Dead times in the discriminators and the coincidence 
circuit caused no trouble. 


Calculated Nuclear Absorption Corrections 


“Nuclear absorption” is a generic term that applies 
to any process which removes particles from the 
particular energy range of interest, the elastic peak for 
instance. Several ways of finding this attenuation are 
possible. The nuclear absorption can be calculated for 
protons and deuterons as a function of the amount of 
absorber from theoretical or measured cross sections. 
For protons it is possible to measure the attenuation 
directly in the proton beam. The attenuation for 
deuterons can be measured by a comparison of two 
separate measurements of the scattering cross section 
at a given angle; the number of elastic events in the 
energy-analyzed peak which undergoes strong nuclear 
absorption in the total-energy crystal, and the number 
of elastic events as determined by angular correlation 
in which there is almost no nuclear absorption. 

Removal of an elastically scattered particle from its 
rightful place in the elastic peak may be caused by 
the particle not being detected at all because it has 
undergone a scattering while slowing down that resulted 
in a large deflection outside the detector’s observation. 
An inelastic collision causes a reduction in energy so 
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large that although the particle may still be detected 
it has fallen out of elastic recognition. 

Single and plural Coulomb out-scattering losses are 
compensated almost entirely by the gain of particles 
from the in-scattering by the same processes. All 
particles that underwent inelastic scattering in the 
detection telescope were considered lost to the elastic 
peak. The proportion of elastic scattering by the 
absorber material that exceeded the geometrical con- 
fines of the detectors were also considered missing. 

The method of calculation of this correction for 
proton detection is similar to that in reference 17. The 
corrections are greater than in that case, for we count 
as lost to the detector all particles that lose more than 
4 Mev of their energy. 

Unlike the case for the protons an absorber was not 
necessary to slow down the deuterons, and all nuclear 
absorption integrations were confined to the detectors. 
The calculations necessary for the deuterons were 
similar in form to those for protons; however, less 
well-known cross sections had to be used due to a 
lack of experimental information. The elastic scattering 
of the deuterons from hydrogen and carbon resulted in 
only small losses because the rate of energy loss of the 
deuteron was so high that such a scattered particle 
could not leave the thick total-energy crystal. Such 
scattering is concentrated in a small forward cone and 
the energy reduction is small. The deuteron-proton 
cross section has been reported for only one energy 
(190 Mev) and had the value of 53 mb/sr or 6% of 
the total cross section. Following Teem,™ the cross 
section can be related to the more familiar total 


neutron-deuteron cross section at half the energy; 
Cap(E)=0.75¢na(E/2) tora. As in the case for the proton 
inelastic cross section from carbon, the deuteron-carbon 
inelastic cross section was assumed to be constant; and 
since the total-energy detector was in poor geometry 
just as it was for the reported cross-section measure- 
ment, the value of 0.667 barn could be used. The 


integrations were again performed numerically to 
account for changing cross sections with energy. 

The results of these calculations for protons and 
deuterons for the incident energy and absorber combi- 
nations used experimental conditions are listed in 
Table II. Also in the same table are the experimentally 
measured corrections. Due to the lack of good cross- 
section measurements for the parameters of interest 
and due to simplifying assumptions made to facilitate 
calculations, the attenuations for deuterons may be in 
error by 10%; for protons by 3%. 


Measured Nuclear Absorption Corrections 


For protons it was possible to measure the nuclear 
absorption correction for almost all the scattered 
energies and absorber combinations used in the actual 
experiment. For the deuterons such a measurement was 
confined to one experimental situation. 
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TABLE II. Nuclear absorption correction factors. 





Calc. E, 
deut. Meas. Proton Proton 
corr, deut. lab energy 
factor corr. angle 


2.5 
5.0 
10.0 
15.0 
20.0 


Ra 

Deut. 

energy 
Mev 


Meas. 
proton 
corr. 


factor 


Calc. 
proton 
corr. 
factor 

360 
352 
345 
335 
315 
296 


CH, 
abs. 
gm/cm? 


ts) 
Deut. 
lab 
angle 


5 be 1.350 
10 1.337 
15 


20 3340.04 


30 
35 
40 
45 


1.186+0,.092 








To measure the proton attenuation the telescope 
was placed in the direct beam and the same adjustment 
made as for the scattering experiment. A lead scatterer 
was placed over the pivot to scatter the beam so that 
the detection counters would be uniformly illuminated, 
and a CH, absorber was placed behind this scatterer to 
reduce the beam energy to that of the scattered particles 
of interest. Another large counter was placed before the 
front discriminator; these two acted as a monitor in 
double coincidence. As the beam energy was varied by 
changing the absorbers behind the radiator to simulate 
the scattered particles, the absorber between the front 
discriminator and the defining counter was varied with 
energy in the same manner as was done in the experi- 
ment. The number of triples and peak counts per moni- 
tor was noted for this latter absorber in and out. In 
this manner it was possible to separate the effects of 
the nuclear absorption in the absorber and in the total- 
energy counter: the former being the ratio of triples 
with the absorber out to that with it in. The total- 
energy counter and absorber effects combined was 
found by noting the ratio of the number of counts under 
the peak with the absorber in to the triples with the 
absorber out—all taken for the same number of monitor 
counts. 

The ratio of the cross section measured by angular 
correlation to that measured by counts under the elastic 
peak in the total-energy crystal gave the attenuation 
of the deuterons at a particular angle and therefore 
particular energy incident on the total-energy counter. 
The angular correlation cross section is subject to small 
corrections for its nuclear absorption because only the 
discriminator counters are effective in absorbing the 
deuterons. 

The experimental corrections for all proton energies 
and the single deuteron energy are given in Table II 
in the form of multiplicative corrections. The protons 
factors may be in error by 3% because of unknown 


25 ‘5 257 25.0 


3340.04 
.30+0.04 
.27+0.04 
26+0.04 
.22+0.04 
.21+0.04 
.18+0.04- 
15+0.03 
.14+0.03 
12+0.03 
11+0.03 
10+0.03 


.270 
.237 
217 
.196 

176 
.166 

150 
.136 
115 
.110 
095 
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low-energy contaminants in the beam and nonuniform 
illumination over the crystals. The lone deuteron 
measurement is probably in error as much as 8% due 
to the large uncertainty in subtracting by extrapolation 
of the neighboring inelastic particles. Comparison of 
both calculations and measurements of these attenu- 
ation factors with those of Teem and Palmieri whenever 
the same energy and absorber combinations were used 
show close agreement. Such a comparison was possible 
for six values for the protons and for all the deuterons 
below 95 Mev. Nuclear absorption corrections were 
made only to the cross section; the polarization was 
little affected by these processes. To correct for this 
effect, the experimental attenuation factors were used 
where possible for the proton cross section and the 
calculated ones for the deuteron cross section. 


Beam Polarization Measurement 


The desired polarization of the protons scattered 
from deuterons is related to the measured asymmetry 
and beam polarization by Ppa=¢pa/Ps. The separate 
calibration of the beam polarization by scattering from 
carbon at 15° gave a value of 70+3%. Then to find 
the polarization for a 100% incident beam it was 
necessary to divide the measured asymmetry by this 
70%. It is to be noted that the correction to the 100% 
polarized incident beam is in error by 3%. This error 
was not included in the relative polarization error; it is 
necessary for an absolute determination of the polar- 
ization. 


Scattering Angle and Azimuthal Corrections 


The finite size of the defining counter necessitates 
slight correction of the small angle measurements. 
Because the cross section at small angles varies very 
rapidly, close to @~*, the portion of the detector closest 
to the beam counts more particles than its far side. 
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Fic. 4. Pulse-height distribution of protons at 24° lab (3.9° c.m.). 


Thus the effective scattering angle is smaller than the 
nominal angle measured by displacements on the sine 
bar. On the other hand, because the beam also pos- 
sesses a vertical dimension, some particles are further 
away from the nominal center and this tends to make 
the effective angle larger. The correction was important 
for 2.5° and 3° lab angles and changed them to 2.46° 
and 2.98°, respectively. 

A correction to the polarization is necessary because 
the counter detects scattering which is out of the plane 
normal to the direction of polarization. This correction 
was 0.7% at 2.46°, becomes smailer at larger angles, 
and was neglected in all regions: 

All corrections are subject to errors either in the 
method used, assumptions made in the calculations, or 
in the data used to attain the final numerical results. 
In all cases, the corrections were made to the data and 
the errors acknowledged by including them in the total 
errors of the experiment. 


Data Reduction 


Corrections to the data have been made for the 
dead time of the pulse-height analyzer, the scattering 
when the target was empty, and the inelastic scattering 
from the deuteron. The target-empty background was 
only appreciable from 23° to 10° lab. A correction was 
made to the target empty data for energy loss in the 
deuterium and the counts subtracted channel by 
channel. 

The background of protons scattering inelastically 
from the proton leaving the deuteron in the 2-3 Mev 
virtual state are important at small angles. The 
resolution of 3 Mev full width at half maximum was 
inadequate to separate these completely as shown in 
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Fic. 5. Pulse-height distribution of protons at 9° lab (13.9° c.m.). 


Figs. 4 and 5. The dashed curve shows the spectrum of 
protons taken in the direct beam with the peak posi- 
tion and intensity normalized. A group of inelastically 
scattered protons is easily seen to distort the peak. 
At 23° lab the distortion is small, because the elastic 
Coulomb scattering is large, and the inelastic scattering 
negligible. The number of elastically scattered protons 
have been estimated by taking only the counts on the 
high-energy side of the peak and doubling them. This 
procedure reduces the effect of the inelastically scattered 
protons to less than 5% at all angles. At these angles, 
the total counts integrated over the elastic and inelastic 
scattering up to 5-Mev energy loss, are also presented. 
A study*®® in progress with a magnetic spectrometer of 
1% resolution separates the elastic and inelastic data. 

Incorrect accounting for the inelastically scattered 
protons can cause a systematic error both in the cross 
section and polarization. 

At larger angles, 25° lab (Fig. 6) the target empty 
background is small, but the inelastic background 
becomes so large that the elastic scattering peak need 
not be symmetrical. The excitation of the 2.3-Mev 
state, being magnetic dipole, may be assumed small. 
The dotted lines in Fig. 6 show two extreme ways of 
accounting for the inelastic events. The systematic 
error in subtracting the inelastic contribution was 
obtained from these two extremes. At 50° lab (Fig. 7) 
the situation is even worse. The c.m. cross section 
there becomes 0.60+0.10 mb/sr and the polarization 


*® TD). Stairs (private communication). 
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—(.24+0.06. However it is now possible to count 
deuterons in recoil and thus completely specify the 
kinematics. The background vanishes, except for a 
small tail due to nuclear absorption in the counter, 
and the errors reduce; using this method the cross 
section becomes 0.58-+0.05 mb/sr and the polarization 
—0.30+0.05. 

Figures 8 and 9 exhibit data taken at 40° lab by 
three different methods: the deuterons energy analyzed 
with no recoil required, the deuterons energy analyzed 
with the recoil proton required, and the deuteron 
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identified in the proton recoil 
counter swept through several angles to provide an 
angular correlation measurement. The background is 
inelastically scattered protons feeding through the 
electronic circuits. 

Figure 10 exhibits the data of energy-analyzed 
deuterons taken on the right-hand side of the beam at 
10° lab. The solid line represents an estimate of the 
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best fit through the raw experimental data. The elastic 
peak is here distinctly separate from the quasi-elastic 
background. An estimated correction for the proton 
feed through is very small (0.5%). The elastic peak was 
symmetric and exhibited no influence from the presence 
of inelastic particles. The backgrounds for the target 
empty also were very small and did not warrant the 
channel by channel subtraction necessary in the case 
of small-angle proton analysis. 


TABLE ITT. Elastic p-d scattering results." 


Center- 

of- Center-of-mass 

mass Lab cross section 

angle angle Det. (da /dw) Polarization 
(deg) (deg) method (mb/sr) P 


114.60+10.49 
42.64+3.86 
17.95+1.63 
14.24+1.29 
17.87+1.62 
18.36+1.66 
16.06+1.45 
16.64+1.51 
16.46+1.49 
11.93+1.67 
10.45+1.62 
5.40+0.46 
3.64+0.36 
2.36+0.23 
1.70+0.17 
1.14+0.12 
45 p 0.906-+0.119 
50 p 0.602+0.102 
50 ‘ 0.584+0.047 
55 ‘ 0.492+0.049 
60 , 0.390+0.039 
65 q 0.335+0.034 
75 p, 0.263+0.042 
40 4 0.263+0.026 
40 0.274+0.054 
35 0.245+0.040 
30 0.235+0.034 
25 0.247+0.030 
20 0.280+0.031 
15 0.326+0.033 
12.5 0.406+0.050 
10 0.477 +0.038 
0.582+0.068 
0.795+0.097 


0.083+0.058 
0.207 +0.039 
0.287 +0.027 
0.252+0.026 
0.290 +0.026 
0.309+0.026 
0.332+0.026 
0.369+0.026 
0.406+0.026 
0.428+0.003 
0.550+0.057 
0.681+0.034 
0.676+0.031 
0.512+0.030 
0.278+0.036 
0.075+0.046 
—0.179+0.053 
—0.236+0.060 
—0.299+0.047 
—0.416+0.050 
—0.429+0.049 
—0.497+0.047 
—0.623+0.056 
—0.639+0.061 
—0.739+0.082 
—0.592+0.098 
—0.488+0.105 
—0.044+0.067 
0.116+0.042 
0.178+0.051 
0.235+0.058 
0.173+0.047 
0.090+0.056 
0.112+0.056 


2.2 p 
3.0 p 
4.0 p 
5.0 p 
6.0 p 
7.0 p 
8.0 p 
90 p 
12.5 p 
15.0 p 
20 p 
25 p 
30 p 
35 p 
40 p 
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* “Det. method” is the detection method used: p is the proton energy 
analyzed, d is the deuteron energy analyzed, p, d is the proton energy 
analyzed with deuteron in recoil, and d, p is the deuteron energy analyzed 
with proton in recoil. 6res is the angular resolution expressed in the center 
of-mass system. 


Errors 


Most of the errors and the method of accounting for 
them have already been mentioned in a number of 
scattered places. For the sake of completeness they are 
collected here: the statistical fluctuation in the number 
of counts in the peak, the statistical fluctuation in the 
number of counts in the target-empty background 
subtractions, the statistical fluctuation in the number 
of counts in the inelastic subtraction; the uncertainty 
in inelastic subtraction ; the error in finding the number 
of target atoms, the beam intensity, and the solid-angle 
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Fic. 9. Pulse-height distribution of deuterons at 40° lab (99° c.m.). 


errors in the correction factors for dead time, multiple 
scattering, background cross section, and energy shift, 
nuclear absorption—all these have been given in some 
detail previously. What remains for further investi- 
gation are the errors introduced by pivot misalignment, 
uncertainty in zero-angle determination, and uncer- 
tainty in the scattering angle. 

Alignment errors have a total effect of introducing a 
false polarization of +0.05 at the 2.5° angle. At all 
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Fic. 10. Pulse-height distribution of deuterons at 10° lab 
(160° c.m.), showing inelastic proton feed through. 
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other angles, the effect is much smaller, dropping to a 
typical value +0.008 at 15°. 

False polarizations from azimuthal deviations can 
arise from the uncertainty in positioning the center of 
the defining crystal at the height of the scattering 
plane or from variations in the height of the scattering 
table. The combined uncertainty from these two effects 
was less than § in. which could lead to a false polar- 
ization of 0.007 at 2.5° where such an effect would be 
most pronounced. 

The experimental polarization and cross sections 
are given in Table III. It must be emphasized that the 
errors are largely systematic (mainly arising from the 
uncertainty in the inelastic subtraction), and that 


0.8 





100 120 


while the values given for the errors in Table III 
represent the estimated limits, the “correct” values 
for the polarization and cross section may lie close to 
either limit; therefore, although the curves of Figs. 11 
and 12 retain their shapes, they may be displaced 
slightly upward or downward to either extreme of the 
indicated errors as far as this experiment can determine. 

The large errors arising from the uncertainty in the 
inelastic subtraction are caused mainly by poor reso- 
lution ; this may be solved by reducing the initial beam 
energy spread, the target thickness, and the inherent 
resolution of the detection system. The errors in the 
nuclear absorption correction are best eliminated by 
eliminating the necessity for making a nuclear absorp- 
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tion correction at all. This too involves a change in the 
detection system because the correction was a result 
of using the total energy detection method. After a 
beam of high intensity and small energy spread has 
been obtained, and a smaller target designed, then the 
detection apparatus would have to be a magnetic 
spectrometer in order to maintain good resolution. The 
limit of the resolution using this method is determined 
by the regulation of the current supply to the magnet 
and the angular acceptance of the defining counter, of 
the order of 1% with ease. The limit to the resolution 
for detection by total energy analysis with plastic 
scintillators has been shown to be about 2%. 

The final data for cross section and polarization are 
presented in Table III and Figs. 11 and 12. 


Discussion 


One may compare our cross section with those taken 
at other energies (see Fig. 13). All data are characterized 
by a forward maximum, a minimum near 130°, and a 
backward maximum in the pickup region. There is a 
basic disagreement between the cross section deter- 
mined here and the one by Cassels e¢ al.’ at a similar 
energy. Cassels’ cross section is higher than that 
measured here, and the shape is slightly different. No 
systematic checks were described by Cassels to test 
their statement that the inelastic contribution was 
small. Cassels’ data were normalized to his -p data. 
These p-p data were later found to be 25% too large. 
The combinations of these two effects may put Cassels’ 
absolute p-d cross section 50% too high. Any reasonable 
plot of experimental cross section versus energy for a 
given angle also shows Cassels’ data to be far out of 
line with the other energies. No comparison for energy 
variation of polarization is possible due to the lack of 
other polarization experiments. The data of reference 10 
appeared only while the paper was in proof. 

Several theoretical papers have been circulated' whose 
object is to combine the two-nucleon interactions in 
such a way as to predict the polarization and cross 
section for the deuteron. These theories are very similar 
in their assumptions, and their predictions are fairly 
close to one another; here the methods and predictions 
of Kerman, McManus, and Thaler (K MT)! are adopted 
because of their completeness. They represent a 
refinement of the calculations in reference 6. 

The impulse approximation is made; the effects 
arising from multiple scattering, the effects of pickup 
(or exchange) scattering have been neglected ; although 
the D-state contribution to the deuteron wave function 
is considered in a calculation of the form factor, it is 
usually neglected as far as its contribution to the 
scattering amplitudes is concerned. 

The momentum transferred to the scattering particle 
by the incident particle is assumed to be the same as 
that transferred to the nucleus as a whole. The relation 
for the final momentum of the scattered particle k/? as 
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Fic. 13. Cross section for p-d elastic scattering at various energies. 


a function of g? (the momentum transfer) and k,? (the 
initial momentum) is a different functional relation in 
the two cases of nucleon-nucleon scattering and 
nucleon-nucleus scattering. In relating the quantities 
of interest for the nuclear scattering case to the nucleon- 
nucleon scattering amplitudes this different functional 
dependence is ignored, although the actual complex- 
nucleus scattering takes place ‘‘off the two-body energy 
shell.” This assumption also neglects the momentum 
of the struck particle at the instant of impact. The 
assumption of neglecting off-the-energy-shell scattering 
is valid in the small-angle region. 

These assumptions limit the theory to the small- 
angle region to predict the cross section and polarization 
with any accuracy. This small-angle region for the 
deuteron is less than 80° c.m. 

The theory of KMT relates the nucleon-nucleus 
scattering matrix M(q) to the nucleon-nucleon scatter- 
ing matrix M(g) by averaging M(q) over the target 
nucleons’ spin and isotopic spin. M(q) as a function of 
momentum transfer is written 


M (q)=A(q)+ B(q)(@1-%)(@2:2)+C(q)(o1-fiteo2-h) 
+ E(q)(o1-4)(o2-¢)+F'(q)(o1- p)(o2-B), (2) 


where 1 is the incident nucleon, 2 is the scattering 
nucleon, and the unit vectors #, g, # are related to the 
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incident momentum kp and final momentum ky of the 
scattered nucleon by 

koxk, k, 25 ky 
- -, G= 3 
Korky, iKy— ky 


A ky+Ko (3) 
- Iky+ko| 


A= 


f is a unit vector normal to the scattering plane, @ is 
the momentum transfer unit vector, and with # they 
form a right-handed coordinate system for on-the- 
energy shell scattering. 

The isotopic spin dependence is implicit in the 
scattering amplitudes A, B, C, etc. through the relation 


A=}3(3A1+Ao)+}(A1—Ao)T1- Ta, (4) 


where the subscripts 1 and 0 refer to the triplet and 
singlet isotopic spin states of 7. The proton-proton 
scattering coefficient is A;, and the neutron-proton 
scattering coefficient is (A+ Ap). 

The spin and isotopic spin average over the target 
nucleons gives the scattering matrix M(q); the scat- 
tering amplitude gg in the Born approximation and the 
polarization P can be expressed in terms of this average 
through the relations 


2N do 


gz (q)= NM (q)F(q); —(q)= gr’, (5) 


N+1 dw 
TrLM (9) (o-#)M"*(q) 


P(q)= (6) 


TrfM (q)M* (q)] 


where gz and do/dw are in the center-of-mass system of 
the nucleus, V is the number of nucleons in the target 
nucleus, and F(g) is the nuclear form factor (the 
Fourier transform of the nucleon density in the ground 
state of the nucleus) which can be measured by electron 
scattering experiments. When this experimental meas- 
urement is used, the form factor for the proton must 
be subtracted out because the theoretical form factor 
assumes that the protons are point charges. 

These quantities may be evaluated explicitly for the 
elastic scattering from the deuteron. The ground state 
is assumed to be entirely S-state with isotopic spin 0, 
spin 1, and total nuclear spin of 1. The result is 


e 2N? i 
dw N+1 


+3(B+C+E+F)F(g)?], (7) 
2 Re(A*C+3B*C) 
A4+C42(B+C+E+F) 





P(g)= (8) 


where the average over isotopic spin has simplified A, 
B, C, etc., to the form A (q)=}[3A1(g)+Ao(q) ], etc. 
KMT supplied along with this theory the values of 
A,(q), Ao(q), etc., for the energies of 90, 156, and 310 
Mev. These values are related to the scattering ampli- 
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tudes M,; referring to the scattering of a nucleon- 
nucleon system from triplet spin component j to i and 
to the singlet scattering amplitude M22; these in turn 
are related to the phase-shift solutions. The set of 
scattering amplitude coefficients Ai(q), Ao(q), etc., 
supplied by KMT was calculated from the phase shifts 
of Gammel-Thaler potential. 

The values for the cross section and the polarization 
were calculated directly from these scattering amplitude 
coefficients using relations 7 and 8. But because the 
scattering amplitude coefficients did not include 
Coulomb effects, the values obtained were predictions 
for neutron-deuteron scattering. The form factor used 
in the calculation was taken from the experimental 
data of Stanford with the proton form factor unfolded. 

To include Coulomb effects for proton-deuteron scat- 
tering, we follow a procedure and analysis of Bethe.*® 
The scattering amplitudes for nuclear scattering of the 
proton magnetic moment in the Coulomb field may be 
added algebraically in the laboratory system. 

In the Born approximation, the nuclear scattering 
amplitude in the lab system is 


gBNL> 2NM (q)F (q é (Q) 


In the Born approximation the Coulomb scattering 
amplitude in the lab system has the same form factor 
as the nuclear scattering and is 


me 
gacL= 2—€' 
hg 


(10) 


The result for the Born approximation for the magnetic 
moment scattering amplitude in the lab system is 


E,—mc? q 2e*m 
gemL=k ree (u—}) : era 1 F(q), 
mc ky h'¢ 


(11) 
where rest energy, is the charge of the incident proton, 
E, and k, are the total energy and momentum of the 
incident proton in the lab system, yw is the magnetic 
moment of the proton, 7.—7, is the difference in phase 
shifts applied to Coulomb and nuclear scattering, and 
the remaining symbols have retained their previous 
definitions. 

If we assume that Coulomb and magnetic scattering 
are the same from a spin 1 as from a spin 0 nucleus, 
then the only scattering amplitudes influenced by their 
inclusion will be the A and C amplitudes. The average 
over the scattering amplitudes for a spin 0 nucleus gives 

M(q)=A+Ceo-h, (12) 
for the nuclear scattering amplitude in the Born 
approximation in the lab system 

gpnt=2\ [A+C(oe fh) \F(q); (13) 
and adding in the lab system the effects from (9) and 


6H. Bethe, Ann. Phys. 3, 190 (1958). 
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(10) gives 
= gBNL+ £BcL+ £BML 
= 2N[A’+C'(@-A) ]F(q). 


£B total L 


(14) 


The newly defined scattering amplitudes A’ and C’ 
include the A and C of nuclear scattering and the 
effects of the Coulomb and magnetic moment scat- 
tering. The A’ and C’ were calculated and used together 
with the B, E, and F in 7 and 8 to calculate the cross 
section and polarization for proton-deuteron scattering. 

The results from the calculation for p-d scattering 
were again in the momentum exchange representation 
which was changed to the lab or center-of-mass angle 
representation. Figure 14 shows the results of these 


50° 
Oo cm. 
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calculations for the p-d and n-d differential cross section 
in the center-of-mass system together with the experi- 
mental points for the 146-Mev p-d scattering. The 
comparison between p-d theory and experiment is quite 
good ‘in the range below 75° c.m., with the theory being 
at worst 10% different from the experiment. The 
theory rapidly departs from agreement for angles larger 
than 75°; this is probably a consequence of the assump- 
tions pointed out earlier in this section breaking down. 
The calculations seem to differ from those of Fig. 3 
reference 1. The reason for the difference is not clear. 
Figure 15 shows the results of the calculations for 
the p-d and n-d polarization for the center-of-mass 
angles together with the p-d polarization found in this 
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experiment. The comparison between theory and 
experiment here is good, but not as close as was the 
agreement for the cross sections. There is the expected 
deviation for angles larger than 75° because of the 
assumptions of the theory probably breaking down. 
However, in the Coulomb interference region there is a 
disagreement between theory and experiment. This is 
to be contrasted to the good fit obtained for cross 
sections. The reason for the disagreement in the 
polarization is not understood. There are also disagree- 
ments between experimental and theoretical polar- 
izations at larger angles. The theory there predicts a 
polarization which is too small. The Gammel-Thaler 
potential gives too small a magnitude and a shift to 
the left in angle for its prediction to the experimental 
polarization for p-m at 146 Mev. Since the p-n polar- 
ization exhibits this effect, we may expect the same 
result to be maintained when the p-n scattering 
amplitudes are combined with the p-p to form a 
deuteron. This is a fault in the potential. The KMT 
theoretical prediction for p-a polarization at 146 Mev 
also displays a similar large angle disagreement?’ ; 
however, in that case it is felt that the disagreement is 
a consequence of neglecting multiple scattering in the 
KMT theory. For the deuteron it is probably a combi- 
nation of the failure of Gammel-Thaler potential to 
predict the p-n data closely and not including multiple 
scattering effects in the KMT theory. 

The agreement between the KMT theory and experi- 
ment is generally quite good in the region where the 
assumptions are valid. It has similarly displayed 
success in predicting cross sections and polarizations in 
the elastic scattering from?’ He* and?* C” and for the 
inelastic scattering from the low levels of several other 
elements. 


Pickup Scattering 


Pickup takes place when an incident proton “picks 
up” a bound neutron to form a deuteron. The theory 
of this has been developed in impulse approximation by 
Chew and Goldberger.? Initial and final state inter- 
actions have been considered by Greider.” The Born 
approximation cross section depends on two factors; 
the probability that a neutron has a momentum k, 
inside the nucleus and the probability that the neutron 
will interact with the incident proton to form a deu- 
teron. If the momentum distribution of the neutron 
¢(k,)” is an unknown parameter, the experiment can in 
principle determine it. Qualitatively we see at once 
that small neutron momenta are more probable than 
large, and this will give a large forward peak of deu- 
terons, or a peak in the p-d cross section near 180°. 


27 A. M. Cormack, i: N. Palmieri, N. F. Ramsey, and Richard 


Wilson, Phys. Rev. 115, 599 (1959). 

*6 E.g., P. Hillman, A. Johansson, and G. Tibell, Nuclear 
Phys. 4, 648 (1957). Also see reference 1. 

* K. Greider, Phys. Rev. 114, 786 (1959), and University of 
California Radiation Laboratory Report UCRL-8357 (unpub- 
lished). 
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For the deuteron, the impulse approximation is more 
likely to be valid than for carbon nuclei where the 
theory has also been applied. However, the cross 
section of Eq. (7) is not zero in the pickup region; 
there will therefore be interference between the direct 
and pickup scattering. This has been discussed earlier 
by Teem." 

We first note the small positive asymmetry in the 
p-d elastic scattering from 140°-170° c.m. This corre- 
sponds to a negative asymmetry of the pickup deuteron 
from 5°-15° lab. In a study of pickup deuterons from 
carbon, C"(p,d)C", Cooper® found no asymmetry of 
the deuterons at these angles, and a large positive 
asymmetry at larger angles. This was qualitatively 
explained by Greider in terms of the interaction of the 
incoming proton with the carbon nucleus; the Born 
approximation theory predicts no polarization, because 
a neutron is equally likely to have either sign of mo- 
mentum. 

We therefore tentatively attribute this asymmetry 
to interference between the direct and the pickup 
scattering. We must now consider the sign of this 
interference. The polarization changes sign very rapidly 
from 120° to 150° c.m. It is in this region also that the 
pickup process becomes dominant. We _ therefore 
attribute the change of sign of polarization to a de- 
structive interference. If we examine the predictions of 
KMT (their Tables III and XIII) we see that the 
direct scattering could not by itself account for this 
change of sign. 

Of course the destructive interference may not be 
complete. Equation (7) shows that the direct scattering 
amplitude has the five complex terms; interference is 
expected only with the first term A and the Born 
approximation suggests only with ReA. 

We have analyzed the data in two ways. Firstly, 
we assume that the direct cross section is negligible 
and therefore there is no interference. The p-d cross 
section then becomes 
(8? — a”) 


doe 16r 


dw 3 (a?+k?)?(6?+ Re)! 
or by substitution 


do 970 26 
, (16) 


dio) 1+0.1E9(1-+8 sin’)? 27+0.1£ (1+8 sin’¢) 


where Eo is the incident proton energy in the lab system 
¢ is the laboratory angle of the pickup deuteron. We 
have taken a Hulthén approximation to the deuteron 
wave function, 
0.191 
¥(r) =———-(e 


r 


22r__¢ 1.202r) (17) 


*® P. F, Cooper, Jr., and Richard Wilson, Nuclear Phys. 15, 
373 (1959). 
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cross section in the pickup region 
(170° c.m.) as a function of energy 
compared with the simple Chew- 
Goldberger theory. 
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where r is in units of fermi=10-" cm. This fits the 
usual deuteron parameters—the binding energy and 
the effective range. 

We do not obtain exact agreement with this cross 
section. We might expect neglected effects to be a 
multiplication factor in the cross section. 

The theoretical results were therefore normalized 
to the experimental point of Teem™ at 170° c.m. and 
95 Mev with a multiplicative factor of 1.50. A part of 
this factor may also be due to the destructive’ inter- 
ference between the direct and the pickup scattering. 
Figure 16 shows the experimental cross section of this 
experiment and that of Bratenahl at the same angle. 
The agreement is good, showing that the energy 
dependence, and therefore dependence on neutron 
momentum k, of Eq. (15) is good. Figure 17 shows the 
calculated cross sections as a function of @..m. for both 
95 Mev and 146 Mev. The deviation at small @ may be 
due either to interference with direct scattering, to an 
inadequate deuteron wave function giving an incorrect 
neutron momentum distribution at high momenta, or 
to final-state interactions. 

In order to gain some idea of the second of these, 
we have calculated the cross section with assumptions 
of complete destructive and complete constructive 
interference. The calculation follows that of Teem" 
though the notation differs. 

The complete scattering cross section is written 


do 
—(0)=F(0){A(0)+XAV (ce? +k) [o(k) PH, (18) 


ad® 


where the first term is from the KMT theory [our 
Eq. (7) ] and is here assumed to be completely real and 


110 120 130 


ENERGY IN MEV 


spin independent. The term X is a small constant term 
to take account of multiple scattering and exclusion 
principle effects. The third term is the Born approxi- 
mation pickup term of Eq. (15) with an adjustable 
constant Y, the deuteron wave function in momentum 
space $(k), and a sign to indicate complete constructive 
or destructive interference. 

The first term, is smallest in the pickup region. At 
small @ it dominates and gives a cross section F?A? which 
is a gross simplification of Eq. (7). A value can thus be 
X?=0.06 
mb/sr about 6% of the cross section at 180°. From this 


assigned. Chew estimated that the term 
we may calculate ¢(&) according to constructive or de- 
structive interference. Figure 18 shows the result of such 
a calculation. The solid curves were obtained by Teem 
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Fic. 17. Cross section in th pickup region as a function of angle 
compared with the simple Chew-Goldberger theory. 
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Fic. 18. The square of the deu- 
teron wave function in momentum 
space ¢ deduced from 95-Mev 
and 146-Mev deuteron pickup 
data, assuming either complete 
constructive or complete destruc- 
tive interference. 
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at 95 Mev; the dotted curves are a result of this analysis 
at 146 Mev. In this curve are shown also the Hulthén 
wave function and the Gartenhaus wave function, nor- 
malized to fit the destructive interference curve, the 
most likely curve as previously observed, at k=0.72 
fermi". We observe a large momentum component 
larger than given by the repulsive core in the Garten- 
haus wave function. Unfortunately the analysis has 
sufficient uncertainties that no firm conclusion may be 
drawn. 
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SUMMARY 


The elastic p-d scattering at small angles may be 
quite well understood in terms of the theory of Kerman, 
McManus, and Thaler,’ though the polarization does 
not fit too well in the Coulomb interference region. 

The Chew-Goldberger® theory accounts qualitatively 
for the pickup peak in the elastic scattering near 180° 
cm. It is not yet possible to obtain definitive infor- 
mation about the deuteron wave function at large 
momenta although unusually large values are suggested. 
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The vanishing of the asymmetries in the decays = 


>n+axr 


and 2+ — n+-* are explained in a model 


in which all = decays occur via virtual K-meson decays. The model then predicts a A-decay asymmetry of 
similar magnitude but opposite sign to that of 2*— p+7°. Certain other predictions of this model are 


discussed. 


HE decay of hyperons is described by ten ampli- 
tudes L‘, where L=S or P is the outgoing 
orbital angular momentum and c stands for one of 
the five decays: 
(A—), 


A— ptr 
A—>#+2° (AO), 
zt p+ (20), 
at n+n* (2+), 


>> n+an- (—). 


Experiments! indicate there exist simple relations 
among these amplitudes: Four of these relations are 
summarized by the AT=}3 rule. In addition it is found 
that L°~ vanishes for either s or p waves and that 
L‘*» vanishes for the other. Also the nonvanishing L‘°** 
and L‘*~ are equal, and the amplitudes S“ and P\ 
are approximately equal. We present here a model of 
hyperon decays which yields a possible explanation 
for seven of these eight relationships and which makes 
some verifiable predictions. 

The simplest model of hyperon decays’ considers 
only diagram (A) of Fig. 1, where the hyperon-nucleon 
vertex is given directly by the matrix element of the 
strangeness-nonconserving weak interaction current. 
It may be shown® using the low rate observed for 
hyperon 8 decay that diagram (A) contributes only a 
small fraction of all the observed hyperon decays. 
We therefore turn to diagrams (B) through (D) 
involving virtual K-meson decays. Such diagrams 
enter in dispersion relation analyses and also enter in a 
natural way in a theory‘ in which the strangeness- 
nonconserving weak-interaction current does not explic- 
itly contain (SN) or (AN) pairs. Diagram (B) might 
be important because it contains a K-meson pole,® and 
diagrams (C) and (D) may be important because they 
involve the very strong K — 2m decay vertex. If these 


1 R. L. Cool, B. Cork, J. W. Cronin, and W. A. Wenzel, Phys. 
Rev. 114, 912 (1959); J. Cronin, Proceedings of the Tenth Annual 
International Rochester Conference on High-Energy Nuclear 
Physics, 1960 (to be published). 

2S. Okubo, R. E. Marshak, and E. C. G. Sudarshan, Phys. Rev. 
113, 944 (1959). 

3D. Harrington, Bull. Am. Phys. Soc. 5, 52 (1960). 

‘LL. Wolfenstein, Bull. Am. Phys. Soc. 5, 51 (1960). 

5G. Feldman, P. T. Matthews, and A. Salam, Phys. Rev. 121, 
302 (1961), have emphasized the importance of diagram (B). 
They consider also baryon pole terms, but do not consider dia- 
grams (C) and (D). 


diagrams are responsible for hyperon decay we reach 
the following conclusions: 

(1) The AT=} rule for hyperon decay follows from 
the rule for K-meson decay and is not independent 
evidence of the rule. Of course, here we assume the 
rule to apply to virtual K-meson decays including 
the K — mw decay. 

(2) To obtain parity nonconservation, virtual K- 
meson decays into both even and odd numbers of 
pions are needed. If we assume, to be specific, even 
relative S—A parity and odd K parity, then diagram 
(B) corresponds to p-wave amplitudes while (C) and 
(D) correspond to s-wave amplitudes. 

(3) If we assume that diagram (B) gives all the 
p-wave amplitudes, then it follows from the YKN 
vertex that for » waves AT’, of the baryons equals 
+4. Therefore 


PRyH=0, (1) 


(4) If we assume that diagram (C) gives all the 
s-wave amplitude,- then the final state must have 
T=}. This follows from the fact that after the weak 
vertex there is an intermediate state of two pions with 
total isotopic spin T=0 plus one nucleon. Therefore 


(2) 


Y , Y (D) 


Fic. 1. Diagrams for hyperon decay. Y=hyperon, N =nucleon, 
K=K meson, =a meson. Circles denote weak vertices and 
squares denote strong vertices. 


1245 





1246 LINCOLN 
For diagram (D) this conclusion would also hold if the 
Pais “restricted symmetry’’® were valid. This is easy 
to see since the virtual K® decays conserve S; so 
that S; is a good quantum number; thus, only the 
(=+,¥°) doublet can decay via virtual K® decays. A 
sufficient condition that Eq. (2) holds for diagram 
(D) is? 


SarQaK = £rr8rK, (3) 
provided we ignore the mass difference between = and A. 
The experimental requirement that the amplitude 
P‘>> arising from diagram (B) alone equal the ampli- 
tude S‘*» coming from diagrams (C) plus (D) appears 
to be completely accidental in this model. 
(5) Applying this model to A decays, we find, if we 
again neglect the 2—A mass difference and use Eq. (3), 
l+a(gvs gan) (gze Zax) 


S(A-) — ie, 


(gzz, ‘gax) +a(gns /g rx) 
Pi) =< Pp) (gzx/Zax); 


P (A—) P (A0) 
(3) -G) 


~ 


Py Or Ognet+ 2x 
--(-) eet: | (4) 
S Ognet gr (gae/Zre)” 


where a is the ratio of the contribution from the closed 
loop (C) to that of (D) after factoring out the coupling 
constants. For the most likely assumptions about the 
coupling constants and the value of a, the right-hand 
bracket in Eq. (4) is within a factor two of unity; the 
approximate equality in magnitude of P™ and S“™ 
then follows from the known result (P/S)@=+1. 

The following verifiable predictions can be made on 
this model: 

(1) The asymmetry parameters in A decay and 
=+— p+ decay have opposite signs. This may be 

® A. Pais, Phys. Rev. 110, 574 (1958). 

7 Our notation for coupling constants is that of M. Gell-Mann, 
Phys. Rev. 106, 1296 (1957). 
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verified by comparing the longitudinal polarization of 
the protons for the two cases. No prediction can be 
made, however, of the absolute sign of the asymmetry 
parameter for either case. 

It may be worth noting that, if restricted symmetry 
is assumed, the A°— 2°+mn asymmetry must be the 
same as the undetectable =°—7°+n asymmetry 
(since these involve virtual K® decays), which from the 
AT=}3 rule and Eqs. (1) and (2) is opposite to the 
2+ — w+ p asymmetry. 

(2) Assuming that it were definitely known that the 
K meson is pseudoscalar with respect to the 2, we 
could state that the decay 2+ — n+-* is pure s-wave 
while the =~ decay is pure p-wave rather than the other 
way around. This could be verified by measuring the 
neutron polarization from the decay of =+ and =~ 
with known polarization. 

(3) Diagrams in which the final-state pion is replaced 
by a (ev) or (uv) pair would be expected to provide the 
major contribution to the leptonic decays of hyperons. 
The analogs of diagram (B) have been previously 
considered® for leptonic decays and give completely 
negligible contributions. Thus in the present model 
all leptonic decays would have to be explained by the 
analogs of diagrams (C) and (D); this limitation has 
definite consequences® for detailed observations on 
these decays. In such a model the low ratio of leptonic 
to nonleptonic decay rates would be related in some way 
to the low ratio of K > a+e+y» to Ko, — 2x decay 
rates; a quantitative relation, however, requires a more 
detailed model. 
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8 E. M. Ferreira, Nuovo cimento 8, 359 (1958) 

* On the assumption of pseudoscalar K meson, we find that the 
decay appears to be due tothe vector weak interaction only. 
Consequences of this may be deduced from the work of C. H. 
Albright, Phys. Rev. 115, 750 (1959) and D. Harrington, Phys. 
Rev. 120, 1482 (1960). In the notation of Albright we find that 
only c, d, and d’ contribute; in the notation of Harrington, only 


hi, fa, and fs. 
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A particular two-dimensional relativistic field theory is considered. In some limit as the masses of the 
theory go to zero it approaches the Thirring model. By means of a formal transformation of the field operators 
the Hamiltonian is reduced to that of a free field. An improved perturbation expansion can be written down, 
necessitating only wave function renormalization, and it appears that the renormalized theory is consistent. 
The S matrix can be exhibited exactly, and though it leads to no physical scattering, it is not equivalent to 
the unit matrix. Finally the renormalized current operator is displayed as a suitable limit of products of the 
renormalized field operators. The form of the result clearly separates the consistency problem in quantum 


” 


electrodynamics from that of the “photon mass. 


HE two-dimensional (one space, one time) theory 

to be considered is much like the Thirring model. 

Since it contains nonzero masses none of the infrared 

problems, possibly unsolvable, of the Thirring model! 
are present. The Lagrangian is the following: 


0 0 
i Vita, o-—tio—+Mi Ws 
Ox ot 


0 6] 
Ox toy + Ms Wet iJon ( 1 ) 
Ox al 


+ysh0y( 


j= i9"o,(onioW, 


€é0=1, én=—1, €11= €00= 0. 


The o matrices are the usual 2X2 Pauli spin matrices. 
The y’s are two component Fermi fields; the J*’s, their 
conserved currents. It is easy to see that the represen- 
tations of the two dimensional homogeneous Lorentz 
group contained in the theory are the two one dimen- 
sional representations given by exp(-ttan~'v) where v 
is the velocity given to some reference frame by the 
particular transformation. There are only one dimen- 
sional finite representations (irreducible) of this group. 
We note that the following theory could be generalized 
to bosons, or more than two fields similarly coupled, 
but we will not now consider such possibilities. 

First we relate this model to the Thirring model. 
When both masses become zero the free particle 
Lagrangian yields equations of motion in which the 
upper and lower components of the spinors are un- 
related. The total Lagrangian with interaction separates 
into two parts: the upper component of spinor 1 and 
the lower component of spinor 2 coupled to each other 
in the same manner as the upper and lower components 
in the Thirring model, and another similar part with 
the other components. Thus with zero masses this 
theory becomes equivalent to two Thirring theories. 
All of the results of this paper, therefore, can clearly 


* This work is supported in part by funds provided by the U. S. 
Atomic Energy Commission, the Office of Naval Research, and 
the Air Force Office of Scientific Research. 

1W. E. Thirring, Ann. Phys. 3, 91 (1958). 


be transcribed into statements about the Thirring 
model, provided the zero mass limit exists. 

Next we consider the renormalization properties of 
the theory. Counting powers of the momentum, the 
over-all divergence of a connected graph is P?-?*, with 
n the number of external lines. Thus one expects, at 
worst, a linearly divergent mass renormalization, and a 
logarithmically divergent wave function and charge 
renormalization. The perturbation expansion of the 
theory is straight forward. In particular, regularization 
would maintain the gauge invariance during re- 
normalization. All the results we will obtain are 
properties of the perturbation expansion. 

The special feature of the coupling to be exploited 
can be exhibited by studying «¢,,/’. If, as is the case, J” 
is a vector with zero divergence, then ¢,,J” is a vector 
with zero curl, and therefore one can write 


é,J’=0,0=90, f ied" (2) 


At first glance, then, it appears as though the total 
interaction in Eq. (1) disappears upon integration by 
parts, but since O is a nonlocal operator one cannot 
neglect the surface term. It is now clear where the 
two-dimensional property of the theory is used. Can one 
find such local operators with zero curl, that are not 
gradients of local operators, in four dimensions? 

If 2 were an unquantized field one could immediately 
write down a solution for the quantized field y. 


¥i(x) =i (x) ep (af ds'*eu):'), (3) 


with Y; a solution of the free field equation. One is led 
to consider the following transformation when both 
fields are quantized: 


Vi Js exo} i (f -{ Jena] 
? 
s nN “ 
Y2=Y2 exp] 7 (f -f Jeosras’ 
) 


(4) 
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The integrals are understood to be along a constant 
time surface (the operators may be considered in the 
Schrédinger representation). The fields Y have the same 
commutation properties as the fields y. 

(¥9*"} = (0047) =8. (5) 
Note that in these few paragraphs we are dealing with 
expressions such as (4) which are not really defined. 
However, as will be seen, the formal manipulations lead 
to correct conclusions. The Hamiltonian may also be 
expressed in terms of the fields Y. It results that the 
interacting Hamiltonian expressed in terms of the fields 
¥ has the form of the free Hamiltonian. 


This amazing transformation is possible for any theory 
in terms of “in” or “out” fields. We deduce that there 
are no energy shifts (or mass renormalizations), and 
that all the states of the theory are known in terms of 
the y fields. 
As an exercise we consider the two-point function. 
G, (x,y) = (0! ¥i*" (x)~i(y)|0). (7) 
We need only consider points x and y along a constant 


time surface, and can express the y fields in terms of the 
y fields by (4). 


Gi(x1y) = (0 Yi*? (x) 


xe(af Freud" Wy) 0) . (8) 


z (0) 


The subscript (0) reminds us that the operators and 
states may now be treated as free. 


Gi(x,y) =O} Di*? (x)P1(y) | Deo 


xo exp(af T.reyds'*) 0) - (9) 


There follows the symbolic expression for the wave 
function renormalization constant 


Z.= lim (0 ep(af Teeyds'*) 0) 


and from (9) also, as predicted, the lack of mass 
renormalization. The second term in the product in 
Eq. (9) may be expanded in perturbation theory. By 
well known juggling it can be expressed in terms of a 
linked cluster expansion. 


(10) 


(0) 


20 2" 
G(x) =Gulsg)o =r p 2 Mag) ) (11) 


n=1 2n 


Each M>,(x,y) represents the corrections to the propa- 
gator of particle 1 due to closed loops of particle type 2 
that interact 2” times with the 1 line. The M2, are 
logarithmically divergent; the renormalization is ex- 
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plicitly multiplicative in terms of the improved pertur- 
bation theory in the exponent. It appears that: (a) The 
wave function renormalization actually diverges as a 
power, as it is the exponent of logarithmically diver- 
gent constants. 


Zo~ 1 ‘A (12) 


A is the regularization mass, or some other cutoff 
parameter. No other infinite renormalizations occur in 
the theory. (b) The renormalized series converges. There 
is only one “diagram” to each order in ? in the expan- 
sion of the exponent of Eq. (11). (c) The nature of the 
singularity as x approaches y is: 
1 
G(x,y)~G(x,y) (0) 


dk K* 
G)~ { ——. 
Kk o-p+K 
G(p) is the Fourier transform of the time-ordered 
two-fold function. The singularity is clearly worse than 
any order of perturbation theory. 

Expressions similar to (8) may be derived for products 
of arbitrarily many field operators. Analytic continua- 
tion from a constant time surface determines only the 
two-fold function in two dimensions. However, the 
expressions can be generalized to any space-like surface ; 
such generalizations formally satisfy the field equations. 
We now pass to a study of the theory in terms of 
diagrams, that complements the understanding achieved 
by studying the transformation (4). 

Each diagram consists of lines that carry particle 
number through them and do not terminate, but enter 
and leave the diagram, and closed loops. All interactions 
couple currents of field 1 with currents of field 2. 
Consider a closed loop: 


€ayui° ° * €anun] (O| J*(x;)- . - Jun(x,,) ()) -9) linked 


71 
=@a;' = an f dx ’- ied 
In 
xf dX P+ €giyi° ** €8ny | 


X T(O| J (%1) « + «J (En) | O) oy meet, = (14) 


Couplings to a closed loop are essentially derivative 
couplings. Three rules deduced from this greatly 
simplify calculations: 

(1) No diagrams contribute in which two closed loops 
interact with each other, i.e., touch at a vertex. Such a 
rule, of course, only holds if all diagrams of a given class 
are considered at once, as the cancellation between 
diagrams is important. 

(2) Closed loops that interact only with a single 
current line serve to multiply the diagram by a factor 
depending only on the difference x—y of the end points 
of the line. More generally, all closed loops of type 1 (2) 
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multiply the diagram by a factor depending only on the 
endpoints of lines of type 2 (1). 

Rules 1 and 2 essentially yield (11). It is convenient 
to have both these rules, and expressions of type (8) 
in general considerations. The factoring and exponentia- 
tion as in Eq. (9) and its generalizations is clumsy to 
exhibit by combinatorics alone. 

(3) In calculating the S matrix no closed loops need 
be considered ; as the current operator has zero diver- 
gence, calculated in an external line on the mass shell, 
between true particle spinors. 

The diagrams that contribute to the S matrix, not 
having closed loops, can be shown to lead to the classical 
result for the scattering of type 1 particles by particles 
of type 2. Referring to Eq. (3) for example, one sees 
that the S matrix receives a factor e® every time a 1 
particle moving in the positive x direction passes a 2 
particle moving in the negative x direction (only the 
relative motion matters) and a factor of e~” if the sense 
of motion or charge changes. There is no real scattering 
or production only a phase change. This is completely 
nonmeasurable even with the addition of more inter- 
actions provided they are gauge invariant. Such non- 
measurable energy-independent phase shifts have 
previously been claimed for the Thirring model. 

One further source of investigation is the evaluation 
of vacuum matrix elements. Consider the four-point 
function (O| y*7 (x)~o*? (y)Wo(2)~i(w)!0), with x, y, 2, 
and w points on a single space-like surface. By a 
factorization of the type leading to Eq. (9) one is led to 
consider the matrix element 


(0 ¥i*? (x) exp(a f dx" Ey J 1" Jace) 0) 


This can be further factored 


G(y,2) * 
ao Wi*7 (x) 
G(y,2) 0) 
linked 


’ ee 
xew(a f ax'*-J aCe) 0) 
| (0) 


y 


(15) 


(0) 


(16) 


The meaning of the term “linked”’ is that in expanding 
the matrix element only connected contractions are to 
be considered. The problem of evaluating this linked 
matrix element can be converted to an integral equation 
with a known kernel. In the case of the Thirring model 
this integral equation can be solved analytically. Once 
this matrix element is evaluated, say by solving the 
integral equation, G(«,y) can be recovered by construct- 
ing the current operator with a limiting process on the 
field operators y and ¥*?. The very interesting problem 
of thus constructing the current operator will next be 
considered. 

The problem is that of constructing the renormalized 
current operator in terms of the renormalized field 


RELATIVISTIC FIELD 


THEORY 


operators. One considers the operator 


Cz 
J*(x,v) =if*" (x)o, 


Lidy 


(vy) 


and asks how the current operator J*(y) may be 
obtained from J#(x,y) as some limit « — y. It is easiest 
to consider again a factorization such as Eq. (9) of a 
matrix element containing J*(x,y). In the course of 
such a factorization the operators ~*7(x) and ¥(y) 
appear in one factor, and exp(iA /."dx'#e,,J»”) appears 
in the other. As x approaches y in the first factor one 
must subtract out the singularity (0| J;“(x,y)|0) 0), i.e., 
the vacuum charge. In the second factor the exponential 
must disappear entirely, as there would be no such 
factor if the original matrix element contained J#(y). 
The following expression suffices: 

J (x,y) —(O| J “(x,y) QO) 
J¥(y)= lim - - 


sy, 
spacelike 


G(x,y)/G(x,y) (0) 


(18) 


— (0| J#(x,v) | 0) co) (+A) (y— x) eas F(y) . 


In the first term the vacuum current is removed. 
The denominator divides out the vacuum expectation 
value of the exponential, that as pointed out above must 
be eliminated. It corresponds to multiplication by 2:, 
now equal to zero. The second term subtracts the 
contribution of the term ~(y—<) in the expansion of 
the exponential that unfortunately contributes since 
G(x,v)«)~1/(x—y). The limit, however, is now well 
defined. Since J2(y) appears on the right side of the 
equation; when this equation and a similar one for 
J2(y) are solved together the final expression for J;(y) 
would involve both J;(x,v) and J2(x,y). This clearly 
indicates the problems that may arise in considering 
operator products such as the current. 

In particular, Eq. (18) suggests that even if the 
renormalization constants were finite J;“ and Wz would 
not commute on a space-like surface. Thus in quantum 
electrodynamics, a much more complex theory, the fact 
that [A*,J#*]0 on a space-like surface (the so-called 
photon mass term) is not in itself inconsistent with 
finite renormalization. Commutators of an object such 
as J* cannot be deduced from commutators of the y’s 
directly. 

Finally we note that to define differential equations 
of motion for the renormalized field operator? a suitable 
definition of the formal product ¥:(x)J2*(x) must first 
be found. This is being further investigated. 
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We prove that the ND" matrix solutions for coupled scattering amplitudes are symmetric provided the 
given discontinuity of the scattering matrix across the unphysical cut is symmetric. 





USEFUL method developed by Omnes! and Chew 

and Mandelstam? to construct single-channel par- 
tial-wave amplitudes satisfying the requirements of 
analyticity and unitarity has been extended by 
Mandelstam’ and Bjorken‘ to the multiple-channel case. 
The method consists in writing the scattering matrix G 
as a product of a matrix V which contains the unphysi- 
cal (dynamical) singularities of G and the inverse of a 
matrix D which contains the physical (unitarity) singu- 
larities of G. A well-known requirement from time- 
reversal invariance is that G be a symmetric matrix. We 
prove that G, written in the form 


G=ND", (1) 


satisfies this condition, provided only that the given 
discontinuity of G across the unphysical cuts is a 
symmetric matrix. 

By assumption, the matrices NV and D satisfy dis- 
persion relations 


1 *L Im NV(s’) 
N= f —ds’, 
ra s—s 


x 


1 ft” ImD(s’) 
D=1+ f - ds’ 


ra s'—s 


’ 


where s; and sz are the end points of the unphysical 
(— 2 <s<s,) and the physical (se<s<@) cuts. For 
simplicity we restrict the unphysical singularities to the 
real axis. From Eqs. (1)—(3) it follows that 
Im.V = (ImG)D 
=0 when 
ImD=Im(G")N 
=0 
'R. Omnes, Nuovo cimento 8, 316 (1958). 
2 G. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). 
3G. Chew (private communication); M. Nauenberg, thesis, 
Cornell University, 1960 (unpublished); F. Ferrari, M. Nauen- 


berg, and M. Pusterla (to be published). 
‘J. Bjorken, Phys. Rev. Letters 4, 473 (1960). 


when s<syz 
7<e, 
when sr<s 


when s<sp. 


The unitarity of the S matrix requires that 


ImG-'=—p when spr<s, (5) 
where p is the diagonal density of states matrix, and is 
therefore known. On the other hand, ImG along the 
unphysical cut depends on the form of the interaction. 
The only assumption we make is that ImG is a sym- 
metric matrix. 

Consider now 


G—GT=ND"—(D")'N’, (6) 


where the superscript T indicates the transposed matrix. 
Multiplying Eq. (6) on the right-hand side by D and on 
the left-hand side by D’, taking the imaginary part, and 
substituting Eqs. (4) and (5), we obtain 


Im[D™(G—G)D] 


= D™(ImG)D— D* (ImG)"D 
=—N'p™N+N7pN 


when s<sz 


when sr<s. (7) 
Since p is diagonal and ImG=(ImG)’, the right-hand 
side of Eq. (7) is everywhere zero. It follows that the 
function D™(G—G‘)D is analytic everywhere in the s 
plane, and vanishes at ~, Eqs. (2)—(3). Hence it is 
identically zero and we obtain 


G=G’". (8) 


If D has zeros, consideration of the matrix (detD)G 
leads to the same conclusion, Eq. (8). 
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